THE STATIC POTENTIAL IN QCD_3 AT ONE LOOP

YORK SCHRÖDER Deutsches Elektronen-Synchrotron DESY, Notkestr.85, D-22603 Hamburg, Germany

The static potential is evaluated perturbatively for massless QCD at one loop. In 2+1 dimensions the emerging linear part of the potential is compared with recent lattice calculations.

The static potential in a gauge theory is a fundamental concept. In QCD it is the interaction energy of an infinitely massive quark–antiquark system and constitutes the non–Abelian analogue of the Coulomb potential of electrodynamics.

In the 3+1 dimensional theory, the qq̄ potential was first discussed by Susskind^1 in connection with asymptotic freedom in Yang–Mills theories. Two–loop corrections were calculated by Fischler^2. Billoire^3 included the effect of fermion loops on the one–loop level, while the two–loop fermion contribution was calculated only recently by Peter^4.

In this letter, we will investigate the static potential in 2+1 dimensions. Understanding the spectrum of the 3D theory is a problem which arises in hot field theory, because of dimensional reduction^5. In particular, the quest to analytically understand massive states seen on the lattice^6 has led to bound state models^7, for which the knowledge of the static potential is an important ingredient.

Since in 3D the gauge coupling g^2 acquires the dimension of a mass, one expects the perturbative expansion of the potential to be of the form V^{3D}_{pert}(r) = c_1g^2 ln(g^2r) + c_2g^4r + ..., where the c_i denote pure numbers. This is in contrast to the behaviour in 4D, where V^{4D}_{pert}(r) = c_0g^2/r ∗ (1 + c_1g^2 ln(rμ) + ...) leads to the well–known effective (running) coupling.

The static potential is defined in a manifestly gauge invariant way via the vacuum expectation value of a Wilson loop^{9,10} (in fundamental representation),

V (r) = lim_{T →∞} 1 T ln ⟨ trP exp ( g ∮ Γ dx_μA_μ )⟩ . (1)

Here, Γ is taken as a rectangular path with time extension T and spatial extension r.

In the limit of large time extension T , the spatial components of the gauge fields A_i(r, ±T /2) reduce to pure gauge terms. Hence, since in the perturbative approach we restrict ourselves to the zero instanton sector of the theory, they can be gauged away. The definition (1) reduces to^a

V_{pert}(r) = lim_{T →∞} 1 T ln ⟨ trT exp ( − ∫ x J^a_μ A^a_μ )⟩ , (2)

where T means time ordering and the static sources separated by a distance r = |r − r^′| are given by

J^a_μ (x) = g δ_{μ0}T^a [ δ(x − r) − δ(x − r^′) ] . (3)

T^a are the generators of the fundamental representation. In the case of QCD we have SU (3), of course, but we will do the calculation for an arbitrary compact semi-simple Lie group with structure constants defined by the Lie algebra [T^a, T^b] = if^{abc}T^c. The Casimir operators of the fundamental and adjoint representation are T^aT^a = C_F and f^{acd}f^{bcd} = C_Aδ^{ab}. tr(T^aT^b) = T_f δ^{ab} is the trace normalization, while n_f denotes the number of massless quarks.

Expanding the expression in Eq. (2) perturbatively, one encounters (in addition to the usual Feynman rules) the source–gluon vertex gδ_{μ0} T^a, which gets an additional sign for the antisource. Furthermore, the time–ordering presciption generates step functions, which can be viewed as source propagators and provide an analogy to heavy–quark effective theory (HQET)^{11}. After working out the color traces, one obtains ⟨ ... ⟩ = 1+g^2C_F m+g^4C_F [ C_F m+ (C_F − C_A 2 ) m−^CA_2 mr + ms^] +... .

Our diagrammatic notation is that of Susskind^1. The outer loop stands for the source, while the inner lines are gluons, ghosts and (light) quarks. The blob in the last diagram denotes a (one–loop) self–energy insertion. Diagrams are conveniently collected in topological classes, from which the actual 2→2 amplitudes are generated by cutting the source loop twice. Note that the 4– gluon vertex does not yet contribute. After expanding the logarithm and using the relation m+ m= m^2/2 (which can most easily be checked in position space due to the trivial identity θ(t) + θ(−t) = 1), only the non–Abelian parts of the diagrams remain: ln ⟨ ... ⟩ = g^2C_F m+ g^4C_F [ − C_A 2 ( m+ mr ) + ms^] + ... . (4)

aNote that in Abelian gauge theories all gauge transformations are continuously connected with the identity, so that the definition remains an exact one.

Figure 1: Exchange diagrams contributing to the static potential through 1–loop. Double, wiggly, dotted and solid lines denote source, gluon, ghost and quark propagators, respectively. Diagrams b and c include those obtained by a 180 degree rotation.

By definition, only pure exchange diagrams have to be considered in the calculation of V_{pert}(r), since the others (self–energy corrections of the sources) are independent of r. Hence, the set of diagrams to be considered for the one–loop correction is reduced to the diagrams a –g in Fig. 1.

The calculation can be performed keeping the number of dimensions (D) arbitrary. Here, we work in Euclidean space and general covariant gauges.

It can be shown that the diagrams a –e form a gauge–invariant and IR– finite set, while f and g are gauge–invariant and IR–finite individually. While gauge–invariance was expected from the very definition of the static potential via a Wilson loop, it is more interesting to see how the exact cancellation of infrared divergencies takes place. We have constructed IR finite sets of diagrams first and then calculated the integrals in dimensional regularisation. In our opinion this is the cleanest way to prove IR finiteness, since cancellations take place already on an algebraic level and before specifying a (UV-) regularization scheme.

The result reads V_{pert}(r) = ∫ q exp(iqr)V (q^2) , with

V (q^2) = − g^2C_F

q^2 { 1 + g^2 [ (4D − 5)C_A − 4T_f n_f ] μ^{2ε}

× (q^2)

D�4_2

(16π)

D�1_2 Γ (_{4−D} 2 ) Γ (_D 2 ) Γ (_{D+1} 2 ) + ... } . (5)

One clearly sees that the dimensionally regularized potential is perfectly finite in D = 3 dimensions.

As a check, one can evaluate (5) at D = 4 − 2ε. Adding the counterterms arising from gluon–wavefunction and coupling constant renormalization^b, one

bWriting A = Z1/23 AR and g = Z1Z�3/23 gR, one gets Vct = − g 2CF_{q2 {2δ (Z1/Z3) − δZ3},} as easily read off from (4).

recovers the known results^{2,3}. Setting D = 3, no renormalization is needed and one obtains the new result

V^{3D}(q^2) = − g^2 C_F

q^2 { 1 + g^2 32|q| (7C_A − 4T_f n_f ) + ... } . (6)

In two (spatial) dimensions the Fourier transforms, which we need, read −2π/q^2 → ln(r/r_0) and −2π/|q|^3 → r . They can be derived from Fourier transform in the sense of a distribution, since the potential is understood as an operator acting on wavefunctions which fall off fast enough. The scale r_0 introduced in the above is purely arbitrary. Since the potential is defined only up to a constant, a change in r_0 is irrelevant. Hence, let us choose the only natural scale at hand, r_0 = 1/g^2, to obtain for the potential in coordinate space

V^{3D}_{pert}(r) = g^2C_F 2π ln(g^2r) + σr + O(g^4r^2) , (7)

with σ = g^4C_F 64π (7C_A − 4T_f n_f ) . (8)

The first term constitutes the well–known Coulomb potential in two space– dimensions, while the linear part is the new information added by this investigation.

The ”string tension” σ can be compared with lattice results^8. There, √ σ/g^2 is measured in the 3D pure SU (N_c ) theory for N_c = 2, 3, 4 using smeared Polyakov loops. Specializing our result (8) to this case (T_f = 1/2, C_F C_A = (N^2_c − 1)/2, n_f = 0), it reads

pure SU (N_c) : √ σ/g^2 = √ 7(N^2_c − 1) 128π

≈ 0.132 √ N^2_c − 1 . (9)

The comparison (see Table 1) shows qualitative agreement, especially concerning N_c–dependence. N_c √ σ/g^2|_{lat} √ σ/g^2|_{pert} lat/pert 2 .34 .23 1.47 3 .55 .37 1.48 4 .76 .51 1.48

Table 1: Comparison of lattice and analytical results

The lattice results are, at least in the range of the parameter N_c covered, larger by a factor of 3/2. The outcome of this calculation suggests that the perturbative part of the potential may constitute a sizeable part of the full potential.

To summarize, we have demonstrated gauge invariance and especially infrared finiteness of the perturbative static potential at one–loop level in arbitrary dimensions. While our D–dimensional formula (5) reproduces the long known terms in D = 4, setting D = 3 gives a new analytic result. In coordinate space, it consists of the leading logarithmic (coulombic) plus a linear term, the latter of which is compared with lattice simulations. It would be interesting to have information on the next (quadratic) term in the expansion, which bears information on the range of validity of the perturbative potential. An investigation is currently in progress.

Acknowledgments

I would like to thank W. Buchmüller for proposing this investigation as well as for valuable discussions.

References

1. L. Susskind, Coarse grained quantum chromodynamics in R. Balian and C.H. Llewellyn Smith (eds.), Weak and electromagnetic interactions at high energy (North Holland, Amsterdam, 1977).

2. W. Fischler, Nucl. Phys. B 129 (1977) 157. 3. A. Billoire, Phys. Lett. B 92 (1980) 343.

4. M. Peter, Phys. Rev. Lett. 78 (1997) 602; TTP-97-03 [hep-ph/9702245]. 5. T. Appelquist and R. Pisarski, Phys. Rev. D 23 (1981) 2305; S. Nadkarni, Phys. Rev. D 27 (1983) 917; N.P. Landsman, Nucl. Phys. B 322 (1989) 498.

6. O. Philipsen, M. Teper and H. Wittig, Nucl. Phys. B 469 (1996) 445;

M. Gürtler, E.M. Ilgenfritz, J. Kripfganz, H. Perlt and A. Schiller, Nucl. Phys. B 483 (1997) 383.

7. H.G. Dosch, J. Kripfganz, A. Laser and M.G. Schmidt, Phys. Lett. B 356 (1996) 213; HD-THEP-96-53 [hep-ph/9612450]; W. Buchmüller and O. Philipsen, Phys. Lett. B 397 (1997) 112.

8. M. Teper, Phys. Lett. B 397 (1997) 223; Nucl. Phys. Proc. Suppl. 53 (1997) 715.

9. E. Eichten and F. Feinberg, Phys. Rev. D 23 (1981) 2724. 10. K.G. Wilson, Phys. Rev. D 10 (1974) 2445.

11. E. Eichten and B. Hill, Phys. Lett. B 234 (1990) 511; for a review and references, see M. Neubert, Phys. Rept. 245C (1994) 259.