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Progress in the field of thermal QCD is obstructed by the presence of severe in-
frared divergences. We sketch the basic principles of our methods to overcome this
problem, merging perturbative calculations with lattice Monte-Carlo estimates, in
an effective theory framework.

1. Introduction

The theory of strong interactions, Quantum Chromodynamics (QCD), is
guaranteed to be accessible to perturbative methods once one of its param-
eters, the temperature T, is increased towards asymptotically high values.
In practice, however, calculations of corrections to the behavior of an ideal
gas of quarks and gluons, the limit that is formally realized at infinite T,
where due to asymptotic freedom the gauge coupling g(T') vanishes, are
obstructed by severe infrared (long-distance) divergences: As pointed out
by Linde!, for every observable one sets out to compute, there exists an or-
der of the perturbative expansion to which an infinite number of Feynman
diagrams contribute.

The aim of this contribution is to review our methods which are designed
to deal with the effects of long-range modes on thermodynamic observables
in QCD, in particular the pressure, by combining perturbative methods
with 3-dimensional (3d) lattice Monte-Carlo techniques. Necessarily, we
have to be brief on technical details here, but nevertheless try to be precise
in giving the background needed to interpret the main results. Since this
also means that we will be particularly unfair by refraining from discussing
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related work using weak-coupling techniques, let us refer to Ref. 2 for a
recent review of those.

This paper is organized as follows. In Section 2, we will discuss full 4d
approaches to the QCD pressure, summarizing the essence of perturbative
as well as lattice Monte-Carlo calculations. Section 3 introduces the concept
of dimensionally reduced effective theories, and covers our setup to estimate
contributions from the soft sector of the theory on the lattice, while treating
the hard ones perturbatively®. Finally, in Section 4 we give an outline of
how a further reduction step, leading to an effective theory for the ultrasoft
modes, singles out a pure number to be measured on the lattice, in order
to overcome the infrared problems which so far deny any computation of
the pressure at and beyond 4-loop order?.

2. Four-dimensional treatment

The QCD pressure is defined as the negative free energy density in the
thermodynamic (infinite volume) limit:

4d QCD
paep(T) = lim - ln/D A, e” ST ar [ degl P (o)

= T*pqen(g?) - (1)

Here, we have defined p to be the dimensionless pressure. In this paper,
all dimensionless quantities will be marked by hats. The Euclidean QCD
Lagrangian reads

’C%}ic?CD 1 Ga G;w + qvuDpq (2)
with field strength tensor Gf,, = 0,A7 — 0, A}, + gf“bCAZAﬁ and gauge-
covariant derivative D), = 8,, — igAjT".

A perturbative (hard thermal) loop expansion of Eq. (1) has been carried
out up to N*LO (that is g°). Systematically describing the corrections to
the ideal gas limit of QCD with ny fermion flavors

2
po(T) = ;%5 T <8+241nf> : (3)
at (asymptotically) large temperatures, the series unfortunately does not
behave well at all practically relevant temperatures, as can be seen from
Figure 1. In fact, it oscillates wildly, does not converge below astronomically
high temperatures, and shows a scale dependence which increases at higher
orders. Furthermore, it is well known that, starting at the order g% the
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Figure 1. Perturbative results for pqcp with ny = 0, normalized to the ideal-gas value
po, as a function of T/T. (assuming Tc/Agg = 1.14)2. The grey bands correspond to
the pressure including order g2, g3, g%, and g®°, respectively, reflecting a variation of the
renormalization scale 7T < g < 4nT. The thick dark-grey and light-grey lines show
continuum-extrapolated lattice results®:6.

hard thermal loop resummation still leaves an infinite class of diagrams
(infrared) divergent!. No practical method is known to resum this class,
whence perturbation theory hits an unsurmountable wall at this order,
rendering all g% (and higher) contributions non-perturbative.

Another strategy to evaluate Eq. (1) as it stands is to estimate it nu-
merically by Monte-Carlo simulations on a space-time lattice. While the
partition function and hence the pressure itself is not directly accessible
due to the importance sampling property of Monte Carlo simulations, its
derivatives are. Concretely, taking a derivative of Eq. (1) with respect to
the gauge coupling g2 relates the derivative of the pressure to the vacuum
expectation value of the field strength tensor. Hence, estimating the aver-
age plaquette allows to integrate back to the pressure,

9*(T) g2
pacn (1) [ S (T (1 = D)) gep +facn (4*(T0) - (4)
92(To) 9
While this approach is a truly first-principles one, in practice it is limited
by the finiteness of computer resources to one’s disposal. Approximating
the theory on a V x 1/T = (aN,)3 x aN, lattice worldvolume, taking
the continuum limit a — 0 while still working in the thermodynamic limit
requires to take N, > N, > 1. Furthermore, treating the contributions
of dynamical fermions is a problem that gets harder exponentially as the
volume grows. Finally, the integration constant has to be fixed at low
temperatures, leading to a (small) ambiguity.
As can be seen from Figure 2, lattice results are available from around

the critical temperature T,, where the system undergoes a deconfining phase
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Figure 2. Monte-Carlo results for pqcp with ny = 0, 2 and 3 light quarks as well
as two light and a heavier (strange) quark’. The ny = 0 data is extrapolated to the
continuum limit®, while the ny # 0 data is expected to be close to its continuum limit
due to the use of improved lattice actions®. Arrows indicate the ideal gas pressure pg
for each case.

transition, up to a few times T,. Scaling the data, which has been taken for
different fermionic content of the theory, with the appropriate factors pg and
T, (see the right panel of Fig. 2), it almost falls on a universal curve. This
remarkable feature can be interpreted as signalling the dominant role of the
pure gauge sector (and we take it as a motivation to show results for ny = 0
only in the following sections) during the phase transition. Comparing with
Fig. 1, it is however far from obvious whether the approach to the ideal gas
limit can be treated within a weak-coupling expansion. In the following
two sections, we will outline two approaches of how this can be achieved.

3. Dimensionally reduced effective theory I

At high temperatures T' > Mguark, the physics of QCD is governed by three
distinct scales. First, compactification of the (imaginary) time-axis leads
to the occurrence of Matsubara modes, with typical masses of order of the
temperature, 77. While this is true for all fermions, gluons possess also a
zero mode. Second, dynamical effects lead to a screening of longitudinal
(zero-mode) gluons, coined the ‘Debye mass’, which is of order g7'. Third,
the non-perturbative infrared sector is screened dynamically by a ‘magnetic
mass’ of order g?T. It will become clear in Section 4 why this is the only
natural choice.

Due to asymptotic freedom of QCD, we are guaranteed that the coupling
constant ¢g(7T") be small at large temperatures. One then has a hierarchy
among the three physical scales, and typically refers to them as hard, soft
and ultrasoft scales. It therefore seems very natural to look at contributions
to Eq. (1) from the different scales in an effective theory framework.
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As a first step, let us exploit the scale separation 71" > ¢T', and integrate
out the hard modes ~ nT. This amounts to treating all fermions as well as
all non-zero-mode gluons as heavy. One arrives at an effective theory for
the soft (as well as ultrasoft) modes, which is a (3d) gauge + adjoint Higgs
theory (labelled AH below),

1 1
Lifa™ = 7 GLGY + 5 (Dido)" (Dido)" + V(AG) +0Lan . (5)

with magnetostatic field strength tensor Ga = 0;A} —0; A} + gEf(”’CA’i’fl;7
Higgs potential* V(A§) = 3 LmZAgAS + L )\E(AaAa) and 0Ly collecting
all other local gauge-invariant operators of dimension 3 and higher that can
be constructed out of Ag and A;. Note that in 3d, the couplings g and Ag
acquire the dimension of a mass.

The QCD pressure can then be rewritten as

A
pQCD(T) :pE(T) +T hm _ ]n/'D Az,Ao]e JPacdd A2 Apm2,...)
. Mg M3
= T*pr(g )+TmEpAH( E,f,) (6)
9g 9IE

The ellipsis in Eq. (6) stand for parameters of §L£ a5, whose omission intro-
duces, using a very conservative estimate, maximally an O(g”) error in the
pressure. Being mainly interested in effects up to order g%, we will neglect
it completely in the following discussion.

The matching coefficients are functions of the parameters of Eq. (2),
and can be computed as power series in g2,

{pEagéa)\Eam%} = {T4a92Ta g4T7g2T2} X (1 +g2 + .. ) . (7)

Note that the effect of fermions resides in these coefficients only. The
effective theory is purely bosonic, fermions are ‘integrated out’.

Now, the 3d effective theory is confining, hence non-perturbative®. The
most straightforward idea is then to attempt a lattice-measurement of pay.
Again, since one cannot measure the partition function directly on the
lattice, one has to take derivatives. While in principle the pressure pap of
the 3d theory does depend on two parameters, in the context of dimensional
reduction they are both functions of g(T) only, hence related. Introducing

2In general there are two quartic couplings, corresponding to the operators Tr(A%)2 and
(TrA2)2, which are however related in SU(2) and SU(3).

bIt is instructive to note at this point that, expanding pag perturbatively, the 4d series
known up to ¢g° can be reproduced exactly, albeit with considerably less effort?. Note
however that any attempt to go further will again hit the infrared wall mentioned above.
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Figure 3. Results for pqcp with ny = 0 according to Eq. (6), allowing for a free
parameter ep summarizing the effect of unknown higher-order terms®, compared with 4d
lattice data®. The dotted lines around the eg = 10 curve are typical error bars, stemming
from estimating the condensate <TrAg> on the lattice. For more details, see Section 3.

the dimensionless couplings A= \g /g3 and m? = m%/gi, the 3d pressure
can be related to Ay condensates

o () [ (1) o) (i),

m?2(To)
+ pan (A(To), i (Ty)) - ®)

The integration constant pap(Tp) can be fixed at (very) high temperature,
where it is purely perturbative, hence systematically improvable. Its ex-
pansion is equivalent to py; below, evaluated at a fixed temperature. The
lattice measurement is then used to integrate down, from T to T'.

In practice, we choose Ty = 1011AM—S. The loop expansion parameter
for the matching coefficients Eq. (7) is 3¢g%/(47)? ~ as/4 ~ {0.1...0.025}
for T = {4...10" } Agr5, while for the integration constant paw(Tp) it reads

i = 392(To)
0= 47T’ITLE(T0)

shedding light on the origin of the bad convergence seen in Fig. 1. The other
parameter of pap(Tp) turns out to be truly small at Ty, A (T0) /(392 (To)) =~
0.01, such that for clarity we will suppress it below.

For results of implementing Eq. (6) see Figure 3. The plot includes:
(a) A lattice measurement of (TrAZ) for 2Ags < T < 10" Agzg, matched to
the MS scheme via a 2-loop calculation in lattice perturbation theory. The
effect of <(TrA%)2> is parametrically subleading, see Eq. (8), and has not

~ 0.1, (9)
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yet been included; it would require 4-loop matching. The data has been
taken on 123...80% lattices, for 8 = 2-3/(agd) = 12...120, to allow for
continuum- and infinite-volume extrapolations.

(b) The matching coefficient pr and integration constant pau(7p) at Ty =
1011AM—S to 3-loop order in the MS scheme.

(c) A free parameter eg to test the sensitivity on unknown terms of 4-loop
and higher order in both pan(Tp) and pg

€y = (61 In [0 + 62) +e3 5 (10)

where le is the effective expansion parameter of pag at Tp, see Eq. (9), and
the coefficients e; are the 4-loop (g%) terms:

PAH = (ngi)S ([ZOS _|_lA62 + Zal] _ (8471_3; <61 anO —l—ez) [1 + O (i{))})
e = [+ +4] ~ 5 G o) [L+0 (7)) 1)

It is interesting to note that, using the recently computed!? value of e; =
—8an ~ —4.44, already the first of the three contributions to Eq. (10) gives
a number which seems to have the correct order of magnitude expected
from Fig. 3: egle; ~ 10.2. Indeed, as could have been expected, a large
contribution is made by this logarithmically enhanced term o g% In7i ~
g%Ing. Tt remains to be seen, however, whether the other two terms are
parametrically small.

Finally, let us point out that, in contrast to full QCD lattice simula-
tions needed in the four-dimensional case, one has a purely bosonic theory
here. Fermionic effects are in the coefficients only, and can be treated
perturbatively. Obviously, this is a tremendous simplification of lattice
measurements according to Eq. (8).

4. Dimensionally reduced effective theory I1

As a next step, exploiting the hierarchy g7 > ¢?T, the adjoint Higgs field
Ap can also be integrated out, whereby one arrives at an effective theory
for the ultrasoft modes, which to lowest order is a (3d) pure Yang-Mills
theory
1
d YM

0Ly includes all possible local gauge-invariant operators of dimension 5
and higher that can be constructed out of A{.
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The QCD pressure can then be rewritten as

1 -
A o2 34 9}23 AE 6
=Tpe(g”) + Tmgpm | =, — »--- )| + Tgubal...) . (13)
mME Jg

Again, the ellipsis stand for parameters of higher-order operators collected
in the 6L which will be neglected below. For the pressure, omission of 6Ly
introduces an O(g?) error at most.

The matching coefficients are functions of the parameters of Eq. (5),
and can be computed as power series in g2 /mg ~ g and A\g/g% ~ g2,

2 A
{pm, 980} = {Tm}, g5} x <1+5; <1+gg) +> . (19)

Now, the only non-perturbative input needed is pg, which is a pure
number if one neglects the higher-order operators §£y;. Being the pressure
of 3d pure gauge theory, which contains a dimensionful coupling as its only
parameter, it is hence measurable exactly,

pe o< (Tr(L —0))zq v - (15)

To re-iterate: here, no integration and hence no integration constant are
required. Note that in principle, once pg is known, the infrared (Linde)
problem of thermal QCD is overcome: everything else is perturbative. How-
ever, pushing the expansion to order ¢ and beyond will require inclusion of
higher-order operators in Ly;. A detailed analysis of how they can change
the general strategy outlined here remains to be carried out.

The key element in the realization of a measurement of pg is a purely
dimensional argument. As a dimensionless quantity, the lattice-regularized
version of pg will possess an expansion in powers of ag; near the continuum
limit @ — 0

_ 1 (-0
lim lln/DUe ”9§/IT(]1 ):

V—oo V
(a;)?’ R (lnaglz +#G> —i—(’)(a)] .(16)

M M

Im

All divergences on the right-hand side of Eq. (16) are computable in lattice
perturbation theory. As a manifestation of superrenormalizability, there
is only a finite number of them. Now, taking logarithmic derivatives with
respect to the gauge coupling on both sides of Eq. (16), one finds that the
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Figure 4. Results for pqcp with ny = 0 according to Eq. (13)%, compared to 4d lattice
results®. Left: perturbative results at various orders, including an ‘optimal’ choice for
the O(g%) constant. Right: dependence of the O(g®%) result on the (not yet computed)
constant, which contains both perturbative and non-perturbative contributions.

averaged plaquette, after subtraction of divergences, matches the unknown
constant in the continuum limit,

(Tr(1 - 0)) o gy#c +O(a) - (17)

Finally, one of course needs to relate lattice and continuum regularization
schemes, which amounts to a finite-order (again due to superrenormalizabil-
ity) computation, in both schemes, at the g% level, including constant terms.
On the lattice side, an interesting approach of tackling this is stochastic
perturbation theory!!.

For results of implementing the strategy Eq. (13) see Figure 4. The
plots include the matching parameters up to four-loop logarithms and a
free parameter (“0.7”) to test the sensitivity of pocp on the unknown g°
terms. Schematically, the free parameter arises from the three different
scales as follows:

P 1+ g2 +g* +9°#& +0(g°)
P +9° + g*Ing+g*+¢° + ¢°Ing +g%#u+0(g")
o +¢5#c +0(g%)

Many terms contributing to #g, #q,#Mm are already known, while others
are precisely defined*. It seems that the most challenging open computa-
tion, apart from the determination of pg like outlined above, is the constant
part of the 4-loop terms in pg.
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5. Outlook

It should have become clear that it is possible to separate contributions
to thermodynamic quantities emerging from different physical scales in a
dimensionally reduced effective theory framework. The major benefit of
working with the 3d effective theories lies in their universality: being purely
bosonic, they encode the effects of fermions in their coefficients. Hence,
none of the usual complications that the fermionic sector poses in a non-
perturbative treatment of the theory apply.

Still, realizing the numerical extraction of the yet-unknown parameters
emerging from the infrared sector is a challenging open problem even in
these 3d bosonic effective theories. We have outlined two strategies worth
following when tackling this problem. A successful demonstration in the
case of the QCD pressure, would establish a nice example of computing an
observable beyond the ‘infrared wall’. Once this has been achieved, thermal
QCD in its high-temperature phase will again be amenable to perturba-
tive calculations, opening up numerous opportunities to precisely compute
observables that might become relevant to the RHIC program, to future
accelerators, and to cosmology.
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