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Abstract

In this thesis we describe an approach to deal with high-order loop corrections in a systematic way.
We apply this approach to determine the O(g®) contribution to the electric screening mass m%
and O(g®) correction to the effective gauge coupling g% appearing as matching coefficients in so-
called EQCD, which acts as a large-distance effective theory for the theory of strong interactions
at finite-temperature. The first chapter summarises the theoretical tools needed in order to
simplify this task. The second chapter illustrates the necessity of using computer algebra systems
(CAS) to deal with very large algebraic expressions and the concrete implementation of our
calculation in FORM. In chapter three we evaluate basketball-like sum-integrals by methods
originally introduced by Arnold & Zhai. The fourth chapter concludes with results from the
three-loop computation and an outlook about what has to be done to complete the calculation.

Zusammenfassung

In dieser Diplomarbeit beschreiben wir einen systematischen Ansatz fiir Schleifen-Korrekturen
héherer Ordnung. Dieses wenden wir an um den O(g%) Beitrag zur elektrischen Abschirm-Masse
m% und die O(g®) Korrektur zur effektiven Eichkopplung g% zu berechnen. Beide treten als
Matching-Koeffizienten in der sogennanten EQCD, einer effektive Theorie der starken Wechsel-
wirkung bei endlicher Temperatur, auf. Das erste Kapitel umfasst theoretische Hilfsmittel um
diese Aufgabe zu vereinfachen. Im zweiten Kapitel illustrieren wir die Notwendigkeit der Nutzung
von Computer-Algebra-Systemen um mit langen algebraischen Ausdriicken umzugehen. In Kapi-
tel drei berechnen wir Basketball-&hnliche Summenintegrale mit Methoden von Arnold & Zhai.
Im vierten Kapitel diskutieren wir die Ergebnissen der Drei-Schleifen-Rechnung und geben einen
Ausblick dariiber was noch getan werden muss um die Rechnung zu vervollstandigen.
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Preface

Due to the impressive experimental precision reached in the recent years at present col-
liders and at the LHC in the near future, accurate predictions from the theoretical side
are required. Perturbative calculations in quantum field theories and especially in the
Standard Model (SM) of partical physics become more and more complicated as the
number of loops and/or external legs gets larger. At some point, the number of dia-
grams and large expressions in the intermediate steps forbid a calculation completely
by hand and necessitate the usage of computer algebra. The first attempt was made by
M. Veltman in 1967 with SCHOONSHIP [I], which was primarily designed for the evalua-
tion of fermion traces. In the early 1980s more general programs like REDUCE [2] or SMP
B] were introduced by particle physicists. Nowadays the algebraic manipulator FORM [
is widely used in particle physics and is a direct descendant of M. Veltman’s SCHOONSHIP.

Any perturbative calculation consist of a combinatoric, algebraic and analytic part.
The former parts are well suited problems for automatisation and by now efficient al-
gorithms have been implemented. The usual approach to deal with the analytic part
i.e. with Feynman integrals is to reduce them algebraically to a small set of so-called
master integrals with techniques like integration-by-parts [B] and/or a more recent ap-
proach via Grobner-, s-bases [0, [7]. An important algorithm based on the systematic
use of integration-by-parts relations was proposed by S. Laporta [§ and a public imple-
mentation is e.g. AIR [9]. A combined strategy of the s-bases approach and Laporta’s
method has been implemented recently in FIRE [I0].

At least at this point, human intervention is unavoidable in order to evaluate the remain-
ing master integrals. Fortunately, at least for zero-temperature physics, recent devel-
opments in the field of sector decomposition (for a concise review see [I1]) has resulted
in programs like FIESTA [I2] capable to solve multi-loop integrals up to 11 propagators
numerically. On the other hand, at finite temperature, surprisingly little is currently
known [I3]. Up to now, no systematic approach for the evaluation of multi-loop sum-
integrals exists.

As we will see in this thesis, the relevant master integrals which remain in this calcula-
tion are basketball-like sum-integrals and fortunately the evaluation of those is solely a
question of man-power.






1 Introduction and theoretical tools

This chapter consists of a brief review of some important topics in thermal field theory
and theoretical tools to simplify the perturbative calculation.

1.1 Partition function and path integral

The fundamental quantity in statistical mechanics is the partition function Z. In the

canonical ensemble and with kg =1 = G = % we have

Z(T) = Tr[exp (—0H)] , (1.1)

with 7" the temperature and H the Hamiltonian of our quantum mechanical system.
From this point on, we can easily compute further observables like the free energy F,
average energy I or the entropy S via

F=-ThZ,
1

E = ETY[H exXp (_ﬁH)] ) (12)
oF

In the majority of cases, it is difficult to evaluate the partition function via (). A
more convenient way to express the partition function is given by the path integral
representation. In order to derivate the path integral, we recall some basics of quantum
mechanics (h = 1):

(z[p|p) = plz|p) = —i0,(z|p) = (z|p) = Ae™" (1.3)

and with the completeness relations for z and p which can be written as
[ dsa)tal = 1.
1) ol = 1 o
B p)\pp =1,

we obtain the relation B = 2r|A[%. If we choose A = 1 it follows B = 27. In the
following we evaluate the partition function in z-basis and obtain

Z =Trfe PH] = /dx<x|e_ﬁH|x> = /dw(x|e_5H e H ) (1.5)



with € = % In the last expression we have split the exponential e ?H into N parts.

The standard procedure is now to insert alternately

dp;
and
to simplify (CH) to objects like

— DT _ . 2
(@igr|pi) (pile™ P |z;) = ePieit (p;|em HPora)TO) ;)

2 1 — 1 (1.8)
_ P il T ,
= exp { € [_Qm i + V(zi) + O(e)] } .
On the very right we get
(z1|2) = 6(21 — ) , (1.9)

and after integration over z we have (z| = (x1]. By sending N — oo the correction O(e)
in Eq. (L) goes to zero and we get for the partition function

N dr dp al p3 T T
: idp; . T T X
Z = lim [H 7] exp —Ze [ﬁ - ij% + V()

N—oo .
i=1

Jj=1 33N+15331765%

(1.10)
The momentum integrations over p; can be carried out explicitly

< dp P, wi—wy m m(zig — x;)?
— — ips = _— ] 1.11
/_OO 2m exp{ ¢ [2m P € 2me P 2e ( )

Then we obtain from Eq. (ICI)

N N 2
dx; m [ Tiy1 — Ts
Z = lim ——  |ex - €| — M) + Vix;
N—oo [};[11/271'6/771,] P Z [2 < € ( ])

Jj=1

)

ZBN_’,IEZBl,EE%
(1.12)
and the continuum version of the path integral

Z= C/:B(B)zzv(o) Da exp {— /06 dr [% (dfl—(:)f + V(.%'(T))] } , (1.13)

C= <%>N/2 = exp g In (%ﬂ . (1.14)

We can ask now how is it possible to bring Eq.([CI3) in a form comparable to the usual
path integral with the exponential

exp <z /dt£M>, Ly = % <Ccll—f>2 ~ V(). (1.15)

with



The first step for this task is to perform a Wick rotation i.e. ¢t — 7 = it and introduce
the Euclidean Lagrangian

2
Lp=—Lay(t = —it) = % (Z—i) F V(). (1.16)

Then we restrict 7 to the interval 0...3 and demand periodicity over 7 and obtain for
the exponential in Eq. (CI3)

exp (—Sg) = exp (- /0 ’ chE> . (1.17)

It should be noted that this derivation of the path integral also works in field theory
with minimal modifications [I4].

1.2 Free scalar field

We start with the usual Minkowskian Lagrangian for the free scalar field

Lar = 5(06) 0u0) — V(6) (1.18)

If we follow the procedure of the previous chapter in order to evaluate the path integral
for the Lagrangian (LIY), and consider

r—o(x), p—m(x),

(¢|m) = exp <i/d3xﬂ(x)¢(x)> 7 (1.19)

it leads us to

z- /(Zb . [TICDé(r, %)) exp {— /O " i / ddxcE} , (1.20)

X
with

Lo =—Lar(t = —it) = 5 (0,0) (3u9) + V(). (1.21)

Eq. (CIY) reflects the fact that we go from an finite number of degrees of freedom (DOF)
in quantum mechanics to an infinite number of DOF in quantum field theory.

DO | —

1.3 Interacting scalar field

When the Lagrangian ([CZI) contains terms higher than quadratic in the fields, it is
generally not possible to evaluate the path integral (LZ0) analytically. Therefore one
has to develop a technique to approximate the path integral in the interacting case. For
the following procedure it is economical to introduce an abbreviated form of Eq. (C2Z0):

Z= N’/[d¢]e—5 , (1.22)



with S = Sy + St where Sy is quadratic in the fields and Sy contains higher orders in ¢.
It seems resonable to expand the exponential in Eq. (CLZZ) in a power series

00 @\l
Z:N’/[dgb]e_soz( if) , (1.23)

=0

and after taking the logarithm we obtain

i (N [agles0) 4w (145 ED Lol
nZz=1 (N /[dcb]e >+1 (H; I [[dgle=S0 > (1.24)

=InZy+InZ;.

With the notation
J1de](. .. )e 5
[ldple=50 ~

we are able to write the interacting part of Eq. (L24]) in the following short form

— (—1)!
InZ; =1In 1+Z 0
=1 ’

Eq. (CZ) separates the contributions from interactions, In Z7, and the well-known ideal
gas contribution In Zy. After these preparations the relevant quantity is Eq. (CZ0). In
order to compute Eq. (LZ0) we expand the logarithm in a power series

2D (A D )
anI:ZIH—l > (S

=1

— (=" k1
=D = <—<5}>o + %<S%>o — é(s}% T ) (1.27)

(..o (1.25)

<55>o> : (1.26)

= —(Sr)o + % (7)o — (S1)§] — % [(SE)o — 3(Sr)o(ST)o +2(S1)3] + .- -,

and if we assume A is the coupling constant, then the first term is of order A and the
second and third of order, O(A\?) and O(A\?), respectively. Moreover, the first, second
and third term are associated with connected diagrams. The corresponding diagrams
in ¢* theory up to O(A\?) are:

=3 () +36( ) + 1200 + o).

It turns out that at arbitrary order IV in the perturbative expansion all disconnected
contributions cancel. Formally In Z; can be written as

o
mZ =Y InZy, (1.28)
N=1



where In Zy is ~ AN, A comparison of Eq. (C24) and ([CZH) yields

© 1\l
z =3 S s, (1.29)

!
1=0

Furthermore, (Sll>0 can be expressed as a sum of terms and each of them are products
of connected diagrams:

o0

l!
<S§>0 = Z CLl' CLQ' (2')a2a3| (3')0,3 <SI>8,IC<S%>8,QC A 6a1+2a2+3a3+ ,l . (130)
a1,a2, =0 . . . . . e

The subscript ¢ in (S}>8’c indicates connected diagrams and the Kronecker delta ensures
that the contribution is of order A\!. Finally, substituting Eq. (C30) in (CZ9) we obtain

o0 o0
(=1 2
Z= 2 D aigi@ma @ SRS - Gurtamrtart
01=0

a1,a2,...=

00 —1)31(S,)% (—1)2az2 (G2)\a2 > (=1)"
_ Z (=D (Sng. (1) <I>0’c---:exp (Z(nll) (S?>o,c>-

ayl az!(21)e2

(1.31)

ai,a2,...=0 n=1

Another important quantity is the so called self-energy II(w,, p) which is defined by

—1
D(wn,p) = [w2 +p? + m? + M(w,,p)] (1.32)

where D(w,, p) is the full two-point propagator in frequency-momentum space and w;,
the Matsubara frequencies

(1.33)

2mnT bosonic
w pr—
" (2n+ 1)7T  fermionic

This case differentiation reflects the fact that we require periodicity ¢(x,0) = ¢(x, 3) for

the bosonic field, c¢f. Eq. (C20) and antiperiodicity ¢4 (x,0) = —t4(x, ) for fermionic

fields, respectively. We can write Eq. (L32) in terms of the free-particle propagator Dy
1

- - 1.34
w2 +p2+m?’ ( )

Dy
and find the expression
D(wn,p) = (1+DpI)~' Dy . (1.35)

Our goal is to establish a relationship between the full two-point propagator D(wy, p)
and the functional derivative of In Z; with respect to Dy(wp,p). For this task it is
necessary to inspect the full two-point propagator D(w,, p) a little bit more in detail

B .
’D(wm p) _ / dT/dgm' e—z(p-x-i—wnfr)fD(X’T)
0

- Z Z §<¢n1(p1)¢n2(p2)>/0 dT/d3x62(P1P)'xez(wn1wn)-q—’

ni,n2 P, P2

(1.36)



where we make use of translational invariance of the finite-temperature propagator in
position space D(x1,71,X2,72) = (4(x1,71) ¢(X2,72)) = D(x1 — X2, 71 — T2) and x; =
x,x9 = 0,71 = 7,79 = 0. The ensemble average

f[dgb](znl (pl)gnz (pQ)eis

(bny (P1)Pns (P2)) = f[d¢]e_5 (1.37)
vanishes unless p; = —p,y, n1 = —ng. Hence we obtain from Eq. ([C34])
D(wn p) _ 62 f[d(b]gn(p)g—n(_p)eis ) (1.38)

Jldgle=®

In the next step we examine the Lagrangian Lp = 3 (0,¢) (9,¢) + 3m>¢>. The corre-
sponding action follows after integration by parts and using periodicity of ¢ to

S——l/ﬁd /d3¢ A ¢
2, TS o "

: 7 (1.39)
= YT + )b n(p)

where w = /p? + m?. In Eq. ([L39) we also make use of the Fourier expansion

o(x, ) = @ > P g(p) (1.40)
nop

for the field ¢. With Eq. (L39), (C38) and (C24]) we obtain the important relation
0lnZ 50InZ

D = -2 = 2Dy —— 1.41
(wnap) 5,})0_1 0 61)0 ) ( )
and therefore $lnZ
14Dy II) ! = 2Dy = 1.42
(1+ Do II) 05D, (1.42)
This leads to our final result
0lnZ
(1+ Do)t =1+ 2Dy 2L | (1.43)
0Dy
v sz, 1
n Zgo 1
—=-D . 1.44
Domp) 200 (P )
Now we write the self-energy II(w,,p) in the same way as we proceeded with In Z in
Eq. (CZ3)
o
m=> "1, (1.45)
I=1

10



where II; is proportinal to Al. Inserting Eq. (CZH) in Eq. (CZ&Y) and expanding to first
order yields

0ln Z1
5Dy

5
=1+ 2D)—— QC) (1.46)
Mo (3 >
— 1+ 121)0@ .

This means that a functional differentiation with respect to Dy is equivalent to cutting
one line in the diagram. A factor of 2 occurs because both possible cuts are equivalent.

Hence
I, = —12@ . (1.47)

The second-order contribution to II is

dln ZQ
Do

5
-k o 000 1)
5D, (1.48)
— 144D, v 96D0% n 1441)@ .

The second term on the left cancels with the last on the right. Those diagrams are called
one-particle reducible. Thus

T, = —144 - 96%. (1.49)

It can be shown, at arbitrary order N in the perturbative expansion, that all one-particle
reducible contributions cancel and only the so called one-particle irreducible (1PI)

diagrams are left
0lnZ
H:—2< - I) . (1.50)
0Do / 1pr

1.4 Green’s functions and generating functionals

1 —"Dpll; =1+ 2Dy

—Dolly + Dolli Dylly = 2Dy

This section consists of a short review of some basic functional methods in field the-
ory which are required for the background field formalism considered in Sec. [L3 The
generating functional is given by

Z[J] :/[dQ] exp [i(S[QHJ-Qﬂ , (1.51)

11



whereas @ is a generic scalar field with action S[Q] and J-Q = [ d*z J Q. The n-point
Green’s functions are defined by

GM@Q,....Q) = (0|T{Q...Q}0) = / [dQ)Q...Q)expi S[Q] , (1.52)

and with Eq. (&) we are able to express G(™ via the n-th functional derivative with
respect to the source J of Z[J]:

GM(Q, ... Q) = <1i>n2m (1.53)

J=0

The Green’s functions introduced in (C52) are disconnected Green’s functions (Fig. [CTh).

S/ 77
11777
/777

7/
7/
/.
7/
7/
/.
7/
7/
/.

(n)

Figure 1.1: Disconnected G and connected Go" Green’s functions

We have already seen that contributions from disconnected Green’s functions do not
contribute to In Z or II. Hence we work from now on only with connected Green’s
functions. These functions are generated by taking functional derivatives of

W[J] = —ilnZ[J] . (1.54)

Let us inspect the first three derivatives with respect to J:

Wi (0QIo)
57| T o)
1w [or{Qeo) (ol
i 6J? o (0]0) < (0[0) > ] ’ (1.55)
1\ 8w OIT{QQQ}0) , (0IT{QQ}0)(0IQ) . ((01QI0)\’
(;) A o (0]0)2 +2< (0]0) ) '

The last equation reads diagrammatically:

o g s gmes: g

12



A comparison of Eq. (L27) and (C5H) reveals a strong similarity. A further simplification
is to express the connected Green’s functions in terms of one-particle irreducible
(1PI) Green’s functions which are generated by

oW

57
the so-called effective action. Q) can be understood as the vacuum expectation value
of @ in presence of the source J cf. ([LHH). It turns out that the most economical way
to determine connected Green’s functions is to compute 1PI graphs and string these

together. A few examples below will show how this works in practice. Let us inspect
the first three derivatives of ([LHH) with respect to Q:

rQRI=W[J-J-Q, Q= (1.56)

or

—=—J. 1.57

e (157
This field equation replaces the classical field equation 05/6q = —J in the quantized

theory. Taking the second derivative yields

s2r 6 5Q1" 2w
A B R B L (1.58)
0Q? 0Q oJ 0J? (s
where D stands for the full propagator. After multiplying Eq. (C28) from the left and
right with D we obtain
146°T
-——D=D 1.
D=0, (1.59)

or diagrammatically:

cr— = —Coo—Cm (o>

This means that the full two-point propagator can be constructed by dressing the two
external lines with propagators. In addition to this result we can use Eq. (Lh) to find
the following identity

o o6J 6 p-1 10

6Q  6QoJ T idT
The equation above allows us to understand why Eq. (Chf) generates the 1PI-Green’s
functions. When operating with Eq. (L&) on ['[Q], 9/s5 adds an external leg and D~" re-
moves the propagator from this leg. The continuous adding and removing of propagators
(= amputation) keeps diagrams 1PI. Finally, let us compute the third derivative:

53__P :D—lli _(SQ_W - :Z'D—?’(S?)_W
Q3 1 0J 5J? 8J3 -

(1.60)

(1.61)

Po
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1.5 Background field method

The background field method allows us to quantize gauge theories without losing explicit
gauge invariance. Furthermore, this approach makes a lot of computations much easier
and helps for a better understanding of gauge theories. The usual approach in gauge field
theory starts with a gauge invariant Lagrangian. For the purpose of quantization, we
have to choose a gauge. At that time, the Lagrangian consists of the classical Lagrangian,
gauge fixing and ghost terms. In the background field gauge we retain explicit gauge
invariance in the original Lagrangian with gauge fixing and ghost terms. From this
it follows that, among other things, even quantities like divergent counterterms take a
gauge invariant structure. The generating functional for gauge theory reads

210 = /[dQ] det [f’)‘ib:| exp [z (S[Q] - %G Gt Q)} , (1.62)

where @ is a short notation for ¢}, and

J.Qz/d%Jng,

(1.63)
G-G= /d4xGaG“ :
In the following we consider the gauge field action
1 4 a ra
S = 1 d'zF,, F,, (1.64)
with
Fi, = 0,Q0 — 0,Q0 + gf ™ Q05 . (1.65)

G® represents the gauge fixing term and 0G*/swb the derivative with respect to the pa-
rameterisation w® of the infinitesimal gauge transformation

Q% — QY + 9w + g f "W QS, . (1.66)
Then we introduce the background field generating functional which is defined by

Z[J, A] = / [dQ] det [‘;Ga

wb

]expi[S[Q%—A]—%é-é%—J-Q , (1.67)

with background field Af, and as above §G*/swb the derivative of gauge fixing G under
gauge tranformation

Q% — Q% + 0w + g f "W (Q5 + AY) . (1.68)

In order to perform computations in background field gauge we need a relation between
the conventional approach via Eq. (L20) and the background field effective action

~ oW

FQA =W A -J-Q Q=7

(1.69)

14



with . N

= _ilnZ[J,A] . (1.70)
Shifting the integration variable @ — @ — A in Eq. (CE7) and using of Eqs. (CZ0) and
([CB9) yields L N N

In the special case @ = 0 we find
[0, A] = I'[4] . (1.72)

This result tells us that computations with f[O,A] and gauge fixing G = é“(Q,A)
provide the same result as the conventional approach via I'[Q] evaluated at Q = A with
gauge fixing G* = é“(Q — A, A). However, the unusual gauge fixing G* = é“(Q —AA)
results in different Green’s functions compared to those obtained in a conventional gauge.
But in the end gauge independence of physical quantities guarantees the correct result.

Let us focus our attention on the explicit gauge invariance of f[O,A] in A. For this
task it is necessary to choose the correct gauge fixing term and it turns out that

G = 0, Q0 + af ™ ALQ, (1.73)
makes Eq. (CE1Q) invariant under gauge transformations

A — A+ 9w + gf WAL (74

be, b :
Jy — I+ gf 7wy

The proof of this proposition can be found in [T5], T6] or [I7].

1.6 QCD Feynman rules and renormalisation

In order to compute the background field effective action f[O,A] we need to sum all
one-particle irreducible diagrams. There are restrictions on the diagrams, only diagrams
with external fields A (since Q = 0) and Q fields inside the loops (because there is no
functional integration over A cf. Eq. (LE7)) contribute. From here on we need Feynman
rules to translate the graphical notation into a mathematical expression. We start with
the action for finite temperature QCD, corresponding to a gauge group SU(N,) and Ny
flavours of quarks

p 1 1 sG® -
SPP = /0 dr / 3 2x [ZFﬁngy - QGQG“ + < &ub) & + (v Dy + m)zp} ,
(1.75)
where the subscript F stands for Euclidian space-time and ¢ = 0,...,3,D, = 0, —
i9Qu, Qu = Q)T Tr[T°T?) = 6% /2, {Yu, 7} = 26,. The Dirac fields 1, 1) are treated
as vectors in Dirac space. The Faddeev-Popov determinant in Eq. (C62) is written
in terms of an anticommutating scalar ghost field. We express the gauge fixing term,

15



Eq. (L73), and the functional derivative in a more convenient way and introduce the
covariant derivative in the adjoint representation

D (Q) = 0,6" + gf " Q;, (1.76)
in terms of which
~a __ 1yab b
G = Du (A)QM ) ( )
56@ 1.77
— = D*A)DP A) .
L = DI(ADP(Q+ 4)

Now we are able to express the action (C73) in Fourier representation. Then we split
the action into a quadratic part and a part which contains all higher orders in the fields.
Inverting the matrices appearing in the quadratic part provides us with the propagators

RuRy gﬁuﬁy

Na/ py\Ab o ~ < |0 — R2 P2
(QRQUSE)) = 6"8(R+5) | = F g = (1780)
(F(RZ(3)) = 05(R - §)% , (1.78h)
<ZZA(E)1~EB(§)>O = dapd(R — N)% : (1.78c¢)

and everything else gives the Feynman rules in QCD in background field gauge. The
subscript in Eq. (CZ8d) contains quark flavour and colour. After symmetrization as far
as possible via integration by parts and changing summation indices we have:

= —igvT4p ; = —igvT4p
o7 (TE
= —igf“Cb(}NEH + gﬂ) , N = —igf“bcéu ,
#:(.5) @ (é)‘
— _g2facefedb(')‘uy ’ N _ —92(facefedb-i-fadefed))(suy ,

16



— 92 [fabefecd(éupéyg _ 5M05Vp) + facefebd((suyépa _ 5M05Vp) +

+ fadejz-ebc((suyépa _ 5#/?5VU):| ’

abe rec 1 ace re
=g’ [f P (G updva — Ouodup + g‘gwﬂgpo) + S G bp0 — Ouodup) +
aae reoc 1
+f d f b (60000 — Opplue — Eéugéyp)} .

Solid lines represent fermions, dashed lines ghosts and curly lines stand for gluons. It
should be noted that we are not able to determine the propagator for the background
field A because the A field gauge invariance has not been broken. In addition, the
above vertices are only those with two or more @ lines (fermions, ghosts or gluons).
This is reasonable because we are only interested in 1PI graphs. For completeness, in
Fig. [ATl all vertices are shown which can be extracted from the action (C7H) with ([I70).

In the calculation process of f[O,A] divergences will arise and must be renormalised.
As usual, we introduce renormalisation constants

(A =2 Ay, (1.79a)
§p = Z¢€ (1.79¢)

where the subscript B stands for bare quantities. The ghost field ¢, quantum field @) and
fermion field v are only internal fields and therefore do not have to be renormalised. As
mentioned above, the great advantage in background field gauge is that, in particular,
the renormalisation factors Z, and Z, are associated with each other. Due to the fact
that gauge invariance is retained, the divergences arising in f[O, A] must have a structure
of a divergent constant times (F, ;jy)Q. With Eq. (CZ@al) and (CZ90) the renormalised
(F,)p reads

(F&)p = Z [0,A% — 8,A% + Z, 2 g f ™ AL AC | . (1.80)

The only way to bring Eq. (LB0) in a gauge invariant form times a divergent constant
is if

Zy=2," (1.81)

For our purposes, the most convenient way to renormalise the theory is dimensional

regularisation in the modified minimal subtraction (MS) scheme. Therefore all
integrals appearing during the calculation are carried out in 3 — 2¢ dimensions. The
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renormalisation constants introduced in Eq. ([0l - [L79d) can be written as a sum over
poles in €, e.g.:

Ooz(")
ZA:1+Z 6/711 .

n=1

(1.82)

If we perform our calculation up to n-loop, we will get contributions 1/e ... 1/€™. Fur-
thermore, in dimensional regularisation the bare coupling gp is no longer dimensionless.
Considering the F9% F¢, term in (C7H) and keeping in mind that the action is dimen-

pvsopy
/ &2z (9,A,)°

/ %z g% (AHA,,) 2

We introduce an arbitrary mass parameter p such that the combination g~
mensionless. In this framework the usual sum-integral becomes to

3—2¢
Ly [ (1.84)
H (2m)3—2 " :
P Po

sionless gives
= gp ~ (mass)‘. (1.83)

292 is di-

Working in the MS scheme corresponds to doing common minimal subtraction (MS)
scheme and then changing to the [i scale parameter by u? = fi%e’® /4.

1.7 QCD at high temperatures

The perturbation theory outlined in Section is the so-called weak-coupling expan-
sion. It is obvious that, only if the coupling is small, an expansion therein is justified.
A weak-coupling expansion in QCD at high temperatures is justified because we have
asymptotic freedom. This means, at sufficiently high temperatures the coupling is small
and an expansion converges. However, at realistic temperatures the convergence can
still be very slow (see e.g. [I8,[19]). Hence we need high order computations in QCD to
get accurate results. Unfortunately, a naive perturbative expansion in g% does not work,
due to the fact that we are faced with a multi-scale system [20), 21]. The coupling is
treated as a small parameter, but g(f1) varies with the momentum scale i. QCD at high
temperature exhibits three different momentum scales T, gT and ¢?T [22]. Perturbation
theory, restricted to the momentum scale Tl can be treated with conventional methods.
But at higher order in perturbation theory, the other momentum scales ¢7" and ¢>T
enter the stage and can contribute to observables. In contrast to the momentum scale
T, these low momentum scales are only accessible through improved analytic methods
or non-perturbatively via lattice simulations, as is especially the case for the ¢?T scale.

As an example we consider the free energy of QCD at high temperature. The free
energy can be decomposed into contributions of the different momentum scales and it

!The typical momentum of a particle in the plasma with temperature T
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Ap

Figure 1.2: Different length scales in hot QCD

turns out that the scale T is a power series in ¢2, the scale ¢T" a power series in ¢, entering
at order g® and the contribution of ¢?T beginning at ¢5. In the following we construct
a sequence of two effective theories in order to seperate the different momentum scales
[23, 24]. The first theory (called EQCD) is constructed by integrating out the hard scale
T and reproduces static properties of thermal QCD at length scales of 1/¢T or greater.
We obtain the second effective theory (MQCD) by integrating out the scale g7 from
the first. MQCD reproduces the behavior of full QCD at length scales of order 1/¢*T
or larger. The idea behind this simplification is the following: Before gauge fixing, the
QCD Langrangian, taken from Eq. ((CZH), with vanishing mass matrix reads

1 _
Locp = FFly + 03Dy (1.85)

We know from Section that bosonic fields are periodic in imaginary time 7. Thus
the fields Q}(x) can be expanded into their Fourier modes Qy, ,, exp [i27mnT'7| with the
corresponding propagators [p? + (27nT)?]~!. For nonstatic modes, 2rnT acts like a
mass and at sufficiently high temperature T these modes decouple like infinitely heavy
particles from the theory. In contrast to zero-temperature field theories with heavy
particles, the decoupling is not ‘complete’. In addition to LOEQC p there are corrections

that cannot be ignored

SeQcp = /d3263€ﬁEQ(JD ) (1.86)

1
Lrgop = TFGFS + Tr(Di, Aol +mETr A7) + Np (Tr[AF)* + AP T(Af] + -, (187)

0
Lrqep

withi=1,...,3, Ff = aiAg—ajA%gEf“”cA?A; and D; = 0; —iggA;. The electrostatic
gauge field Af(x) and magnetostatic gauge field A?(x) appearing in the theory can be
related (up to normalisation) to the zero modes of Qf;(x) in thermal QCD. The derivation
of E%QC p can be found in [25] and for higher operators see [26]. The largest contribution
that higher-order operators, omitted in Eq. (L&), could give (e.g. in the case of the
thermodynamic pressure) is ~ ¢7. This can be shown by dimensional analysis [27].
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1.8 Matching computation

In order to determine the coefficients emerging in ([CX7) we have to perform a matching
computation. This means we require the same result on the QCD and EQCD side within
the domain of validity. A convenient way to perform the matching computation is by
using a strict perturbation expansion in g?. On both sides, the expansion is afflicted
with infrared divergences. These divergences are screened by plasma effects and can
be taken into account (at least for electrostatic gluons) by resumming an infinite set
of diagrams (see e.g. [I4]). Screening of magnetostatic gluons is completely a non-
perturbative effect. For the matching computation, it is not necessary to worry about
the infrared divergences because the matching parameters are only sensitive to the effects
of large momenta. All infrared divergences appearing during matching computation can
be removed by choosing a convenient infrared cutoff. It is essential to choose the same
infrared cutoff in both theories. At leading order, the effective gauge coupling gz, related
to gp, in the full theory reads

g% = g3T. (1.89)

This can be seen by substituting Qo (x,7) — vVT'Qo(x) in (CZH) and comparing foﬁ drLocep
and (CX7). The mass parameter m% in (LX) can be understood as the large momentum
contribution to the electric screening mass mgl in the full theory. The screening mass
My 1S deﬁnedE by the pole of the propagator for Af(r,x) at p’ = —mgl and pg =0

P+ 1(p%) =0, (1.89)

with TI(p?) = go(p?). On the EQCD side, the mass parameter mp is defined in a
similar way by

p? +m% + Teqep (p?) = 0, (1.90)
evaluated at p?> = —mzl, and IIgqcep denotes the self-energy on EQCD side. In the
following we expand the self energy II(p?) in a Taylor series and obtain

I1(0) + p°II'(0) + - - -

> T, (0)(g8)" +p° Y T, (0)(gB)" + -
n=1 n—1

II(p?)

(1.91)

With Eq. (CZY) and ([CIT) we express the electric screening mass m,; in terms of Taylor
coefficents up to next-to-next to leading order

m? = gpI11(0) + g [H2(0) — I} (0)I11 (0)] + g [T13(0) — 1T (0)II2(0) —

/ " 2 12 8 (1'92)
— TI5(0)I1; (0) + TI{ (0)ITF(0) + 1, (0)TIF(0)] + O(gp) -

In this expansion we treated the deviation of p? from 0 as a perturbation in g?. To
complete the matching for mg we have to compute Ilgqep on the EQCD side in a
strict perturbation in g%. The only scale in HEQCD(pQ) is p? and after Taylor expansion

2In presence of an infrared cut-off, otherwise a non-perturbative definition is needed.
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the dimensionally regularised integrals vanishing identically. With Eq. (C30) we find
immediately

my =m2 . (1.93)
In order to match the effective gauge coupling gr we make use of background field

method introduced in Section [CH Symbolically, Eq. (CX7) can be written as
Lo ~ A% 4+ 39 A% + c4? A + - | (1.94)

where A denotes the background field potential and ¢; = 1+ O(g?). With A%; = ¢y A?
Eq. (C34) becomes

—3/2 ~
Lo ~ Az + c3c, / gAY + cacy PP Agg + (1.95)

and under consideration of the gauge invariant structure (cf. Eq. (L)) in terms of the
effective background potential we obtain

—-3/2 1/2 _
gE = €3¢y / g= 04/ cy 1g. (1.96)

In addition, gauge invariance in the original potential A and Eq. (C34)) yields c3 = ¢3 = ¢4
and

JE = 02_1/29. (1.97)
This means that the background field method simplifies this task from two independent
calculations of a 3-point or 4-point function in combination with a two-point function
in the case of Eq. (L34 to calculating a single two-point function in the case of Eq. (CI1).

At this point it is helpful to recall Eq. (L34d). The gluon self-energy II,, can be ex-
pressed through the inverses of the full and free propagators

-1 -1
U, =Dy — Dy, - (1.98)
There are two constraints concerning the full propagator D, and self-energy 11,
pHIl,, =0, (1.99a)
pMpVD;w = 55 (1.99b)

where p* denotes the gluon four-momentum and £ a general gauge parameter. The
corresponding proofs can be found in [[4] and [28]. In general, II,,,D,, and Dljyl
are symmetric second-rank tensors made up of g, pupy,uuu, and pyu, + pyu, where
uy, = (1,0) describes the rest frame of the thermal bath. With Eq. we obtain

Ioo(p) = g (p?), (1.100a)

Hij(p) = <(5Z] — %) HT(pQ) + p;)];j HL(I)Q), (1100b)

while Iy;, IT;0 and Iy, are vanishing. A Taylor expansion according to Eq. ([CI7) yields

g% =T {g% — ghIlr, (0) + g [ (1011 (0)) — Tra(0)] +

g |1 (0)TEa(0) — (I (0)* = Tys(0)] + O(gR) } - (1.101)
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1.9 Spatial string tension

The spatial string tension is defined by
Vs(R1)

s = i , 1.102
“ R11£>n00 Rl ( 0 )
with the potential
1
‘/S(Rl) = — lim —IDWS(Rl,RQ), (1103)

Ro— o0 2

where Ws(R1, R2) is a rectangular Wilson loop of size Ry X Rg in the (z1,x2)-plane.

In three dimensional SU(3) gauge theory (MQCD) the same observable exists and is
directly related to the corresponding gauge coupling gf/[ due to its dimensionality

05 =CX g, (1.104)

where ¢ stands for a numerical proportionality constant. The coefficient has been deter-
mined by 3d quenched lattice simulations [29] and can be expressed for N, = 3 as

Vs 0.553(1).. (1.105)

93

The relation between the MQCD gauge coupling g3; and the EQCD gauge coupling g2,
is known up to two-loop order [B0] and reads

12N, 17 [gAN.\’
Gr=gp |1 - T (gE c) : (1.106)

48 mmg 4608 \ mmg

where we have neglected numerically insignificant contributions. For a discussion re-
garding higher order corrections to Eq. (CI06) see [31].

The next step would be to re-expand Eq. (CIOI) in terms of the renormalised gauge
coupling ¢?(fi) and solve the RG equation. After these standard procedures, g]% is a
function of fi/T" and fi/Ayg. Furthermore, the MS scheme scale parameter i can be
fixed by the “principle of minimal sensitivity” [32, B3]. Considering this and Eq. (CI0H),
(CI0O6), the spatial string tension o, becomes a function of 7T'/Ay.

In order to compare the three dimensional prediction of oy with 4d lattice data we
still need a relation between “perturbative units” Ajg and the critical temperature T,

Tc

=1.10,...,1.35, (1.107)
S

which takes into account the results obtained from three different approachesH and their
associated uncertainties.

3For more details see [31] and references therein.
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2 Framework: Automated loop
computations

2.1 One-loop evaluation by hand

This section consists of the one-loop computation without using CAS. It should give an
impression of the complexity already for the one-loop correction. In order to simplify this
task somewhat, we perform the whole computation in Feynman gauge i.e. with £ = 1.
At one-loop order there are 5 diagrams contributing to II,, in background field gauge:

.

2
‘—3—4<A3<P>A’3<@>¢ AL (R)AG(S)Q5(T)QE(U))0.c0(R + 5 +T +U)

R,S,T,U
% [fcexfmdf(éaﬁépa _'5005p5 +_5ap5ﬁ0)_+_fcdxfmef(5ap5ﬁ0 _'5a05pﬁ)_%

+_fcfxfxed(5ap550 _'6a66ﬁ0 +—5ag6pﬁ)]

2
=5 L AUPIAR)AL@ AL QUTIQUNB(R + 5+ T+ V)C,
R,S, T\.U

2
1
— —‘i]—2 5ac(5bd(sef(sua5y,85po'cgéepj; i Wé(P + R)(S(Q + S)(S(T + U)(S(R + ttt + U)

R,S,T,U

= 2d N5, 690

2
g9 a 1
=~ AN 58, i W&(P + R)S(Q + S)0(T +U)S(R+ S+ T +U)

R,S,T,U

2 (P
_ _%ch(sab(sW +Q iSQ (2.1)

In (x) we introduced C’;%SJ; and used its complete symmetry in interchanging Lorentz
and color indices simultaneously.
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2
= S PIALQ) Lo ARAYSI DN ©)0d (o) [£577 4 7] i
R,S,T.U

= ¢ yf (A5 (P)AS(R))otAL(Q)AG(S)o (e ()E(T)0d(R+ S =T+ U) | .. | dag

—
*
=z

R,S, T\ U
1
— _ 42 sacsbd sef .
g2 69¢6Y461 6,06, 50 05 [] ;é Fagrpad (P + R)SQ + 8)S(T = U)s (...)
o R,S,T.U
. 1
= 2¢°N,6 b5w/ i W(S(P +R)O(Q+S)N(T —-U)§S(R+S-T+0U)
R,S,T,U
(P+Q)L 1
_ 2 ab
= 29" Nco 6WW$ 53 (2.2)
S
where we used one more time the complete symmetry of [ ...}6a5 and Grassmann

nature of the ghost fields.

2 .
= —%<AZ(P)A’;(Q) ;f &(R) A (S)e (T)& (U)AB(V)E (X))o,.e(Ra + Ta) (Up + Xp) x
R,S,T,UV,X
x felepohis(—R + S+ T)5(~U +V + X)
= - ;ﬁ (A5 (P)AL(S))o(AL(Q)AS(V))o(c“(T)& (U)o (¢ (X)e*(R))o(Ra + Ta) X
RS, T,U,V,X
x (U + Xp) fe¥foM5(~R+ S+ T)o(~U +V + X)
_ 92 5ad5bh5eg6i0fcdefghi i 6(P + 5)6(62 + V)é(T — U)6(X — R)

P2Q2T2X?2
= _Ncéab R757T7U7V7X

X (U, +X,)0(—R+S+T)5(-U+V +X).

—
~

(Ry + 1)) x

Performing the momentum integrations over S,V,U and R and then X gives

_ —92N06“b5(53—;)§2 )i . Pl_ 52 (25 = P (050 = P) (2.3)
S

This is the first integral with a non-trivial tensor structure. It is convenient to write the
3-gluon vertex shown in Section [LH in short form as

Dagy(R, S, T) = 60y (Rg — T — Sg) + 645 (Ta — Sa) + 0pa (S — Ry +T5) . (2.4)
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Changing Lorentz indices in additon to four-momentum e.g. 3 < v,5 < T results in
an overall minus sign

Dagy (R, S,T) = —Dors(R, T, S) . (2.5)

The following gluon diagram and higher loop diagrams of this type, entirely composed
of 3-gluon vertices, are the most complicated% ones appearing in this computation.

L

2 .

LAP)ALQ) Y AL RIQH(S)Q () AYIQSYVIQ (X))o D (. 5.T)
R,S,T,UV,X

X Dy (U, V, X) [ MR+ S + T)O(U +V + X)

2

_ _% gﬁ (A% (P)AS(R))o(AL(Q)AI(U))o(QE(S)Q(V))o(QST)QL(X))o x
R,S, T,UV,X

x fedefInis(R 4+ S +T)5(U +V 4 X)Dugy (R, S, T) Do (U, V, X)
2
g ac sbg cdh sei pede pght 1
= — 2 gacsby gdh s g R —
2 7 i P2()252T72
=N_.§ab R,S, T,UV,X
X 0,00un08p0~0 Dagy(Ry Sy T) Dppo (U, V, X)S(R + S + T)5(U +V + X)

S(P+ R)S(Q + U)3(S + V)§(T + X) x

2
g ab6P+Q
= LN ;ésw 5 Dun (PSP =)Dy (=S, ~P+ ).

At this point we have to carry out the contractions of D, (... )Dyg,(...)

D, sy (=P, S, P — S)D,gy(P,—S,—P +5) =

[0y (=P — (P = 8)g — S) + 045((P = S)u = Sp) + 0u(Sy + Py 4+ (P = 5),] x
X [8y (=5 = (S = P)g + Sp) + 0,5((S = P+ S) + G (=S5 — Py + (S = P)]
= [=20,y P + 6y8(Py — 25,,) + 265, P ] (26, P3 + 045(25, — P,) — 26, P,/
= —83,, P* + (8 = d)P, P, + 2d(S, P, — 25,5, + S,P,),

with dgg = d. The final expression for the gluon diagram becomes

2
_ _g_ ab6 P+ Q i _ 2 _
= 2Nc6 S2P ) 85, P*+ (8 —d)P,P,+
(2.6)

+2d(S, P, — 25,5, + S.P,)| .

-loop diagrams of this type consist of ~ 237132 terms in presence of a general gauge parameter.
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(O

2

~LAPIALQ) L AR ALS) R UV YD (X))o T T
{R,T\U,X},S,V

X 6(—R+S+T)5(~U +V + X)

=g ?f (AL(P)AS(9))0(ALQ)AG(V))oTr [(¥p(X)Pa(R))0va (Y(T)de(U))ovs] X
{R,T,U,X},SV
X TSpTEpd(~R+ S +T)6(~U +V + X)

1
= _92 5a65bdéBCéDATjBTg’D i W RUUp(Spa(SVﬁTr[VaryaWpryﬁ] X

=Tr[TeTt]=N;/2 {RT,UX},SV 46, RU-R,U,— Ry Q]
x 5(—R+S+T)5(~U +V + X)3(P + S)6(Q + V)§(T — U)§(X — R).

Curly brackets indicate fermionic Matsubara frequencies and integration over S, V, R, U, X
gives the final result

" 5
= 29> N6 5652 P57 (6, (S* — P+ S) — 28,8, + P,S, + P,S,] .
{s}

In the next step we perform a Taylor expansion in the external momentum P = (0, p)
(which is taken purely spatial) and decouple all scalar products of P with loop momenta.
In order to abbreviate the following expressions, we introduce a short-hand notation for
the one-loop tadpole

i (]ié;m = Iy(m,n), (2.7a)
/ Ry _
i P2y = It(m,n). (2.7b)

{r}

There is a recursion relationﬁ which allows us to reduce the appearing integrals with
arbitrary value of m and n to lower ones n’ < n,m’ <m

2m —d+1

Iyiim+1,n+2) = 5

Iy(m,n), (2.8)

for m > 1,n > 0. Fortunately, at one-loop order all integrals are known explicitly

2m3/2T4 w2 Ef(m—%—l-e)
(2nT)2m—n \ 7T? I'(m)

Iy(m,n) = ¢(2m —n—3+2¢), (2.9)

2This can be shown via integration by parts (IBP) relations, see Section EZ
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so that in principle, a reduction in terms of Eq. ([Z8) is not needed. Furthermore, the
fermionic one-loop tadpoles I(m,n) are related to the corresponding bosonic ones via

It(m,n) = (22"~ 1)L (m,n). (2.10)

Adding all contributions and performing a Taylor expansion yields

% S,uSy 6,wS? — 28,8,
S {S}
SuPu+ S.P, SuSy oSS, )
—N, 2d — 4) P P —4 - P
?f{ (Pt his )+ e - apghs ) +

+(5-3) G - <5>}

+4Nf;¢}{s P(SJ;)S nly “(S-P) - 420 S 2(S-P)?+ (SS“QSSQPQ (22) (S-P)*—
S

Sy
(52) P2} (2.12)

As mentioned above, in order to express both Taylor coefficients in terms of one-loop
tadpoles Eq. ([270) we have to extract the tensor structure out of the appearing tensor
integrals in addition to decoupling the external momentum P:

S,S, So0So S5iS;
T B RIS S B el
?5(52)” v Y Oyf (52)e T Omiovid (g2ya
S S S
S2 1 S?
zauoayogé AR e ;é@
S S

S? 1 S§2 - 52
= 5M05V0¢ ﬁ + (5m'5w'd —3 (5'2)@0
S S

Opilui
= G000 1 2) + 2224 o~ 1,0) - a2

2 —1—d 8,6 2 —1—d
= [6H05u0 : e {1—%}] Iy(a —1,0)

2(a—1) d—1 2(a—1
— ﬁ |:5M05y0(2a —1— d) + 5m‘5yi:| Ib(a — 1, 0) (2_13)
2 @
i (5521;2(5 P) = = b i 1$ 5(52)50 _ glf)”l [Ib(a —1,0) — I(a, 2)} (2.14)
S s

3Can be seen by rescaling the spatial momentum by a factor of 2, see e.g. Eq. ([E3).
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1 s o 1 52-5¢ P2
i (52)a(5 Py = =P 1¢ (82)e ~ d—1 Iy(a—1,0) — Iy(a,2)| (2.15)
S S
SuSy 2 i S 2 i SiS; 2
- P)% = 6,00, - P)? 46,6, P
i (52)a(5 ) poZV0 (S2)a(s )"+ 0idy (52)a(5 )
S S S
P? [S?-82 , 535515
- 5M05V0d — 1¢ (52)a SO + 5Mi5yjpkpl¢ W
S S
— b .0d0 P? ?552 —5352+ P25ij+2pipj§é S+ —2528% + S§
A -1 (57)e Y d? -1 (52)a
S
P2
= 0000 7 [Ib(a -1,2) — Ib(a,4)] +
P25 +2 (2.16)
Ziﬂz—lplpﬂ [Ib(a —2,0) —2I(a —1,2) + Ib(a,4)] .

Inserting Eq. I3) for a = 2 in Eq. 1)) yields

1 = 0u06,0(d — 2) [Ne(2 — d)I,(1,0) + 2N 4 1£(1,0)] (2.17)
and using Eqs. (12 - EI6) and Eq. [ZJ) gives

I, = 06,0 P {%(2 —d)I;(2) + %(34 —7d + dQ)Ib(Z)} +

2.18
+ 8,00 (Pupy — 0, P?) [%If@) + %(d - 26)%@)} o

Now we can easily read off the functions IIg and Iy according to Eq. (CI00H)
IE1(0) = (d — 2)[Ne(2 — d)I, (1) + 2N 14 (1)] (2.19a)
I71(0) =0, (2.19b)
'21(0) = %(34 —7d+dH1,(2) + %(2 —d)I(2), (2.19¢)
1174 (0) = 2626 — a)1y(2) ~ 2 14(2), (2:190)

where I, ¢(i) = Iy (i,0). For d — d + 1 and multiplied by an overall minus sign this
result agrees completely with the corresponding expressions for &9, given in [31]. Let us
have a closer look on (ZT9al). In d = 4 — 2¢ the expansion for [;(1) and I7(1) up to O(1)
reads

2
I(1) = % FO), (1) = 5 +0(0), (2.20)

and with Eq. (C32) we find the well known Debye screening mass

Ny N,
m? = g*T? <?f + ?> +0(g"). (2.21)
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In Eqgs. (I3 - E16) we used several times a tensor decomposition which can be written
in the most general case as

L. = ¢ St cia _ ddiyis ...z‘a_lz‘ai (8> — 88)*/ (2.22)
Pt (5;2)a d(hiil- (E;Q)G ’ .

~lala

S

where dd;, . ;

(2e

stands for the total symmetric tensor build of metric tensors:

ddij = gij, ddijri = 9ij91 + Gikgj1 + 9aGjk > - - (2.23)

2.2 Two-loop

To get a general idea of the complexity of the two-loop computation we show the corre-
sponding diagrams in Fig. Bl

Figure 2.1: The two-loop self-energy diagrams in the background field gauge taken from
[31]. Wavy (curly) lines represent gauge fields, dotted lines ghosts, and solid
lines fermions.

It is not economical to evaluate every single diagram by hand like in the one-loop case
shown in the previous section for two reasons. First, the evaluation of every single di-
agram shown in Fig. Bl is much more ‘expensive’ in terms of performing the tedious
Lorentz- and colour contractions. Second, after the Taylor expansion, we are still faced
with two-loop vacuum sum-integrals and unfortunately, neither a recursion relation as
that in Eq. (Z8) nor an exact solution like in Eq. ([Z3) is presently known.

In fact, we will use the one- and two-loop results given in [B1] as a first serious cross-
check of the methods introduced in the next sections. In addition, the one- and two-loop
Taylor coefficients are required in order to check general gauge invariance for the three-
loop corrections to m% and g% via Eq. (C32) and (CIO) in which we are ultimately
interested in.
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2.3 Some preparations

Any perturbative expansion starts with generating the graphs. At 1-loop there are just
5 one-particle irreducible self-energy diagrams and it is easy to construct those directly
from the Langrangian in Eq. (LZH) with the corresponding combinatoric factors. But
the number of diagrams increases rapidly at higher order and to avoid mistakes during
Wick contractions we use a computer program called QGRAPH which generates all dia-
grams for a given interaction and order. QGRAF requires three input files; the model

1 % QCD in background field gauge 20 [ge,qu,uq]

2 % particle content 21 [gl,gl,gl]

3 % qu quark 22 [ge,gl,gl]

4 % uq antiquark 23 [gl,gh,hg]

5 % gl gluon 24 [ge,gh,hg]

6 % gh ghost 25

7 % hg antighost 26 [ge,ge,ge]

8 % ge background gauge field 27 [ge,ge, gl]

9 28

10 % propagators 29 % 4vertices

11 30

12 [qu7 uq, 7] 31 [g17g17g17g1]
13 [gl, gl, +] 32 [ge,gl,gl,gl]
14 [ge, ge, +, external] 33 [ge,ge,gl,gl]
15 [gh7 hg7 _] 34 [ge,gl,gh,hg]
16 35 [ge,ge,gh, hg]
17 % 3vertices 36

18 37 [ge,ge,ge, gl]
19 [gl,qu,uq] 38 [ge,ge,ge,ge]

Listing 2.1: bg QCD model file for QGRAF: (% are comment-lines)

file where the interactions and propagators are specified; a style file which controls the
form of the output; and a file which contains parameters like the desired order and type
of diagram (number of external legs, 1PI, ...).

Loop order # of diagrams
5

31

447

8999

222864

U s W N+~

Table 2.1: Total number of 2-point 1PI diagrams at a given loop order

In this framework it turns out that not the number of graphs is the limiting factor (as
it would be for a evaluation by hand) rather than the complexity of a few graphs ap-
pearing in this computation. In order to later manipulate the QGRAF output we use

4See [34] and [35] for the implemented algorithm.

30



+tag (1)*(+1/12)=*

eXt(ge(ilykq)7ge(7277kq1))*

pI‘Op(gl(l,—kl),gl (27k1))*

prop (gl (3,k1),gl(4,—kl))=

prop(gl(5,k2+k3—k1), gl (6,kl1—k2—k3))=*
prop(gl(7,—k2), gl (8,k2))=*
prop(gl(9,—k3),gl(10,k3))x
Vrtx(ge(ilka)7ge(7277kq1)7g1(177k1)7g1 (37k1))*
vrtx (gl (2,k1), gl (5,k24+k3—kl), gl(7,—-k2),gl(9,—k3))=
vrtx (gl(4,—k1),gl(6,kl-k2—k3), gl (8,k2),¢gl(10,k3))

Listing 2.2: QGRAF output at 3-loop for diagram 1/447

O © 00U WN -

—_

an output style which can be directly interpreted by FORM [36]. Let us have a closer
look at Listing The first line specifies the diagram and contains the combinatoric
factor. Then ext(...) holds the information about the external particles including its
momentum. Futhermore, lines 3 - 7 specify propagators prop(...) and the last three
lines determine the vertices via vrtx(...). Considering this we can easily draw the cor-
responding diagram:

A brief overview of the most important steps in the automation process is as follows:
1. Generating graphs: self.A.frm [37]

2. Mapping QGRAF’s momenta to our convention: self.B.frm [37]

&0

self.C.frm [37]:

a) Feynman rules, color sums, Lorentz contractions and gamma traces
b) Taylor expansion in external momentum

c¢) Decoupling of external momentum
4. Reducing integrals to some master integrals by using Laporta algorithm
5. Solving the remaining master integrals by hand

In order to express the appearing integrals in a unique representation we have to map
QGRAF’s momental to ours shown in Fig. For example we consider Listing
The momenta emphasised are not part of our convention. Performing the momentum
shift ko — ko — k3 on Listing gives the desired momenta. However, in general there
is external momentum flowing within the loops and therefore we are not able to express
the integrals in our convention from the very beginning. This means, at that point, we

SWhich are in fact not unique.
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P

Figure 2.2: Vacuum diagram momenta convention up to 3-loop level

just ‘prepare’ the occuring propagators for a unique representation. In the end (3.b)
we Taylor expand the propagators and can identify the momentum flow with specific
list entries according to our vacuum convention in Fig. The momenta mapping is
implemented in self.B.frm and the most important statement is shown below and reads
in our example

1 id fshift (k2,-k34+k2) = replace_(k2,—-k3+k2);

which replaces all occurrences of k2 by k2 — k3. In contrast to the 1-loop evaluation of
Section Il we start with projecting out the relevant quantities of II,,,, to avoid tensor-like

integrals such in (ZI2) by

HG = 6#1}Hﬂy s
HE = 6u06u0H,ul/ 3 (2.24)
bup
My, = =55 M -
Then with Eq. (CIO0H) it follows
Pubv pip;
(5W — D 5M05V0> My = Moo + i — 222105 — oo = (d = Iy, (2.25)

and finally with (Z24]) we obtain

1 Pub
thy = 5 (d = o~ Buotn) T

In FORM this is done by the following statements

(2.26)

id once ext(ge?(ml?,kq),ge?(m2?,—kq))=
( sProjgxd-(ml,m2)
+sProjLxkq(ml)+kq(m2)*G(kq,0)
+sProjExku(ml)*ku(m2))*G(kq,0);

B~ W N~

where G(P,0) = 1/P? and m; are Lorentz indices with dimension d. In addition, we
also perform color projections for the external background field:

1
ab __ cab cc
AMV =9 aAMV s (227)
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where A“b denotes a 2-point function, for example HW and dy = 6% = N2 — 1. From
here on we follow the standard procedure outlined in Section Bl i.e. inserting vertex
and propagator structures, performing color sums and gamma traces. Finally we Taylor
expand propagators with external momentum P up to a given order using the recursion

1 _ L 25P- p? 1
(P—-95)2 §2 S2 (P—5)2’
and decouple all scalar products with external momentum and loop momenta according

to Eq. [Z22). After these manipulations all appearing integrals up to 3-loop can be
written in the following notation:

(2.28)

Ia,;cl;a = i (_Pfg“)a 5 (229&)
Pey
PCVQB

Ia,b,c;cl,cQ;a,ﬁ = i (PQ)a(QQ)%((; — Q)2)c 5 (229b)

Pe1,Qc2

I _ yf PyQo Ry
ab,e,dse, fiel,e2,¢3;0,6,7 = (P2)2(Q2)b(R2)¢((P — Q)2)4((P — R)2)¢((Q — R)2)f
Pe1,Qc2,Re3

(2.29¢)

where P.i—g refers to bosonic Matsubara frequencies and P.;—; to the fermionic ones.
The 1-loop tadpole in Eq. (Z29al) for ¢c1 = 0,1 is equivalent to Eq. [Z7a) and 270),

respectively. Naively, we would expect two indicies for every propagator, the correspond-
ing power and fermion information. However, the latter property for the remaining three

lines in Eq. [Z29d) is given by
cd=(cl+¢2) (mod2),
5 =(cl4+¢c3) (mod2), (2.30)
6= (c2+¢c3) (mod2).

In Fig. B33 all non-trivial topologies are dlsplayed For their representations see Tables

OISX AN
(DR Y

Figure 2.3: Non-trivial topologies at one, two and three-loop order

and Since some topologies can be represented by more than one choice of
momenta, we have emphasised (in red) our choice of a unique representative.
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a b ¢ d e f|Typ

1 1 1 1 1 1| Mercedes
1 1 1 1 1 0] Spectacles
1 1 1 1 0 1] Spectacles
1 1 1 0 1 1] Spectacles
1 1 0 1 1 1] Spectacles
1 0 1 1 1 1] Spectacles
0 1 1 1 1 1] Spectacles
1 1 0 0 1 1| Basketball
1 0 1 1 0 1| Basketball
0 1 1 1 1 0| Basketball

Table 2.2: 3-loop topologies and representations in list notation cf. Eq. [(Z29d): 1 stands
for positive integers and 0 for negative/zero integers.

a b ¢ d e f|Typ a b ¢ d e f|Typ

0 0 1 1 1 1| 2loopxlloop|0 1 0 1 0 1 (1loop)3

0 1 0 1 1 1| 2oopxlloop|0 1 0 1 1 0 (1loop)3

0 1 1 0 1 1| 2oopxlloop|0 1 1 0 1 0 (1loop)3
01 1 1 0 1]2oopxlloop|0 1 1 1 0 0] (lloop)®

1 0 0 1 1 1] 2loopxlloop|1 0 0 0 1 1 (1loop)3

1 01 0 1 1|2oopxlloop|[1 0 0 1 0 1] (1loop)®

1 01 1 1 0]2oopxlloop|[1 0 0 1 1 0] (1loop)®

1 1 0 1 0 1|2loopxlloop|1 0 1 0 0 1] (1loop)?

1 1 0 1 1 0]2loopxlloop|1 0 1 1 0 0 (1loop)3

1 1 1 0 0 1] 2oopxlloop|1 1 0 0 1 0 (1loop)3

1 1 1 0 1 0]2loopxlloop|1 1 0 0 0 1] (1loop)?

1 1 1 1 0 0]2oopxlloop|1 1 1 0 0 0] (1loop)?
00 1 0 1 1] (lloop)® 1 1 0 1 0 0]2lxSuml.=0
00 1 1 0 1] (lloop)® 1 01 0 1 0]2lxSuml.=0
00 1 1 1 0] (lloop)? 001 1 0 0 1]2xSuml=0
01 0 0 1 1]/ (1lloop)® 00 0 1 1 1|2xSuml=0

Table 2.3: Factorized topologies appearing in the 3-loop computation with 3 or 4 positive
lines cf. Eq. (Z2Z9d). Everything else i.e. with more than 3 negative lines
vanishes in dimensional regularisation.
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2.4 Integration by parts relations and shifts

As mentioned above, in order to reduce the large amount of integrals to a small set of so
called master 1ntegralsﬁ we need relations among them. There are two different kinds
of relations we use in the following: first the integration by parts (IBP) relations and
second relations obtained by using momentum shifts. A generic Feynman integral in d
dimensions reads

F(pi,....,pn z/ .. d%, , 2.31
( =) H @ +m T (2.31)

where (p- kz)i’Z are irreducible scalar products of loop momenta k; and external momenta
pr to the power b;. The integration by parts relations [5] are generated by the fact that

A%y - g | K =0 2.32
/];1,...,14:71 1 8]4?“ < H ql _|_m al> ) ( )

for j,l =1,...,n. Applying this to the 1-loop case in Eq. ([Z29al), we obtain

Ozia?ﬂ <p<PP?0>m>

Pey

- i {(d U (Piégm oo pQ(Pgionm“} (2.33)

cl

:yf {(d_1—2m)%+2m(ﬁ;%}

Pcl

=(d—1-=2m)Iq(m,n)+2mlIa(m+1,n+2),

which is precisely the recursion relation Eq. (Z8) used in the previous section.

Already at 2-loop we are faced with the problem of how to apply the IBP relations
in a systematic way because there is no obvious recursion relation as in the case of

Eq. Z33):

0= (_1 +d—c— 2@) Ia,b,c;cl,c2;a,6
—2c Ia,b,c+1;cl,c2;a+1,6+1
+2¢c1ypetisel,e2;042,8 (2.30)
+c Ia,bfl,c+1;cl,c2;a,6 ‘
+2a Ia—l—l,b,c;cl,cQ;a—i—Q,B

—C Ia—l,b,c—l—l;cl,cQ;a,B

SIBP relations produce an under-determinded system of linear equations with unknowns called master
integrals.
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In Eq. (Z34) we emphasised a possible way to use this relation to reduce the power of
the first propagator for a > 1 (by bringing the second-last term to the left hand side
(lhs)). But in the end we just ‘replaced’ a given 2-loop integral by many other 2-loop
integrals in addition to some (lloop)2 integrals, cf. the last line of Eq. Z34). The same
holds for the other IBP relations and simple linear combinations thereof. A solution to
the problem is given by the Laporta algorithm introduced in Section

Further relations can be obtained by shifting integration variables. As an example we
consider the 3-loop case

I - yf Py Qo Ry
rpeaeleeanin T P@PER)P - @AU(P - RE(Q -~ RP)
Cho. RS (P — Qo) ]
Q—P—-Q: —P g i (P2)e((P — Q12 (R2)(Q2)4((P — R)2)°((P — Q — R)2)7
.p_p._ P (Py — Qo)?(Py — Ry)?
R—P—R: —P ? . (PQ)‘I((P _ Q)Q)b((P _ R)Q)C(QZ)d(RQ)e((R _ Q)Q)f
8 v
BN (v _ _
- (1P x
%3 (1))
< ¥ PyttnQy MRYT
| F @R (P - (P - RPF(@ - BPY
8 v
BN (v _ _
= (_1)6 n(_l),y mIa, ,e,b,c, ficl,cd,ch;a+n+m,B—n,y—m »
ngomzzo<n><m> dyeb,c,ficl,c4,c504+n+m,3

(2.35)

where ¢4 and ¢5 are determind by Eq. (30). Symmetries implied by momentum shifts
are equivalent to interchanging lines within the corresponding diagrams.

Q @ P‘PQ
P-R

Figure 2.4: Symmetry of the Mercedes diagram implied by the momentum shifts used in

Eq. Z33), cf. Lst. [A1

In the following we solely focus on the 3-loop case because all methods required for the
one- and two loop computation are Containedﬂ in the complete 3-loop computation. As

"More precisely: in the 2loopx 1loop sector.
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a next step we have to consider the different fermion signatures appearing. As it turns
out, only a few signatures are needed in the following because the others can be shifted
to the former ones.

Figure 2.5: Fermion shifts for the Mercedes topology; dotted lines stands for fermions,
cf. Lst.

Our fermion signature convention for non-trivial topologies is shown in Table B4 In

Topo+FermSig. | #SYM | #I1BP

I 1,1,1,1,1:0,0,0:... 23 9
I11,1,1,1,150,0,1;... 5 9
Ii,1,1,1:01,0 7 9
I11,1,1,1,0:0,0,0:... 7 9
I1,1,1,1,1,0,0,0,1;... 3 9
I11,1,1,00,1,1, 7 9
I 1,1,1,1,0:1,0,0:... 1 9
11,1,0,0,1,1;0,0,0;... 23 9
111,0,0,1,1:0,0,1;... 3 9
11,1,0,0,1,1;1,1,0;... 23 9

Table 2.4: Total number of symmetries and IBP relations for non-trivial topologies and
our convention for the fermion signature.

order to avoid mistakes during the implementation of IBP relations, symmetries, shifts
and fermion shifts we have automated the process of generating these relations com-
pletely.

It is important to understand the difference between shifts, fermion shifts, symmetries
and IBP relations. All of them, except for the IBP relations, are generated by the
same momentum shifts like in Eq. (3H). Shifts respect the topology but not necessar-
ily the fermion signature in contrary to symmetries, whereas fermion shifts respect the
particular representative (cf. Table B4l in addition to the fermion signature.
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2.5 Reduction: Laporta algorithm and decompositions

We already encountered the problem of how to apply the IBP relations and symmetries in
a systematic way. For this purpose we implement an algorithm based on Laporta’s ideas
outlined in [§]. The basic concept is shown in Fig. Z6l There are two new ‘components’

Initialisation:
i=j=1,k=0,imax=#IBP/S
Jmax=FFSuggestions

-
-

"

Apply (IBP+SYM); to suggestion j:
—-0=0_,, Imam)]H_1

i=i+1] 7]

Substitute relation 1,....k in rel. k + 1:
= 0= Inbm) 4

if i < imax

if ths # 0

>y

no

yes

Decide what is the most complicated
integral I' , € {I|I € I}, Vm} accord.
to a given order and compute new rel.

_ ! _ b
Im’ - Zm;ﬁm’ Imcm »Cm = b::/

Substitute relation k + 1 in already
existing relations 1,....k and set
k=k+1

Figure 2.6: Schematic Laporta algorithm

which are indispensable for the Laporta algorithm: A unique directive in order to decide
what is the most complicated integral out of a set of integrals; and a list of so-called
‘suggestions’ which specifies, roughly speaking, the search areaE. For our purposes, a

8 At 3-loop we have 6 propagators 4 3 irr. scalar products — discrete 9-dimensional search space.
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convenient ChOiCGH for choosing the most complicated integral looks as follows (f; =
aa"'7f6:f7 ql :Oé,...,qu’)’)l
. Count positive lines: ). 0(f;) and choose the highest, if equal go to 2,

—_

Compute abs. sum of powers of props.: >, |f;| ,choose highest, if equal go to 3,
Count zero lines: ), d(f;) , choose lowest, if equal go to 4,

Comp. sum of pow. of irr. scalar products: ), q; ,choose highest, if equal go to 5,

A

Choose integral with highest power on propagator 6,5,4,3,2,1, if equal go to 6,
6. Pick integral with highest power of irreducible scalar product 3,2,1,

where f;, q; refers to the power of propagators and irreducible scalar products, respec-
tively. The above rules can be divided into two categories: Rules 1 to 4 classify the
integral according to its complexity and rules 5 and 6 guarantee uniqueness.

We then move to consider the question how to generate ‘suggestions’. For this task
it is necessary to find out what are the most difficult integrals needed for the computa-
tion. We find the following integrals for II3 and II5 (in which we are ultimately interested
in) as the most difficult ones (according to above ordering):

I33.0,—5,2,2:0,0,0;0,0,0 (2.36)

I33.1,-2.1,1:0,0,1;0,0,0

14,4,0,-6,2,20,0,0,0,0,0 (2.37)
I44,-1,-31,1,0,0,1;0,0,0 -

The observation is, for both Taylor coefficients, that the bosonic integrals are more
difficult than the fermionic ones. This is simply due to the difference between boson and
fermion propagators Eqs. ([LZ8al), (LZ8d) respectively. In Feynman gauge we would get
the same depth@. Back to the initial problem, Eqs. [Z30) and Z37) tell us how deep
the reduction needs to run. It gives us an upper bound for suggestions and hence for
the total number of suggestions.

In addition to the number of suggestions also the order in which they are processed is
important. We follow Laporta’s initial proposal and order the suggestions inverse to the
above order for extraction. This means that the simplest integrals (according to above
ordering) are processed first and integrals like in Eq. (Z3d) or ([237) last.

151,0,0,1,1:0,0,0:0,0,0
112,0,0,1,1:0,0,0:0,0,0
11,1,0,0,2,150,0,0;0,0,0 (2.38)
11,1,0,0,1,2:0,0,0:0,0,0

In the literature also called ‘lexicographic’ order.
The depth measures the deviation from base-integrals: I»1.0.0.1.1.... for II3 and I31,0,0.1,1.... for II5.
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Furthermore, we truncate the maximum number of suggestions by discarding integrals
with more than ), q; = 6 which leaves us with a few ten thousandL] suggestions per
topology and fermion signature (cf. Table E4). In Fig. Z1 we outlined the reduction

l |

—_— —_— —_—
@ Laporta 6 Laporta 50 Laporta 40
A
I
I
I

Physics Masters

y

3
_—
@ Laporta 21x11 Decompo:ﬂtlon Q
or (11)® Laporta

Figure 2.7: 3-loop reduction via Laporta algorithm and decompositions

process and two important things should be noted. Firstly we parallelise the reduction
in such a way that each topology and fermion signature runs independently, indicated by
Laporta 6, 40, 50, 21x 11 and (11)3. This is done by restricting the lhs’s in Fig. EZ8 (during
extraction) to their particular topology. Secondly, the above-mentioned decomposition
is just a consequence of Eq. (ZZ2)

P Qi Ry (P-Q)"(P-R)’(Q-R)

I11,1,000c1,62,e3,... — (PY)(Q%) (R~ (2.39)
P017Q027R(‘3
¢P0 Qs P Q) iRa(P-R)”(@-R)C
PclchQ RCS

Hi%%@QWPWu@W@Wi%mﬁ(ﬁ

(P2)(@Q*)~ ddil7i17---=i(b+c)/27i(b+c)/2 (R?)
017Q02 c3
ata’ 24 24c
- i%%@w%2+¢%%@%+@%+ y
(P2 (@) (P) (@)
Pe1,Qc2 Pe1,Qc2

1 Tnstead of a few hundred thousand suggestions which is far beyond what our implementation can
handle in a realistic period (~ 1-2 months runtime).
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i i i (1%
5015 (bte) /25E (b4 ) /2 lev---7J<aa+/g'>/2vﬂ(aa+/;’>/2} i (R%) 7
Res
where we have omitted prefactors and irrelevant integrals indicated by arrows. The
last expression in Eq. (Z39) equals a sum of products of three 1-loop tadpoles times
a rational function in d. It is also possible to derive an analogue decomposition for
the 2loopx1loop sector but without any practical advantage over the Laporta approach
because we are still faced with 2-loop diagrams.

m 3
_—
Decompsition U Q 21 Laporta Q

Figure 2.8: 2loopx1loop decomposition with 2-loop Laporta

Py Qi Ry (P-R)"(Q-R)°
Il,1,1,1,0,0;01702703;... - i (PQ)(QQ)(RQ)((P — Q)Q) (2'40)
Pe1,Qc2,Res

:Pj#’ch oy (szjo Qo iRo Q R)"

o A P ) (QZ)C# Ry (R) *
(P2)( (

PARE QQ)((P _ Q)Q) ddi1,i1,---,i(b+c)/2,i(b+c)/2 RQ)

P017Q02 c3

- Py Qs (P-Q)” Py Qi (P (Q)°
¥ (?) QP ¥

Pe1,Qc2 P617Q02
btc
Ry (R
X |:ddil71'17~~~7i(b+c)/27i(b+c)/2:| i W .
Res

The first integral in Eq. ([Z40) corresponds (after re-expressing the scalar product in
terms of inverse propagators) to some generic 2-loop integrals in addition to (1-loop)?
integrals. As an example, we consider the bosonic Mercedes diagram. A complete
reduction according to Fig. B0 looks as follows

208 — 87d + 9d?

I11,1,1,1,1,00,0:2,00 = : 3 131.0,0.1,1:0,0,0:2,0,0
—600 + 390d — 84al8 + 6d (2.41)
m 15,1,0,0,1,1;0,0,00,0,0

and the e expansion for both masters can be found in Chapter Bl We end up this section
with a flow chart which shows all manipulations needed in order to reduce the self.C
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output (cf. Sec. Z3)) to master integrals. In Fig. X, we show schematically how the
different reduction steps discussed above work together in order to substantially reduce
the number of integals to be computed for II3.

—— # Integrals

-
|

Shift 50,40 topologies to their represt.:
50:  Ii11,01,1.. — Ti111,1,0.

sy LyUsdydyees slytytsdy

40:  Iopj11,1,1,0... — 11,1,0,0,1,1;

slytytsdy sy dyees

one-time

Fermion shifts for 6,50 and 40 topology:
6: all signatures — 001,011

50: all signatures — 001,011,100

40: all signatures — 001,110

Shift 21x 11 topology to its representation:
21x1l: I10,1,0,1,1;... — 11,1,1,1,0,0;...

sy dyees sdladtydy

Reduced by a factor of 10

21x11: decomposition

Shift (11)3 topology to its representation:
(1% To10.10.1.. = 11,1,1,000...
(11)3: decomposition

Eliminate trivial integral e.g.:
I11,0,0,0,0.... and permutations

Use relations obtained by Lap. algorithm
for topologies shown in Table ZZ41 + 2loop

| 7

~ 25000

| by a factor of 500

-

Figure 2.9: Overview of 3-loop reduction from self.C output to masters: The iteration
is needed in cases like I11,1,1,1,0,0,1,0;... — 11,1,1,1,1,0;0,0,1:... +0,1,1,1,1,0;0,0,1;... +
- —111,0,0,1,1;1,0,0;... + = 11,1,0,0,1,1;0,0,1;... + - -
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2.6 Implementation of the Laporta algorithm

In this section we describe the concrete implementation of Laporta’s method outlined in
Section ZI In principle, the implementation of Fig. EZ8 looks rather simple. However,
there are still problems we should pay attention to. In particular, during the extraction

Dimension Depth Topology + Loop
Fermion Sig.

Generate Generate Generate
suggestions Shifts & Symmetries IBP relations

procedures(topo,fer).h

#system(...
( )> Resubstitution
_____________________ A Syntax
Y translation
Laporta main block
cf. Fig. 2111 :
Y GCD’s with
] > FERMAT

#toexternal IPC::Open2(...)
Figure 2.10: Laporta implementation in FORM with external program FERMAT.

and generation of new relations we are faced with the problem how to compute the

coefficients

Cm = Ym, (2.42)

b

where b,, stands for polynomials in one or more variables. In other words, the computa-
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Initialisation:
i=j=1,k=0,imax=#IBP/S
p=0,jmax=7Suggestions

[
|~

Apply (IBP4+SYM); to suggestion j:
= 0=0_,, Imam), 4

Substitute relation 1,....k in rel. k + 1:
= 0= Inbm) iy

o

yes

Decide what is the most complicated
integral I' , € {I|I € I}, Vm} accord.
to a given order and compute new rel.

/
Iy = — Zm;ém’ Imcm »Cm = 3

Substitute lower topo.’s in rel. k + 1:
6: subst. 50 topo.

50: subst. 40 topo. & 21x11 topo.
40: subst. (11)3 topo. via decomp.

'
1i=1+1
yes
if i < imax
A
bm
"l
k=k+1
p=p+1

Resubstitute p new
relations
in rels. k - p,....k

no:

- -
Lo #toexternal(...
..................

--------- : external communication

Figure 2.11: Laporta main block



tion of coefficients ¢, corresponds to determining the greatest common divisor (GCD) of
two polynomials in one or more variables. Unfortunately, the current version of FORM
is not capable to compute polynomial GCD’s in a reliable way so that we revert to
external software. In the following we use the external program FERMAT [3]] for all
polynomial algebra during the reduction process. In addition, as indicated in Fig. EZT0,
a script is needed for syntax translation [39] between FORM and FERMAT.

Let us have a closer look at Fig. EETTF A comparison with Fig. B0 reveals slight dif-
ferences. In principle, a straightforward implementation of Fig. 28 works quite well, at
least for the two-loop computation. However, if we try to apply the ‘naive’ approach at
three-loop we run into a dead end for two reasons. The first problem occurs simply due
to the required ‘depth’ (cf. sec. ZZH) which results in systems with ~ 103 —10° relation
and eventually the question of how to handle such a huge amount of relations in an
efficient way. The second problem is, as always, to optimise the implementation as far
as possible to reach an acceptable run-time behaviour. To this end, we

1. restrict lhs’s to current topology — reduces number of irrelevant relations,
2. use relations obtained from other topologies — minimises size of rhs’s,
3. suppress simplification of ‘simple’ coefficients — reduces external communication.

Without going into great detail, everything together results in a speed-up factor of ~ 25
depending on topology and fermion signature. In Fig. EZTT we also indicated the way
how to perform the re-substitution safel. In addition, this approach allows to paral-
lelise the time-consuming re-substitutions (cf. sec. [A4]) on multi-core systems and we
observe a good scaling behaviour on two- and four-core machines.

In order to estimate the complexity, we make the following assumptions: average num-
ber of new relations per suggestion = N,., number of relations after j processed sugges-
tions = N; =~ N, - j, then the average time for suggestion j + 1 becomes

N N;
timNY Tim N, TY ~NTj (2.43)
i=1 i=1

where we made the naive assumption T; ~ T'. The behaviour in Eq. (ZZ3)) agrees roughly
with Figs. and [A4] (green curve) in Appendix[A4 In general, it is rather difficult to
predict the concrete run-time behaviour for a given topology and fermion signature. But
it turns out, at least for our implementation, that large rhs’s are the biggest problem
and affect the run-time behaviour significantly. This is the main reason for using lower
topologies during the reduction. Moreover, the symmetries introduced in Sec. Z4] play
also an essential role in minimising the rhs’s. For instance, the purely bosonic spectacles
topology runs about three times faster than the mixed-spectacles one (fermion sig. 001).

12 A factor of 10 to 1000 more compared to the two-loop computation.
13In terms of avoiding memory overflows.
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3 Evaluation of master integrals

As we have seen in Sec. ZH all non-trivial masters are basketball-type integrals. We
start with a brief review of already known basketball sum-integrals. For convenience we
define, in the notation of Eq. (Z2Z9d),

bb _
S77 = 11,1,0,0,1,1;0,0,0;0,0,0 »
bf _
ST = 11,1,0,0,1,1;0,0,1;0,0,0 5 (3.1)
ff_
ST = 111,0,0,1,1;1,1,0:0,0,0 -

The simplest basketball sum-integral evaluated by Arnold and Zhai 0] in 3 — 2¢ spatial
dimensions reads

L (T |6 f ¢'(=3) ¢'(=1) 182
StP = ) [2+361 —12 48 Rl O 3.2
! (47)? <12> € + . 47T ¢(—3) + C(—1) + 5 +0(e), (3.2)
and the corresponding fermionic basketball diagram evaluates to [A1]:
L (1)"]3 i LC(=3) ((-1) 173 63
Sy = =] |5 +91 —3 12 —= X m2|+0(). (3.3
L (4m)? (12) 2 T e T eey T T M| T (€). (33)

Fortunately, the mixed basketball SP is just a linear combination of Eq. (B2) and (B3
and is given by

1 1
SPf — ; (2071 —1) PP — ES{f, (3.4)

and can be seen by rescaling spatial momenta by a factor of 2:

bb 1 B (P+Q+K+R)
W= ¥ rgr e b " rown

P,Q,R P.Q,K,R
= *261 Opo+qo+ko+ro (27T)372653726 (p+aq+k+r)

Y P2Q2K2R?

P7Q7K7R
= M_26124—86 i Opo-tao+hotro (2m)*20°2(2p + 2q + 2k + 21)
r (xTn)? + p?] QK R?
P.Q,K,R
—2¢ 1 o1-6c Opo+aothotro(21)° %8 *(p+q+k+1)

=K T U P2Q2K2R2
P+{P} R+{R}
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1 1
+
(po+q+710)>+(..)2  (po+aq+ro)+(...)2
| —— | ——

even odd

_ 21766 1
- T P2Q2R2

P+{P} R+{R}
= 2170 [siP 6.5} 4+ ST (3.5)

where we have used fermion shifts and symmetries of SPP, SPf and Sf. A similiar identity
can be obtained for

bb _
S5” = 151,0,0,1,1:0,0,0:0,0,0 »

b _
Sy = 121,0,0,1,1:0,0,1:0,0,0 »

(3.6)
S = 151,0,0,1,1;1,1,0,0,0,0 »
S;fl = -71,1,0,0,1,2;0,0,1;0,0,0’
and reads

The integrals shown in (B) are needed for the computation of II. S'gb is already known
2] and can be written as

T (1 1 27 LD, 9 2\?
bb M K

- ~ 42 |3m il = (1

52 8(4#)2{62+6[3 2 b Tt 2T 1)]+2<H4WT2> *
1) | p? 131 31x?
1)

17 e
* <7+ VB O 47TT2 12 736
_ 1_25%%3 (54 27E)2(( 11)) + 22”(( 1)) — 167 + 0.388594531408(4)} +0(>e) (3.8)

where ~; refers to the first Stieltjes constant, defined through the series ((s) = 1/(s —

D+ 2o m(=1)"(s = 1)"/nl.

3.1 Bosonic basketball S

As a first example we demonstrate the feasibility of adapting the techniques used for the
basketball diagrams SP® and SEP in order to determine the new master integral

bb _
537 = 13,1,0,0,1,1;0,0,00,0,0 » (3.9)

which appears as a master in the computation of II5. Let us start with noting that, by
a momentum shift, the integral [B3) can be written as

Shb — ;{fH(P) I(P), (3.10)

P
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with

1
(P) = ;é I (3.11)
Q

(P) = ;ﬁ m . (3.12)
Q

First of all, we review some properties regarding the UV behaviour of BII). We split
(BII) into its zero-temperature and finite-temperature part

=

1(P) = 1O (pP) + 1 (P), (3.13)
and note that the leading UV behaviour of ([BTl) is given by its zero-temperature limit

s fd*Q 1 B p* T(E(-e 1
H(O)( ) = u? /(271')3_26 Q2P — Q) = (P2)e  (4m)2—¢ T(2—2¢) (P2)e’

(3.14)

where the last equality sign can be seen through Feynman parametrisation. For the
finite-temperature part we first evaluate the sum via the usual contour integral trick

3—2¢ 4+o00—i Ot
M (py = / (d—q / B1rp) + f-pntip),  (3.15)

2m)372¢ |_oqior 2m

where n(ip) = [exp (i8p) — 1]~ refers to the bosonic distribution function and

1
" = . 3.16
0= e+ 77 + o+ 0] 210
Computing the residues of ([BIH) results in
#2q n(g) i i
nM(P) = —p* / [ . e ,
Br==1" | Gor = [a=imP —Ta+ ol " @+ im?—Ja—pP
(3.17)
and Taylor expanding the denominators for P > T yields
g n(q) [ 2 8(ipog+p-a)’
nhp) = — 26/ —— 0 76/ pP° 1

which is justified by the fact that only ¢ < 7T contribute. Then our final result becomes

I(P) = 1O (P) + %Ib(l) + AII(P), (3.19)

where AII(P) behaves in the UV as 1/P*. In addition, let us for convenience, define a

third function Q)
I(P) = ;ﬁ ﬁ ; (3:20)
Q
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for which an analogous examination gives
II(P) = IIO(P) + IIO(P)I, (1) + AIL(P) (3.21)
with
- ~ _ 2 T —e)l(2—26)T(—1+ 2e) 1-2
nOp) =3P > =L P2 22
(PY=BP)" = Gy tote -39 ) (3.22)

All following computations are performed in configuration space and therefore we need
Fourier-representations for propagators and for the functions introduced above. Defining
the inverse Fourier transformation
B d3q e—tar 271/27017.[.73/2 ’qo‘
Flaorio)= [ SE 2 (1
(2m)% (¢* + q5) I(a)

and using Eqs. (B19), BZI) we obtain

3/2—a
. > K3/o-a(lqolr), (3.23)

1 .
@Q-P)2 /dgr NPT F (g —ro,731)
1 , 1
— — | @3y eila—p)r —lao—polr = (3.24)
477/ r’
1 1 / 3 o 1 r
2 A3y P T~ Ipolr <1 + > — 3.25
P8 234x polr /) [pol® 29
1 1 / 5 i 11 1 r?
S dBr P T Ipolr <_ + + ) , 3.26
P = 3 55 oo Tl Tl 20
ATI(P) = r /dgrieip're_mo'r coth7 — 1.r (3.27)
(4m)? r2 ro3)7 ‘
ATI(P) = —— [ @r L epretrolr) roseh 4 (2 + [pol7) (15 th7
(P) = (471)4 rﬁe e resch?r + (2 + |po|7) (|po| + coth 7)—
1 .~ 9.9 r _ =
— — (34 3[pol + 757) — 5 (1+ [polF) ¢ (3.28)

where we have introduced the dimensionless variables
r=2nTr, Do = po/27T, (3.29)

and noted that AII(P), AII(P) behaves as 1/P* and 1/P? at large P, respectively.
Finally, we consider Eq. BI2) and start with separating the Matsubara zero-mode

3—2¢e 1

= B ! 1 2% q
1P = % Q%(Q — P)? +ou / (2m)372¢ ¢ [(q — p)? + p]

IL,(P)+1Io(P), (3.30)

where the prime indicates the leaving out of the Matsubara zero-mode. ﬁr(P) is both UV
and IR convergent and hence we perform the momentum integration in three dimensions

: T o 1 L\ (ool tlaorolyr
HT(P) _ 23(47T)2 /d37"€p Z <1+ >€ (lgol+lgo—pol) , (331)

1020 |C]0|2 lqo|r

50



in which we used Eq. (324) and ). The zero-mode contribution Iy(P) is UV but
not IR convergent

— d3%q 1 1 1 P2 — 4p?
Mo(P) =T 26/ _ [ 41 0]
o(P) K (27)3—2¢ {qG [(q —p)2+ pg] P2 " 3 ¢4(P2)3

where the last two terms vanish in dimensional regularisation but render the expression
IR convergent and allow for a momentum integration in three dimensions

_ T /”dqi{ 2 2PP-4pp 1 m[(p—q)%p%”
(2m)2 Jo T¢® l¢?P? 3 (P?)3 2p¢®  L(p+q)®+pd

T [2|po?
=i [t ) .

such that using the expressions in Eq. (B2H) and B2Z8) finally yields

I r ipr, r
HO(P) = —W/dngQBP \po\ . (333)

We now proceed in complete analogy with the appendix of [A2] and begin the calculation
by dividing Eq. (BI0) into two categories of terms, contributions that are potentially
divergent S};b""’b but simple enough to allow an analytic evaluation, and contributions
which are perhaps complicated but both UV and IR convergent Sgb""’a. First we write

_ iAH(P) iAH )+ 21(1 )i H](f;) + ;f ﬁ](j)
P

P P
_ S:l;b,l n S?E)b,n n S?l’)bJH n S?l’)bJV’ (3.34)

where we have used Eq. (BI9) for the split-up procedure. We repeat the procedure in
Sgb’w by using Eq. (8ZI)) and take into account that integrals without scaled] vanish in
dimensional regularisation. Thereby

ST = i AIL(P)II,.(P) (3.35)
sl 9 d>2p _
i AL(P)o(P) + Tp /Wﬂ(po = 0,p)Ilo(po = 0,p)

_ S?l’)bJLa n S?l’)bJLb (3.36)

bb 111 TDP) o [ 7 H(po=0,p) | L TOP)
st on (Tt et [t
P P
= Sbb IIT,a + Sbb III,b + Sbb II1,c (337)

YAl — 11— 1@ — 2 1,(1)/P? in S2™P 1T — 11— 0© in SP»MP and AT — IT — I — 7,(1)11©
S:l;b,IV,b

51



" AIL(P) d32¢p TI(py 1O (pP)
bb,IV _ 2
S3 —i o6 T Th /(2 )32 Bi 3+5 Po

P

__ gbb,IV,a bb,IV,b bb,IV,c

+ Sy + Sy + spIvd (3.38)

Let us start evaluating the integrals which are both UV and IR convergent i.e. Sgb""’a:

T3 1
GhbI _ 7/d3 L othr— —(1pol+1aol+go-+pol)r
3 8 (4m)* TTQ cothr Z Z \q0]2 ’(Jo‘?’ €

- (4727)6 / ar (COthT - % - g) (Ll (™) (cothr + %) + Lig (e~2) @ _
0
—In (1 _ e—2r)>

x 0.0256487(1) (3.39)

Ty

where the last integration was performed numerically with MATHEMATICA [43] and

Z Z e~ ([pol+lgol+Igo+pol)r
Iqol2 Iqol3

po go7#0
1 —
B Z <|(10|2 |q0|37~> <|¢70| +COthF>e 2qolr
1 coth?| o, -
2@22[ _<COthT+ >+ﬁ f ]e : (3.40)

where we first carried out the py sum

0o
e~ laolr Z e~ (Ipol+laot+pol)r _ o—laolr Z e~ (Inl+Int|m|])7
Ppo n=—oo
—|m|-1 0 00
_ e—\qo\r Z enfe(n—l—\m\)f + Z enfe—(n-f—\m\)F + Ze—nfe—(n-i—\m\)F
n=-—00 n=—|m| n=1
— ¢ 2aol7 [|q-0| + coth f] . (3.41)

Using Eq. (B30) in addition to Eq. 2Z1) and B33)) yields

ghbiIha _ —7T3 /d?’r coth7 — 1T Z ¢~ 2lpolr
3 24(47)4 Fo3

Po#0
2 o 1 1
= drr? | cothr — = — =
3(4@6/ nr (CO T 3>e2r—1
2 1
= 3@ T (307 — 7% — 180¢(3)) . (3.42)
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For Sgb,III,a the Fourier-representation of II7) is needed and can be obtained through
Eq. BI3) by subtracting the zero-temperature limit

ghbIle — 1, (1) iy /d3ri cothr -+ > 14 ) L e2hlr
3 4(4m)3 r? r [polr ) pol?

Po#0

- ﬁ/j dr (cothr— %) <rL12(e2’“) +L13(e”)>

2
~ ——— x 0.15565346169869(1 3.43
S 1), (3.4

where we have used Eq. (ZZ0) and (B317). Finally, with Eq. @Z), B28) and B38) we

get

T2 1
S5 = S s Zﬁ {’7"5@‘127’ + 2+ [pol7) (o] + coth ) -
Po

1 T 1 1
— Z(3 4 3|pol7 + p2%) — = (1 + |pol7 } <—+—> ¢~ 2polr
’I“( | 0| 0 ) 3( | 0| ) |p0|2 |p0|3’l“

! /Ood 1%{ h?r + (24 nr)(n + cothr)
= —=% r— rcsch®r nr)(n + cothr) —
(471') 0 Tn:l
1 1 1
—;(3+3nr+n2r2)—g(1+nr)} <E+W> e 2nT

1
~ T 0.0036161(1) . (3.44)
7

For purposes of clarity we left out the lengthy expression which appears when per-
forming the sum. At this point it is resonable to begin the computation of zero-mode
contributions Sgb""’b by recalling two formulas for Feynman parametrisation [28]

1 :/Oldm.--dxné(in_l)[ ngni—l F(ml—f--..—i-mn)’ (3.45)

where mq,...,m, € R and
/ il 1 1 Tn—d/2) (1\" (3.46)
Qe @+ Ay Gm@2 Tn) \A ' '
Applying Eq. BZ3) to Io(po = 0,p) in Eq. 0 gives
_ d3f2eq 1 3.%.2
Ip(po =0, p :T,uk/i_/dmdyéﬂc—i-y—l
( ) (2m)32¢ Jo ( ) [za? +y(a—p)?*
_ Ty* F(g—i-e) 1d x? 1
T Un)pr— 2 o Ul — a2)5/2re (p2)5/2He

T TE+agrE—ar(-2-¢ 1
" 2(4m)3 : F(—21 + 2¢) ) (p2)5/2+ (3.47)
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where 1 = q — p + 2p,A = 2p? — 2°p?. An analogous reasoning for Eq. (1)) and
B20) produces

1
]._.[(p(] == pr) 47T 3/2 € Z/ p + q ]1/2+6 ) (348)
~ BTu% T'(—3 + 2¢) (1 — )~ tte
I(po = 0,p) = / . (3.49)
(471')3/2 € Z 1 o p tq ] 1/242¢
SPbaLb _ T3/~66j P(3+l(z3+r (5 - Z/ dm/ d3 *p
2(4mr)3—2¢ I'(—1+ 2e)
1
X

(p?)5/%te [2(1 — z)p® + ¢ ]1/2+6
T35 T(3+e)L(3+6)l(3—eT(-2—¢) 953/2—€

2(4m)3-2 T(—1+ 2¢) NEEP R

D S T )

T35 T(S3+e)L(5+6)l(5—€eT(-3—¢) 2d/2—¢

X

- 2(4m)3—2¢ (=14 2e¢) p(% — E)(Qﬂ)s—Qe x
_3_6e [2(2 +2¢) T(=1—26)1'(3 + 3¢)
x 2(27T) 375 (3 + 6e) T4 o) QF(%—FEQ)
‘ﬁfﬁ))ﬁ +0(e), (3.50)

where we made use of d¥p = 274211

(%) Ip|?~1d |p| and rescaled the momentum inte-
gration by qo/(z(1 — z))Y/2. Similarly,

d3 25 1
bb,IILb 9 46
S =20,(1)T"p 3/2 € Z/ / 2m)3= 2e 6 (1 2)p? + @2 ]1/2+e
F( +€) 2773/2 €
— 2 4de 29
=20,(1)T*p (47)3/2~ GF(% _ ) 93— QE{Z(QO) } X
q0
X /1 da [2(1 — 2)/ e /Oo ﬁ
0 o (p?+ 1)1/t
L(i+e 93/2—¢
= 2I,(1)T?pte—2 9TV 449 (4 4+ 4
oI (47?)3/2—€F(%_6)(27T)3—2e( nT) (4 + 4e) x
T2(54+6)T (=2 — ) T(2+ 2)
I'(5 + 2e) 2T (3 +¢)
1 7t
= Slamp 1m0 O (3.51)
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The last remaining zero-mode contribution becomes

ShbIVD BT +2€ Z/ / d**p (1—z)"t*e
(47-‘-)3/2 € 271' 3— 25 6 (1—:6)]) tq ] 1/24-2¢

BT?p* T (-3 +2€ om3/2—¢ s
NG (r<e> SiE = PO

2 qo0

(4
% dxx3/2+e )1/ R
o (P2 + 1)1/

B BT2 de F(——+2€) on3/2—¢ e
BT (O e o e B e

PG+OT (34207 (-4 T(1+30

I'(4 + 3e) 21 (—1 + 2¢)
1 72
= — 4+ O(e). 3.52
We end up with expanding the tadpole contributions Sbb liLe Sgb’w’c and S;b’w’d -
cording to Eq. Z3),
H(o 1 (p)
bb,I11,c bb,IV ¢ bb,IV,d
S + 55 + S5 = 2I(1) ﬂi IDES i 76
1 9 2
- = — - 31
~ 12(4m)8 { [ (B) =3 =% -3k <47TT2>:| *
9 0 12 79
) (v ) e
T 2Tyg ¢'(—1)
1-— 1 —39—-12 —
1 5 (1—7e)+ ( 8vr — 39 = ) ¢(3)
—24(¢'(3) - 36 71} + O(e), (3.53)

and collecting all parts to obtain the final result for the sum-integral S};b:

1 11 9 12 9 p? >
SPh =~ 0 4 2 6¢(3) — = — 3yp — 31 = (1
3 12(47?)6{ A [ ¢3) 2 VB n<47TT2>] T3 <n47TT2 i
27 2719 2572 gt 21
+<?+97E—18C(3)> In £ LI E

w2 T T T T
¢'(—1)
¢(=1)

In general, we need the e expansion of master integrals up to O(e) because most of the
corresponding coefficients contain poles in three dimensions, cf. Eqs. (A2a - [A221]).

(1—vg) +

+ <18 v — 39 — 12 ) ¢(3) —24¢"(3) — 361 + 0.586266(1)} +0(e). (3.54)
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3.2 Bosonic basketball S5}

As a further example we consider the basketball-like sum-integral
5313,? = 13,1,0,0,1,1;0,0,0;2,0,0 » (3.55)

with an irreducible scalar product. It turns out that due to its similarity to SEP, we
can use some intermediate results obtained during the S?'fb computation. Let us start
by noting that

Skh = iH(P)ﬁ(P), (3.56)

with

=

2
(P) = i ﬁ ; (3.57)
Q

and II(P) from Eq. BIl). From here on, we just repeat the procedure applied to the
sum-integral SPP, i.e. separating Eq. ([E5H) into possibly divergent contributions but
simple enough for an analytic evaluation and perhaps complicated contributions but
both UV and IR convergent:

— 2 2
31_§éAH P, ( iH(ZJZgP 21,1 )iﬂ(i#

be bb,IT beI bb, TV : (3.58)
31 TS5, +537 +537

——

=0

where we have taken into account that the zero-mode contribution vanishes identically

cf. Eq. (B36). The xz-space representation of I, (P) can be obtained immediately from
Eq. @31) by multiplying from the right with Q2:

T A 1
() — /dgrezp.r <1+ >e—<qo+|qo—po|>r, 3.59
(P) 23(47)2 q()%:o |qolr (359

Taking once more into account that integrals without scales vanish in dimensional reg-

ularisation (cf. Eq. (B33 - B3Y)) gives

=

sobt i ATI(P)IL, (P (3.60)
"11(0) (p) P2 1O (pyp2
Spytt = 21b(1)§é % + 2Ib(1)¢ 7](36) -
P P
_ Sgti Mla | Sbb 1ILb (3.61)
GhbIV _ /AH( 1)8 ﬁ(o)(P)Po2
3,1 p2 3+5 Ps
P
_ Sé)E,IVa 4 Sbb IV,b +Sbb IVc (3.62)
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As before, we start by evaluating contributions which are both UV and IR finite. Plug-

ging Eq. BZ0) and (BD9) in Eq. (B60) results in
T3 1 1 7 1
ghbl /d3 ~ (coth7 — = — = 1 ~(lpol+1gol+lgo+po|)r
3,1 8 (4m)4 TT2 corr r 3 %):qz;eo * lqo| 7 ‘
0

T2 /OO p th 1 r csch?r i cothr 1 thr + 1
= r | cothr — = — = — = cothr +—- ) —
2(4m)* Jo r 3 4 2 2 r

cothr
o 1 1— —2r
)
T2
P .02 22(1 .
L x 0.029779679922(1) , (3.63)

where we rescaled the integration variable by 1/27T and used

Z Z (1 + L) ¢~ (Ipol+laol+|go+pol)r
|q0]

Po qo7F#0
1 - = | »—2lqolr
— Z 1-1-W |qo| + coth 7 ) e =19
mq(ﬁm qo|T
o0
1 1cothr -
:2Z[n+cothr+j+—co_ T]eQ”r
Fon T
n=1
csch?7 cothr 1 1 coth 7 _oF
_2[ . +< 5 —§><c0thr+;>— - In(l1—e )]. (3.64)

Using the Fourier representation of IIT) as in Eq. BZ3) gives

T2 1 1 1
bb,ILa _ 3, L _ = —=2|po|r
S31 Ib(1)716(47r)2 /d " (cothr 7n> Z (1 + ’po’r> re

po#0
T2 e 9] 1 h _
:7/ dr | cothr — = r cot 7q—z—ln(l—e_%)
6(4m)* Jo r 2 2
2
~2 x 0.1825395997(1) . 3.65
6(4m)*
0

The last remaining non-trivial contribution can be obtained via Eq. B52), B2H) and

B2Y¥) and reads

T2 1
bb,IV, _ _ N _
Syt = 8(47)5 /dgr 3 E#:O {TCSChZT + (2 + |pol7)(|po| + coth ) —
Po

1 T 1
— (3 4+ 3l5alF -+ 5272) — —(1 = |9alF 1 —2[po| 7
=3+ 3polr +po77) — 5 +\Po!7°)}< +‘p0‘r>€
T2 [* 1
= 4(477)4/0 d’l“;nzz:l{’l“CSChQ’l“—{—(2—{—7”LT)(7”L+COthT’)—
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1 1
—~(34+3nr+n?r?) - g(l—l—nr)} <1+—> e 2nr
,

nr

G 0.00201064(1) . (3.66)
7

Expanding the tadpole contributions Sgg’m’c, Sgg’w’c and S;li{’lv’d according to Eq. ()
yields

a0 (p ( 11O (P) P2
bbIILb . obbIVb | obbIV,
Sgr 7+ S5y A Sy =20 (Ui ﬁi EIES iTO

= 32(4r 4{612+%[ Toe+ 3 <4M; >+2§((—_11))] i
T ¢'(=1)
1)

20 (2 s, 468 Wt
2 n4 72 oy TOIETY(C n47rT2
231 1372 (-1

u +7—E(33—457E)+2((_1)) (2vE + 15) +

12 13 6
— 16 71} +0(e). (3.67)

¢"(=1)
¢(=1)
Summing up all contributions results in

r? 1 41 2 ¢(-1) 9 2\?
bb H H

+ - +vE + 31 +2 + - |1 +
531 32(47‘1’)4{62 € [ 6 sln <47TT2> ¢(—= } <n 4 T2>

+2>——=

1)
41 ¢'(—1 w2 231 1
+ <7+37E+6 (( 1))>1n47TT2 +o5 17; +%E(33 45vg) +
- CC/((:ll)) (2vg +15) + 2<”(( 1)) — 1671 + 0.4648994(1)} +0(e). (3.68)

3.3 Mixed basketball S}

We have already encountered two different categories of master integrals appearing in
this computation (cf. Chapter Hl). We close this chapter by computing the last remaining
‘prototype’, ngl defined in Eq. (BH). With the following definition

_ 1
n=Y ga-rr .
{Q}
we can write 52 1 as
52 L= iH(P)ﬁf(P) . (3.70)
P

It should be noted that the computation for S'ifl is very similiar to Sgb given in 2],
except the fact that we replaced the ‘inner’ bosonic Matsubara sum by the corresponding
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fermionic one. As a consequence, due to the absence of zero-modes, the separation of

Eq. BZ0) simplifies to
(P (P

21—$AH Mg (P) + 2 I,(1 )$7 pi
{P} {P}

(3.71)

_ S;)fll + Sbf II1 + Sbf IV,

where we have interchanged the order of integrations and made use of Eq. (BId) and

B20). As in section B2, with Eq. (B13) and BZI) we get

Sy = iAH )T (P (3.72)
aump mop
) —PE Leny B
{P} {P}
_ Sbf,HLa n Sbf,m,b (3.73)
bEIV _ O (p)
5271 ﬁi P2 2+e i P4
{P} {r} {P}

Expressing Eq. (B69) in Fourier representation yields
_ T 1 1
I;(P) = /d3r— _ef(lqolﬂqrpo\)r, 3.75
P)= 5 | 15 L 7

where qq ¢ refers to fermionic Matsubara frequencies. Let us start with evaluating Sg fl’l

T3 1
bf,I 3 _ _— —(lpol+Ilgol+lgo—pol)r
5271 = 2(471)4/d Tr?’ <coth7“ ) g g ’(JO e \IPoITIqoITIq0—Po

Po,b qo.f

T2 [ 1 1
= — / dr— | cothr — — — r 4 arccoth e” cothr + cschr
(4m)* Jo r r 3

2
- (4m)?
where the mixed bosonic/ fermionic sum is given by

ZZ | —(Ipol+lgol+lgo—po|)r Z
QO

Po,b qo.f

e2laolr
=S (1l o)
_ —1 _
26—2(%+n)f 14 Clothr n Z 25 ) (4 clothr n
n=1 3tn i4n

2 n=—oo

22

x 0.185119(1) (3.76)

e —lqolr

E :e (Ipol+Igo—pol)r
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+e " (1+ 200th7’)]
(3.77)

[4 arccoth e” coth r + csch 7}
27

In Eq. B0 we interchanged the order of summations and used Eq. (BZ1]) for the usual
bosonic sum. Expressing 1/P* and II(7) (P) in Fourier representation via Eqs. (§23),(E13)

and using Eq. BZ3)) yields
T2 /d3 1 < th 1) Z
r— ( coth7 — — e
72 T Ipo|

ghfllla _ 1
2,1 b( )(471')3 g
0,f

672|p0|7‘

1
> arccoth e”

4 T2 0
== / dr | cothr — —
3 (471')4 0 T
4 T?
~ = X 0.287113(1). (3.78)

~

(4m)*
We obtain S;fl’w’a by repeating the calculation above but with Eq. [B28) instead of

w

™ (1 1 u? 37 '(-1)

=——9—5+— |31 — 4In4+ 2
{62+6|: MpprE T o AmAT C(—l)}
(3.80)

8(4m)*
+ €% fet(In g, In T)} + O(e),

o™ (p)
gtva _ _T° / ar = 57 L resch7 + (2 + o |F) (o] + coth 7) —
- 2(4m)° 4 £ |po|
Po,t
1 T _
- =B+ 3|po|™ + Por?) — g1+ |150|7’)}6 AApolr
2 (> 1 3
= / dr— |4arccoth e” [ resch?r + 2cothr — = — r +
2(4m)* Jy 2 ro 3
2
+ cschr <7"c0th7° —-1- §> ]
T2
N — 0.00652384(1) . 3.79
T (1) (3.79)
The fermionic tadpoles can be expressed in terms of the corresponding bosonic ones via
Eq. (ZI0) and then easily expanded in € according to Eq. (Z3):
1 ~ 1
bf,IT1,b bf, IV,b bf,IV,c _ de+1 6e—1
Sy S+ Sy =3 1,(1)3 (2 —1)¢W+ﬁ( ‘ _1)¢(p2)w
P P
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where we leave out the lengthy expression indicated by fct(In p, In7T"). The result for S'ifl
reads

™ (1 1 pu? 37 ¢'(-1)
S = _— = 4+ =31 = 4In4+2
21 8(47‘(‘)4{62 T [ MprE T T AnAd ¢(-1) +

+ e fet(Inpu, InT) + 1.529395(1)} +O(e). (3.81)
We conclude with a few remarks. In order to complete the calculation of the remaining
masters shown in Eq. (B0 we have to compute either the fermion basketball sum-integral

S or the other mixed basketball sum-integral S. The first one can be obtained just
by replacing the bosonic II(P) in Eq. (BX0) by the corresponding fermionic version

mgnziaﬂfgaﬁ, (3.82)
)

and the latter one simply by carrying out the S'Q‘“b computation given in F2] with an
‘outer’ fermionic sum instead of a bosonic sum. The same holds for

bb
537 = 13.1,0,0,1,1:0,0,0:0,0,0 »

b _
S3" = 131,0,0,1,1:0,0,1:0,0,0 5

(3.83)
S = 1310,0,1,1:1,1,0,0,0,0 5
S5 = 11,1,0,0,1,3:0,0,1;0,0,0
with
S§P = 27370¢ b 4 3580 + 3.5 + S (3.84)

which are needed for the IT5 computation. Another important class of master integrals
are those with irreducible scalar products and only one propagator with power more
than one
bb _
S =1;1,0,0,1,1,0,0,0;...»

bf _
S =1;10,0,1,1;0,0,1... 1

¢ (3.85)
Sy =11,0001,1:1,1,0:... 5
SPL = 11,1,0,0,1,6:0,0, 1.
where the dots stands for permutations of irreducible scalar products, e.g.
My:i=3=200]020]0,02]...,
(3.86)

I :i=4=200]020[002]....

All basketball-like sum-integrals of this type can be evaluated exactly parallel to the
above ones. The remaining master integrals (i.e. with dots on two different lines) can be
obtained by deriving analogous representations for new functions II'(P) and II'(P) as in
Eqgs. (B19),BZI) and then proceeding as in the examples above.
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4 Results and discussion

This chapter is primarily concerned with discussing the three-loop results obtained by the
methods introduced in Chapter Bl However, before we focus on the three-loop results,
we would like to point out that all one- and two-loop results given in [31] have been
confirmed by our computation. Our results can be found in Appendix [Al

4.1 Ilgs and II';; reduction

The Taylor coefficient IIg3 is needed in order to compute the O(g%) correction to m%,. As
indicated in Chapter B we perform the whole reduction in d dimensions with a general
gauge parameter £&. We observed that the longitudinal part vanishes identically

II;3 =0, (4.1)

and verified the gauge parameter independence of Eq. (L) up to O(g%). The corre-
sponding expression reads (with C4 = N,,Cp = (N2 —1)/(2N.),Tp = N¢/2)

3
Mz = C [a112,1,0,0,1,130,0,0:0,0,0 + @212,2.0,0,1,1:0,0,0:0,0,2 + @313.1,0,0,1,1;0,0,0,0,2,0
+aal31,0,0,1,1;0,0,02,0,0 + @514,1,0,0,1,1:0,0,0:1,3,0 + ¥615,1,0,0,1,1:0,0,0:6,0,0]

+TrCACF [a711,1,0,0,2,1,0,0,1:0,0,0 + @811,1,0,0,2,2:0,0,1:2,0,0 + ®912,1,0,0,1,1;0,0,1;0,0,0+

12,15 ,2,2;0,0,1;2,
a1012,1,0,0,1,1;1,1,0,0,0,0 T @1112,1,0,0,2,1;0,0,1,0,2,0 + @1212,1,0,0,2,1;0,0,1;2,0,0+
a13122,0,0,1,1;0,0,1;1,1,0 T @1412,2.0,0,1,1;0,0,1;2,0,0 + @1513,1,0,0,1,1;0,0,1;0,2,0+
016713,1,0,0,1,1;0,0,1;1,1,0 T 01713,1,0,0,1,1;0,0,1;2,0,0 + @1873,1,0,0,1,1;1,1,0,2,0,0F
a1913,1,0,0,2,1;0,0,1;1,3,0 + 042013,2,0,0,1,1;0,0,1;0,4,0 + 042114,1,0,0,1,1;0,0,1;1,3,0+
a2214,1,0,0,1,1;0,0,1;2,2,0 T @2314,1,0,0,1,1;0,0,1;4,0,0 + @2414,2,0,0,1,1;0,0,1;6,0,0+
@2515,1,0,0,1,1;0,0,1:3,3,0]

+TrC% [02611,1,0,0,2,1;0,0,1;0,0,0 + 2711,1,0,0,2,2:0,0,1;2,0,0 + @2811,1,0,0,3,1,0,0,1;1,1,0F
2912 1,0,0,1,1;0,0,1;0,0,0 T @3012,1,0,0,1,1;1,1,0;0,0,0 T @3112,1,0,0,2,1;0,0,1;,0,2,0F
a32151,0,0,2,1;0,0,1;2,0,0 T @3312,2,0,0,1,1;0,0,1;1,1,0 + @3412,2,0,0,1,1;0,0,1;2,0,0+
a3513,1,0,0,1,1;0,0,1;0,2,0 T @3673,1,0,0,1,1;0,0,1;1,1,0 T @3713,1,0,0,1,1,0,0,1;2,0,0
a38131,0,0,1,1;1,1,0;2,0,0 T @3973.1,0,0,2,1;0,0,1;1,3,0 T @4013,2,0,0,1,1;0,0,1;,0,4,0
ay114,1,0,0,1,1;0,0,1;1,3,0 T @4214,1,0,0,1,1;0,0,1;2,2,0 + @4314,1,0,0,1,1;0,0,1;4,0,0+
4414,2,0,0,1,10,0,136,0,0 + Q4515.1,0,0,1,1,0,0,1;3,3,0 + @1615,1,0,0,1,1:0,0,1;5,1,0]

1,1;1,1,0,0,0,2 + @49131,0,0,1,1;1,1,0,0,2,0F

Pk Rt )

2
+T5C A [ar12,1,0,0,1,1:1,1,00,0,0 + s 22,00

sttty

as5013,1,0,0,1,1;1,1,0,2,0,0 T @5114,1,0,0,1,1;1,1,0:1,3,0 + 045215,1,0,0,1,1;1,1,0;6,0,0]
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+TECr [5312,1,0,0,1,1:1,1,0:0,0,0 + @5412.2,0,0,1,151,1,00,0.2 + @5513.1,0,0,1,131,1,0;0,2,0F
a56131,0,0,1,1;1,1,0;2,0,0 + 045715,1,0,0,1,1;1,1,0;6,0,0]

+TFCE; [0458[1,1,0,0,2,1;0,0,1;0,0,0 + a5911,1,0,0,2,2:0,0,1;2,0,0 + @6011,1,0,0,3,1;0,0,1;1,1,0+

a6111,1,0,0,3,1;0,0,1;2,0,0 + @6211,1,0,0,4,1,0,0,1;3,1,0 + ¥6311,1,0,0,4,1:0,0,1,4,0,0F
a6412,1,0,0,1,1;0,0,1;0,0,0 + 6512,1,0,0,1,1;1,1,0;0,0,0 + ¥6612,1,0,0,2,1:0,0,1,0,2,0F
ap712,1,0,0,2,1;0,0,1;2,0,0 + 68712,1,0,0,3,1,0,0,1;0,4,0 + ¥6912.1,0,0,3,1:0,0,1;:3,1,0F
@7012,1,0,0,3,1;0,0,1;4,0,0 + @7112,2,0,0,1,1;0,0,1;0,0,2 + @7212,2.0,0,1,1;,0,0,1;1,1,0F
a7312,2,0,0,1,1;0,0,1;2,0,0 + @7413.1,0,0,1,1,0,0,1;0,0,2 + @75131,0,0,1,1;0,0,1,0,2,0F
a76131,0,0,1,1;0,0,1;1,1,0 + @7713.1,0,0,1,1,0,0,1;2,0,0 + @78131,0,0,1,1;1,1,0,2,0,0F
a79131,0,0,2,1;0,0,1;0,4,0 + @8013,1,0,0,2,1,0,0,1;1,3,0 + ¥81132,0,0,1,1;0,0,1,0,4,0F
@8214,1,0,0,1,1;0,0,1;0,2,2 + @8314,1,0,0,1,1;0,0,1;0,4,0 + @8414,1,0,0,1,1,0,0,1;1,1,2F
a8514,1,0,0,1,1;0,0,1;1,3,0 + @8614,1,0,0,1,1,0,0,1;2,2,0 + ¥8714,1,0,0,1,1;0,0,1;4,0,0F
assl4,2,0,0,1,1;0,0,1;6,0,0 + @8975.1,0,0,1,1,0,0,1;2,4,0 + @9015.1,0,0,1,1;0,0,1;3,3,0F
@91151,0,0,1,1;0,0,134,0,2 + 9215 1,0,0,1,1,0,0,1;5,1,0 + 0493[5,1,0,0,1,1;0,0,1;6,0,0]

+ (1loop)” [¢" + &'+ ¢7] (4.2)
where we leave out trivial contributions indicated by (1loop)? and introduced a short-
hand for the rational functions appearing by o, .. 93 (d). The above expression leaves us
with 46 (6 bosonic + 40 fermionic) basketball-like sum-integrals emphasised in red. This
number depends significantly on the basis we choose. Expressing certain combinations
of integrals shown above in terms of others could reduce the number of masters to
~ 25 but with the disadvantage of introducing spectacles-type integrals and basketball-
type integrals with non-vanishing ‘central’ lines. The last line of Eq. ([2) indicates
symbolically that the gauge dependence is restricted to 1-loop structures as it should be

in order to cancel against the one- and two-loop contributions given in Appendix [AT]
via Eq. (C32). Finally, the transverse part vanishes identically

Ty = 0. (4.3)

Unfortunately, due to its complexity (cf. Eq. [Z3)), we are forced to perform the re-
duction of II/; in Feynman gauge. As before, we observed

=0 (14)
and the relevant transverse part reads

g = C3 [8112,2,0,0,1,1,0,0,0:0,0,0 + B213,1,0,0,1,10,0,0:0,0,0 + B3313,2,0,0,1,130,0,00,0.2+
B414,1,0,0,1,1:0,0,0:0,2,0 + B514,1,1,1,1,0,0,0,0:0,2,2 + B615,1,0,0,1,1,0,0,0;2,2,0+
B715.1,0,0,1,1;0,0,0:4,0,0]

+TrCaCr[Bs11,1,0,0,2,2:0,0,1;0,0,0 + B911,1,0,0,3,1:0,0,1:0,0,0 + B1011,1,0,0,3,2:0,0,152,0,0F
B1111,1,0,0,4,1:0,0,1:2,0,0 + B1212,1,0,0,2,1:0,0,1:0,0,0 + $1312,1,0,0,3,1:0,0,1;0,2,0+
B1a12,1,0,0,3,1:0,0,1:2,0,0 + B1512,2,0,0,1,1:0,0,1:0,0,0 + $1612,2,0,0,1,1;1,1,0;0,0,0+
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B1713,1,0,0,1,1,0,0,1;0,0,0 + B1813,1,0,0,1,1;1,1,0:0,0,0 + B1913,1,0,0,2,1:0,0,1,0,2,0F
B2013,1,0,0,2,1,0,0,1;1,1,0 + B2113,1,0,0,3,1;0,0,1:4,0,0 + B2213,2,0,0,1,1;0,0,1,0,2,0F
B2313,2,0,0,1,1,0,0,151,1,0 + B2414,1,0,0,1,1;0,0,1:0,2,0 + B2514,1,0,0,1,1;0,0,1;1,1,0F
B2614,1,0,0,1,1:0,0,1:2,0,0 + B2714,2,0,0,1,1:0,0,1:4,0,0 + B2815.1,0,0,1,1;0,0,1;2,2,0+
B2915.1,0,0,1,1:0,0,1:3,1,0 + B3015,1,0,0,1,1:0,0,1:4,0,0 + B33115,1,0,0,1,1;1,1,0:4,0,0+
B3216,1,0,0,1,1:0,0,1:4,2,0 + B3316,1,0,0,1,1,0,0,16,0,0]
+TrCE [B3411,1,0,0,2,2:0,0,130,0,0 + 53511,1,0,0,3,1:0,0,1:0,0,0 + 33612,1,0,0,2,1:0,0,1;0,0,0F
B3712,1,0,0,3,1:0,0,1;2,0,0 + B33812,2,0,0,1,1;0,0,1:0,0,0 + 33912,2,0,0,1,1;1,1,0:0,0,0F
B1013,1,0,0,1,1:0,0,1;0,0,0 + B4113,1,0,0,1,1;1,1,0:0,0,0 + B4213,1,0,0,2,1;0,0,1;1,1,0F
B4313,2,0,0,1,1:0,0,1;0,2,0 + B34413.2,0,0,1,1;0,0,1:1,1,0 + B1514,1,0,0,1,1;0,0,1;1,1,0F
B1614,1,0,0,1,1,0,0,1;2,0,0 + B34714,2,0,0,1,1;0,0,1:4,0,0 + B1815,1,0,0,1,1;0,0,1:3,1,0F
Ba915,1,0,0,1,1,0,0,1:4,0,0 + B85015,1,0,0,1,151,1,0:4,0,0 + B5116,1,0,0,1,130,0,1;6,0,0]
+TECA[B5212,2,0,0,1,1:1,1,0:0,0,0 + B5315,1,0,0,1,1:1,1,0:0,0,0 + B5413.2.0,0.1,1:1,1,0:0,0,2F
B5514,1,0,0,1,1:1,1,0:0,2,0 + B5614,1,1,1,1,0:0,1,1;0,2,2 + B5715.1,0,0,1,1;1,1,0;2,2,0+
Bss15,1,0,0,1,1:1,1,04,0,0]
+TECr [85912,2,0,0,1,131,1,0;0,0,0 + B6013,1,0,0,1,1:1,1,0;0,0,0 + B6113,2,0,0,1,11,1,0;0,0,2+
Be214,1,0,0,1,1;1,1,0:0,2,0 + B6315,1,0,0,1,151,1,0;2,2,0 + B6415,1,0,0,1,131,1,0,4,0,0]
+TrC3 [Bo511,1,0,0,2,210,0,1:0,0,0 + B6611,1,0,0,3,1,0,0,1:0,0,0 + B6711,1,0,0,3,2:0,0,1:2,0,0F
Be811,1,0,0,4,1:0,0,1:2,0,0 + B6912,1,0,0,2,1:0,0,1;0,0,0 + B37012,1,0,0,3,1;0,0,1;0,2,0+
B7112,1,0,0,3,1:0,0,1:2,0,0 + B7212,2,0,0,1,1:0,0,1;0,0,0 + 37312,2.0,0,1,1;1,1,0;0,0,0+
B7413,1,0,0,1,1,0,0,1;0,0,0 + B7513,1,0,0,1,151,1,0:0,0,0 + B7613,1,0,0,2,1;0,0,1,0,2,0F
Br713,1,0,0,2,1:0,0,151,1,0 + B7813,1,0,0,3,1;0,0,1:4,0,0 + B7913,2,0,0,1,1:0,0,1:0,0,2F
Bs013,2,0,0,1,1:0,0,1;0,2,0 + BF8113,2,0,0,1,1;0,0,1:1,1,0 + B8274,1,0,0,1,1:0,0,1:0,0,2F
B8314,1,0,0,1,1:0,0,1;0,2,0 + BFs414,1,0,0,1,1;0,0,1:1,1,0 + B8514,1,0,0,1,1;0,0,1:2,0,0F
Bs614,1,1,1,1,0:0,0,1;0,2,2 + B8714,2,0,0,1,1;0,0,1;4,0,0 + B8815,1,0,0,1,1:0,0,1:2,0,2F
Bs915,1,0,0,1,1:0,0,1;2,2,0 + Bo015,1,0,0,1,1;0,0,1:3,1,0 + B9115,1,0,0,1,1;0,0,1:4,0,0F
Bo215,1,0,0,1,1;1,1,0:4,0,0 + 59316,1,0,0,1,1;0,0,134,2,0 + B9416,1,0,0,1,130,0,16,0,0
+ (1loop)3¢€Y (4.5)
where we emphasised (7 bosonic and 34 fermionic) master integrals in red. It should be
noted that the occurence of spectacles-type integrals above can be seen as an indication
of an incomplete reduction. The last term in Eq. (@) stands symbolically for trivial
(1loop)? contributions and due to the Feynman gauge, of course, proportional to &V.
However, also with a general gauge parameter, all gauge dependent contributions should
vanish because there is no contribution via Eq. (CIOT).
The last remaining coefficient ITf, is comparable in terms of the appearing master in-

tegrals to the above one for II7.;. We leave out its explicit expression because it is not
needed for the three-loop corrections to m% or g%.
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4.2 Conclusions and Outlook

We have successfully shown the feasibility of calculating the next-to-next-to-leading or-
der (NNLO) contributions for both matching coefficients m% and g%. The reduction by
means of Laporta’s method leaves us with approximately 40 to a large extent unknown
basketball-like sum-integrals per coefficient. However, as demonstrated in Chapter 3,
the computation of those is solely a question of man-power. We strongly believe that
a semi-automatic application of Arnold & Zhai’s method would be the most promising
approach to deal with the remaining master integrals.

On the other hand, there are still problems we should pay attention to. The first task
would be to check general gauge independence of IT'; i.e. the cancellation of all gauge
dependent contributions to II; and, of course, IT ; = 0. Currently, the limiting factor
is the pure bosonic basketball-type reduction. Furthermore, it would also be interesting
to see if the still remaining spectacles-type integrals can be expressed through simpler
ones, which we strongly believe to be the case.

In conclusion it should be stressed that future calculations in finite temperature QCD
(e.g. O(g®) pressure) depend on more sophisticated reduction methods and especially a
systematic approach to dealing with hundreds of multi-loop master sum-integrals. More-
over, we believe that this thesis has shown that, while the combinatoric- and algebraic
part seems to be under algorithmic control, the second part, i.e. the reduction, requires
new methods, for which the computation outlined here can serve as an ideal — but
already non-trivial — playground in order to develop the necessary tools.
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A Appendix

A.1 Taylor coefficients

The one-loop coefficients up to second derivative read

II71(0) =0, (A.1a)
51 (0) = (d — 2) [CA(d — ) I,(1) — szIfu)} , (A.1D)
W1 (0) = 22012) + S4 0 - 26)y(2), (A1c)
. 2
M50(0) = 5 =215 (2) — Ca | B0 1 (- e 12, (A1)
tt7,0) = 2|5 - e+ 26 - 18] 1) - S0, (A10)
2
1wy, (0) = [%7 bt -+ S (- 7)} BE)+ 2L - d1y3),
(A.1f)

while the two-loop coefficients up to first derivative are given by
II72(0) =0, (A.1g)
M52(0) = (4= 2)(d = ] (1 + O [214(1) = (4= DO BV Cab2)+

+ 2N Cp [Ibu) - If(1)] If(g)} , (A.1h)

(d—4)(d—5)

M7200) = G5 a 6@ —3)

@ {(36 — 58d + 8d*) CA I (2)—

9 d®  15d?
— 4[4Cp + (8 — 8d + d )CA] N2 Ip2) - | (S — =25 +33d—32) Ca—

2 2
— (68 — 68d + 15d* — d*)Cr Nflj%(z)}
+ %{(m — 33d + d?) [(2 — d)CAL(1) + szIfu)] Ca I(3)—
~d = T = 2)CeNg [B(1) - ] 3) (A1)
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{ [—276 + 484d — 216d° + gd?’ - g&] N212(2)

(d-4)
(d—8)(d—6)(d—3)(d—1)

/E2(0) =
+ [ (80 — 126d + 67d* — 14d® + d") C'a + (80 — 56d + 8d?) CF] Ny 1,(2) I£(2)

+(d-2) [ (16 + 17d — 10d* + d*) Ca + (18 + 19d — 10d” + d°) CF] Ny [}(2)}

(d-4)

T3 [ (—324 + 184d — 40d” + 4d®) £ + (96 — 57d + 9d) gQ] CAI;(2)

1 (d—2)
— (8 =6d+d*)ECAN;I,(2) I7(2) + ———2—2 (20 — 38d + 13d*> — &°
5 ( +d%) ¢ Afb()f()+3(8_9d+d2){( + ) %
x CpNg[Ip(1) = L(1)] 1;(3) + | (~256 + 142d — 324 + 2d%) + (— 16+ 34d
C
—20d* + 2d*)€ + (=56 + 71d — 16d* + d°) 52} [TAIb(l) — fof(1)] Caly(3),
(A.1j)
where &pere = 1 — &spandard- As an example we give the coefficients for the bosonic
contribution to Ilgs:
97081d 1775 120 20115 666
= 156d° — 3530d> — —
“ T Ysa—n " a=6 T6(d—5) d—4
5927087 9016 3377681
- - - , (A.2a)
528(d —3)  99(3d — 20) 72
o2 8394 3525 L 128 9600 1503803 1120 11713
2 4 16(d—7)  d—6 d—4 176(d—3) 11(3d — 20) 2
(A.2b)
4511d 6225 688 455977 4480
= —66d> — — — 4459, (A.2
s T T T6(d—7) "Td—6  176(d—3)  11(3d —20)  (A20)
e — o702 223195d N 5025 1136 76744 N 16092929 21280
L 12 16(d—7) 3(d—6) d—4  176(d—3) 99(3d — 20)
1554067
A2
8 (A.2d)
567 26880 675
=— —12 - —— A2
= TTd—3) " 11(3d—20) -7’ (A.2¢)
237056 147456 17408
= - —24 i A.2f
WEI4 T d=3 16+ TG (A.2f)
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A.2 Vertices of QCD in background field gauge

y%y%y%/é/é

(a) QRQ ) AAA (c) QAA d) QA (e) Qv ) DAY
(g) eQc (h) cAc (i) eQQc j) cQAc (k) cAAc 1) QROA
(m) QQAA (n) QAAA (0) AAAA (p) QQQQ

Figure A.1: Vertices of QCD in the background field gauge (A = background field, @ =
fluctuating field, ¢, ¢ = ghost field)

A.3 Selected three-loop self-energy diagrams

Figure A.2: Selected three-loop self-energy diagrams in background field gauge. The
diagrams entirely composed of 3-gluon vertices contain 1—2.5 million terms.
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A.4 Computation details

We perform the reduction on a linux cluster with 16 dual-core Intel Xeon 3.00GHz
processors each with 4 GB RAM and use FORM 3.2(May 21 2008), FERMAT 3.9.8c.

Topology  Dimension Suggestions Run-time

Mercedes 1I3 96 8 mins
Mercedes I 300 3 hrs
Spectacles 1I3 5500 1-3 weeks
Spectacles I 13000+ 2+ months
Basketball 1I3 15500 1 month
Basketball 115 15500+ 24+ months

Table A.1: Computing time for different topologies and Taylor coefficients.

Laporta for m-2topo40fer000

T T T
Gen. new rels. + Resubsitution
800 Generating new relations |- [{{| {1}
Number of relations per,sugg.x5 |-

700

600

500

400

300

Elapsed time per Suggestion [sec]

200

100 |

0 2 n S oy B R T
0 2000 4000 6000 8000 10000 12000 14000 16000
Suggestions

Figure A.3: Run-time behaviour for purely bosonic Basketball topology: The red curve
shows the overall CPU-time needed to process the i-th suggestion and possi-
ble re-substitutions. The green curve displays only the CPU-time to process
the i-th suggestion and the blue curve stands for the number (x5) of new
relations which are found during the i-th suggestion.
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Laporta for mOtopo50fer000

T
+ Resubsitution —

Gen.|new rels.
ene gting new relations - -
Number|af relatiohs per sugg.x5 ------ .

1200 |

1000 |
o)
(]
2,
c

S 800 |
%]
Q
()]
(=]
>
(%]

& 600 |
o
(3]
£
e}

@ 400 |
©
w

200 |

o &

0

Figure A.4:

Y PR T e
2000 4000 6000 8000 10000
Suggestions

Run-time behaviour for purely bosonic Spectacles topology: The red curve
shows the overall CPU-time needed to process the i-th suggestion and possi-
ble re-substitutions. The green curve displays only the CPU-time to process
the i-th suggestion and the blue curve stands for the number (x5) of new
relations which are found during the i-th suggestion.

Let us try to get a rough estimation for the total amount of computing ressources we
used for this project:

T ~01x3-10° x 14 x 2.6-10° ~ 10*® flop .
N————— N~~~ S—_——
~0.1xXeon jobs 1 month
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A.5 Example Code

N O U W N N O U W N N O U W N

© 00U WwN

72

id I(fb(s17,827,837,847,857,867),fc(scl?,s¢27,8¢37),fq0(sql?,sq27,sq37)) =
ITa(fb(s1,s2,s3,s4,s5,86),fc(scl,sc2,sc3),fq0(sql,sq2,sq3))

—((p0) " (sql)*(p0—q0) " (sq2)*(p0—r0)"(sq3))=*

(Ia(fb(sl,s4,s5,s2,s3,86 ), fc(scl,mod_(sc2+scl,2),mod_(sc3+scl,2))));

id Ta(fb(s17?7,827,837,847,s57,867),fc(scl?,s¢27,8¢37))*xp0"s7?%xq0"s87+r0"s9? =
Ta(fb(s1,s2,s3,s4,s5,s6),fc(scl,sc2,sc3),fq0(s7,s8,89));

Listing A.1: Symmetry shown in Fig. Z4 in FORM notation

id I(fb(sl?pos_,s2?pos_,s37?pos_,s4?pos_,s5?pos_,s67pos_),fc(1,1,1),

fq0(sql?,sq27,8q37)) =
((=r0)"(sql)*(q0—10)"(sq2)*(p0—r0)"(sq3)*xIb(fb(s5,s4,s1,s6,s3,s2),fc(0,0,1)));
#————shift (fc(1,1,1) —> fc(0,0,1))————x

id Ib(fb(s17,827,837,847,857,s67),fc(scl?,sc27,sc37))*xp0 sql?+q0"sq2?*r0"sq3? =
I(fb(s1,s2,s3,s4,8s5,86),fc(scl,sc2,sc3),fq0(sql,sq2,sq3));

Listing A.2: Fermion shift I .;11... — I .0,0,1... shown in Fig. in FORM
notation

id I(fb(sl?pos_,s2?pos_,s37pos-,s4?neg0_,s5?pos_,s67pos_),fc(scl?,sc2?,sc37),
fq0(sql?,sq27,sq37))=

(—a0) " (sq2)*(—=p0) " (sq3)*(—10)" (sql)=*

(Id(fb(s3,s2,81,86,85,84),fc(sc3,sc2,scl)));

id Id(fb(s17,827,837,847,857,s67),fc(scl?,sc27,sc37))*p0 sql?+q0"sq2?*r0"sq3? =
I(fb(s1,s2,83,s4,8s5,86),fc(scl,sc2,sc3),fq0(sql,sq2,sq3));

LiStiDg A.3: Shift 1171,170,171;___ — 1171,171,170;___ in FORM notation

id I(fb(s17,827,837,847,857,867),fc(scl?,s¢27,8¢37),fq0(sql?,sq27,sq37)) =
+Ia(fb(—1+s1,s2,83,1+s4,s5,s6 ), fc(scl,sc2,sc3),fq0(sql,sq2,sq3))*(—s4)
+Ia(fb(—1+s1,s2,83,s4,1+s5,s6 ), fc(scl,sc2,sc3),fq0(sql,sq2,sq3))*(—s5)
+Ia(fb(14+s1,s2,s3,s4,85,56 ),fc(scl,sc2,s¢c3),fq0(24+sql,sq2,sq3 ))*(2xs1)
+la(fb(sl,—1+4s2,s3,14+s4,s5,s6),fc(scl,sc2,sc3),fq0(sql,sq2,sq3 ))x*(s4)
+Ia(fb(sl,s2,—1+4s3,s4,1+s5,86),fc(scl,sc2,sc3),fq0(sql,sq2,sq3))*(sH)
+Ila(fb(sl,s2,s3,1+s4,s5,86),fc(scl,sc2,sc3),fq0(1+sql,14+sq2,sq3))*(—2%s4)
+Ia(fb(sl,s2,s3,1+s4,s5,86),fc(scl,sc2,s¢c3),fq0(24+sql,sq2,sq3 ))*(2xs4)
+Ia(fb(sl,s2,s3,s4,14+s5,86),fc(scl,sc2,sc3),fq0(1+sql,sq2,1+sq3))*(—2%s5)
+Ia(fb(sl,s2,s3,s4,14+s5,s6),fc(scl,sc2,sc3),fq0(2+sql,sq2,sq3 ))*(2xs5)
+Ia(fb(s1,s2,s3,s4,s5,86 ), fc(scl,sc2,s¢3),fq0(sql,sq2,sq3))*(—1—s5—s4—2x%sl+d);
#————IBP (dk1,kl)————x

Listing A.4: Integration by parts relation in FORM notation
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