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Ü
bu

ng
en

er
kl

är
en

kö
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rö
di

ng
er

-G
le

ic
hu

ng
?

(b
)

S
ki

zz
ie

re
n

S
ie
|φ

(k
)|2

.
W

el
ch

e
E
ig

en
sc

ha
ft

en
di

es
er

K
ur

ve
w
er

de
n

du
rc

h
di

e
K

on
st

an
te

n
k

0

un
d
d

b
es

ch
ri
eb

en
?

(c
)

M
it

∫ d
k
e−

k
2

=
√
π

kö
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rö
di

ng
er

-G
le

ic
hu

ng
lö
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Ü

:
8-

10
(D

01
-2

49
);

10
-1

2
(D

01
-1

12
A
,
D

2-
24

0,
D

3-
20

3)
;
12

-1
4

(C
01

-2
52

,
D

6-
13

5)
]

*
A

u
fg

a
b
e*

1
0
:

(1
+

6+
1+

2=
10

P
un

kt
e)

B
et

ra
ch

te
n

S
ie

ei
n

w
ei

te
re

s
sp

ez
ie

lle
s

B
ei

sp
ie

l
ei

ne
s

L
-p

er
io

di
sc

he
n

P
ot

en
ti
al

s:

V
(x

)
=

{ 0
fü
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ü
tz

lic
h
.

D
as

E
n
d
er

ge
b
n
is

is
t

am

el
eg

an
te

st
en

m
it

si
n
/c

os
u
n
d

si
n
h
/c

os
h

au
fz

u
sc

h
re

ib
en

.]

(c
)

W
ie

si
eh

t
es

im
F
al

l
E

>
V

0
au

s?
K

an
n

m
an

ev
en

tu
el

l
da

s
E
rg

eb
ni

s
vo

n
(b

)
b
en

ut
ze

n?

(d
)

A
ls

nu
m

er
is
ch

es
B
ei

sp
ie

l
w

äh
le

n
S
ie

nu
n

a
=

b
un

d
2m

V
0
a

2
/~

2
=

4.
W

el
ch

es
si
nd

da
nn

di
e

er
st

en
dr

ei
E
ne

rg
ie

bä
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Â
,[
Â
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Â

,B̂
si
nd

O
bs

er
va

bl
en

,
di

e
V
ar

ia
nz

en
si
nd

w
ie

üb
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Ĉ
≡

1 i
[Â
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Â

,B̂
zw

ei
O

p
er

at
or

en
,

fü
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[Â

,B̂
]/

2
.

B
et

ra
ch

te
n

S
ie

da
zu

z.
B
.

di
e

F
un

kt
io

n
Ĝ
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Â

]
ex

p
[t
B̂

]
un

d
ze

ig
en

S
ie

zu
nä
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=
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,Ĥ
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re
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b
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=
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at
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−
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p
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b
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=
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b
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p
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+
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√
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√
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p
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〈p̂
2
〉,

(a
3)

∆
x

∆
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H
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Ĥ
=

~̂p
2

2m
+
V

(~̂r
)
.

W
ie

in
de

r
V
or

le
su

ng
er

w
äh

nt
,
ne

nn
t
m

an
in

de
r
Q

ua
nt

en
m

ec
ha

ni
k

ei
n

S
ys

te
m

ku
ge

ls
ym

m
et

ri
sc

h,
fa

lls
Ĥ
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tä
nd

e
|1 2

,
1 2
〉

un
d
|1 2

,−
1 2
〉

id
en

ti
fi
zi

er
en

,
un

d
di

e
A
nt

iq
ua

rk
s

ū
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=
L̂

2 1

2I
1

+
L̂

2 2

2I
2

+
L̂

2 3

2I
3

,

w
ob

ei
di

e
I j

K
on

st
an

te
n

si
nd

.
D

er
O

p
er

at
or

Ĥ
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hä
ng

ig
?

A
u
fg

a
b
e

3
5
:

B
ew

ei
se

n
S
ie

,d
as

s
ei

n
C
ou

lo
m

b-
P
ot

en
ti
al

V
(~̂r

)
=

−
c/
|~̂r
|(

c
∈
R

)
zu

m
so

ge
na

nn
te

n
V
ir
ia

lt
he

or
em

〈T̂
〉=

−
1 2
〈V

(~̂r
)〉

fü
hr

t,
w
ob

ei
T̂

=
Ĥ
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hä
ng

ig
si
nd

,
du

rc
h

da
s

E
hr

en
fe

st
sc

he
T

he
or

em
(v

gl
.
A
uf

ga
b
e

18
)

au
s,

un
d

b
er

ec
hn

en
S
ie

da
nn

de
n

do
rt

au
ft

au
ch

en
de

n
K

om
m

ut
at

or
.



3
5
.
C
le

b
sc

h
-G

o
rd

a
n

co
e
ffi

c
ie

n
ts

1

35
.C

L
E
B

S
C

H
-G

O
R

D
A

N
C

O
E
F
F
IC

IE
N

T
S
,S

P
H

E
R

IC
A

L
H

A
R

M
O

N
IC

S
,

A
N

D
d

F
U

N
C

T
IO

N
S

N
ot

e:
A

sq
ua

re
-r

oo
t

si
gn

is
to

be
un

de
rs

to
od

ov
er

ev
er

y
co

effi
ci

en
t,

e.
g.

,
fo

r
−8

/
15

re
ad

−√ 8/
15

.

Y
0 1

=
√

3 4π
co

sθ

Y
1 1

=
−√

3 8π
si

n
θ
ei

φ

Y
0 2

=
√

5 4π

( 3 2
co

s2
θ
−

1 2

)

Y
1 2

=
−√ 15 8π

si
n

θ
co

sθ
ei

φ

Y
2 2

=
1 4

√ 15 2π
si

n2
θ
e2

iφ

Y
−m �

=
(−

1)
m

Y
m
∗

�
〈j 1

j 2
m

1
m

2
|j 1

j 2
J
M

〉
=

(−
1)

J
−j

1
−j

2
〈j 2

j 1
m

2
m

1
|j 2

j 1
J
M

〉
d

� m
,0

=
√

4π
2�

+
1

Y
m �

e−
im

φ

d
j m

′ ,m
=

(−
1)

m
−m

′ d
j m

,m
′=

d
j −m

,−
m

′
d

1 0
,0

=
co

sθ
d

1
/
2

1
/
2
,1

/
2

=
co

s
θ 2

d
1
/
2

1
/
2
,−

1
/
2

=
−

si
n

θ 2

d
1 1
,1

=
1

+
co

sθ
2

d
1 1
,0

=
−

si
n

θ
√ 2

d
1 1
,−

1
=

1
−

co
sθ

2

d
3
/
2

3
/
2
,3

/
2

=
1

+
co

sθ
2

co
s

θ 2

d
3
/
2

3
/
2
,1

/
2

=
−√ 3

1
+

co
sθ

2
si

n
θ 2

d
3
/
2

3
/
2
,−

1
/
2

=
√ 3

1
−

co
sθ

2
co

s
θ 2

d
3
/
2

3
/
2
,−

3
/
2

=
−

1
−

co
sθ

2
si

n
θ 2

d
3
/
2

1
/
2
,1

/
2

=
3

co
sθ

−
1

2
co

s
θ 2

d
3
/
2

1
/
2
,−

1
/
2

=
−

3
co

sθ
+

1
2

si
n

θ 2

d
2 2
,2

=
( 1

+
co

sθ
2

) 2

d
2 2
,1

=
−

1
+

co
sθ

2
si

n
θ

d
2 2
,0

=
√ 6 4

si
n2

θ

d
2 2
,−

1
=
−

1
−

co
sθ

2
si

n
θ

d
2 2
,−

2
=

( 1
−

co
sθ

2

) 2

d
2 1
,1

=
1

+
co

sθ
2

(2
co

sθ
−

1)

d
2 1
,0

=
−√ 3 2

si
n

θ
co

sθ

d
2 1
,−

1
=

1
−

co
sθ

2
(2

co
sθ

+
1)

d
2 0
,0

=
( 3 2

co
s2

θ
−

1 2

)

+1

5/
2

5/
2

+3
/2

3/
2

+3
/2

1/
5

4/
5

4/
5

−1
/5

5/
2

5/
2

−1
/2 3/
5

2/
5 −1 −2

3/
2

−1
/2 2/
5

5/
2

3/
2

−3
/2

−3
/2 4/
5

1/
5

−4
/51/
5

−1
/2

−2
1

−5
/25/
2

−3
/5

−1
/2

+1
/2

+1
−1

/2
2/

5
3/

5
−2

/5
−1

/2

2 +2

+3
/2

+3
/2

5/
2

+5
/2

5/
2

5/
2

3/
2

1/
2

1/
2

−1
/3 −1 +10

1/
6

+1
/2

+1
/2

−1
/2

−3
/2

+1
/2 2/
5

1/
15

−8
/1

5

+1
/2

1/
10

3/
103/
5

5/
2

3/
2

1/
2

−1
/2 1/
6

−1
/3

5/
2

5/
2

−5
/2 1

3/
2

−3
/2

−3
/52/
5

−3
/2 −3

/2

3/
5

2/
5

1/
2 −1

−1
0

−1
/2

8/
15

−1
/1

5
−2

/5 −1
/2

−3
/2

−1
/2

3/
10 3/
5

1/
10

+3
/2 +3

/2
+1

/2
−1

/2

+3
/2

+1
/2

+2
+1 +2 +1

0 +1
2/

5
3/

5

3/
2

3/
5

−2
/5 −1 +10

+3
/2

1
+1

+3 +11 0

3

1/
3+2 2/
3

2

3/
2

3/
2

1/
3

2/
3

+1
/2 0 −1

1/
2

+1
/2 2/
3

−1
/3

−1
/2

+1
/2

1

+1
1 0

1/
2

1/
2

−1
/2

0 0
1/

2

−1
/2

1 1−1
−1

/2

1 1
−1

/2
+1

/2

+1
/2

+1
/2

+1
/2

−1
/2

−1
/2

+1
/2

−1
/2 −13/
2

2/
3

3/
2

−3
/2 1

1/
3

−1
/2

−1
/21/
2

1/
3

−2
/3

+1
+1

/2 +1 0

+3
/2

2/
3

3

3

3

3

3 1
−1

−2
−3

2/
3

1/
3−2

2

1/
3

−2
/3−2

0 −1 −2

−1 0 +1

−1 2/
5

8/
15

1/
15

2 −1

−1 −2
−1 0

1/
2

−1
/6

−1
/3

1 −1
1/

10
−3

/1
0

3/
5

0
2 0

1 0
3/

10
−2

/5
3/

10
0

1/
2

−1
/2

1/
5

1/
5

3/
5

+1

+1 −10
0−1 +1

1/
15

8/
15 2/
5

2

+2
2 +1 1/
2

1/
2

1

1/
2

2 0
1/

6

1/
6

2/
3

1

1/
2

−1
/20 0

2

2 −2 1
−1

−1

1 −1 1/
2

−1
/2

−1 1/
2

1/
2

0 0

0 −1

1/
3

1/
3

−1
/3

−1
/2+1 −1

−1 0

+1
0

0
+1

−1

2 1 0
0

+1

+1
+1

+1 1/
3

1/
6

−1
/2

1 +1 3/
5

−3
/1

0
1/

10

−1
/3 −1 0

+1 0+2

+1+2

3

+3
/2

+1
/2

+1 1/
4

2

2 −1
1

2 −2 1

−1 1/
4

−1
/2

1/
2

1/
2

−1
/2

−1
/2

+1
/2

−3
/2

−3
/2

1/
21 0

0
3/

4
+1

/2
−1

/2
−1

/2

2
+1 3/
4

3/
4 −3

/4
1/

4

−1
/2

+1
/2

−1
/41

+1
/2

−1
/2

+1
/21

+1
/2

3/
5 0 −1

+1
/2

0

+1
/2

3/
2

+1
/2

+5
/2

+2
 −

1/
2

+1
/2

+2

+1
 +

1/
21

2
×1

/2

3/
2

×1
/2

3/
2

×1
2

×1

1
×1

/2

1/
2

×1
/2

1
×1

N
ot

at
io

n
:

J
J

M
M

..
.

..
.

. . .

. . .m
1

m
2

m
1

m
2

C
oe

ff
ic

ie
n

ts

−1
/5

2

2/
7

2/
7

−3
/7

3

1/
2

−1
/2 −1 −2

−2 −1

0
4

1/
2

1/
2−3

3

1/
2

−1
/2 −2

1−44

−2

1/
5

−2
7/

70

+1
/2

7/
2

+7
/2

7/
2

+5
/2 3/
7

4/
7 +2 +1 0

1
+2 +1

+4 1
4

4 +2 3/
14

3/
144/
7

+2 1/
2

−1
/20

+2 −1 0 +1 +2

+2 +1 0 −13
2

4

1/
14

1/
143/
7

3/
7+1

3

1/
5

−1
/5

3/
10

−3
/1

0+1
2 +2 +1 0 −1 −2

−2 −1 0 +1 +2

3/
7

3/
7

−1
/1

4
−1

/1
4+1

1

4
3

2

2/
7

2/
7

−2
/7

1/
14

1/
14

4

1/
14

1/
143/
7

3/
7

3

3/
10

−3
/1

0

1/
5

−1
/5−1

−2

−2 −1 0

0 −1 −2

−1 0 +1

+1 0 −1 −2

−1
2

4

3/
14

3/
144/
7−2

−2
−2

3/
7

3/
7

−1
/1

4
−1

/1
4−1

1

1/
5

−3
/1

0
3/

10−1

1
0

0
1/

70

1/
70

8/
35

18
/3

5
8/

35

0
1/

10

−1
/1

0

2/
5

−2
/50

0
0 0

2/
5

−2
/5

−1
/1

0

1/
10

0
1/

5

1/
5

−1
/5

−1
/5

1/
5

−1
/5

−3
/1

0
3/

10+1

2/
7

2/
7

−3
/7

+3 1/
2 +2 +1 0

1/
2

+2
+2 +2 +1

+2+1
+3 1/
2

−1
/2 0 +1 +23

4

+1
/2

+3
/2

+3
/2

+2
+5

/2 4/
7

7/
2

+3
/2 1/
7

4/
7

2/
7

5/
2

+3
/2 +2 +1 −10

16
/3

5

−1
8/

35
1/

35

1/
35

12
/3

5
18

/3
5

4/
35

3/
2

+3
/2

+3
/2

−3
/2

−1
/2

+1
/22/
5

−2
/5

7/
2

7/
2

4/
35

18
/3

5
12

/3
5

1/
35

−1
/2

5/
2

27
/7

0
3/

35
−5

/1
4

−6
/3

5

−1
/2

3/
2

7/
2

7/
2

−5
/2 4/
7

3/
7

5/
2

−5
/2 3/
7

−4
/7

−3
/2

−2

2/
7

4/
7

1/
7

5/
2

−3
/2 −1 −2

18
/3

5
−1

/3
5

−1
6/

35

−3
/2 1/
5

−2
/5 2/
5

−3
/2

−1
/23/
2

−3
/2

7/
2 1

−7
/2

−1
/2 2/
5

−1
/5 0 0 −1 −22/
5

1/
2

−1
/2

1/
10

3/
10

−1
/5

−2
/5

−3
/2

−1
/2

+1
/2

5/
2

3/
2

1/
2

+1
/2 2/
5

1/
5

−3
/2

−1
/2

+1
/2

+3
/2

−1
/1

0

−3
/1

0

+1
/2 2/
5

2/
5 +1 0 −1 −20

+33
3 +2

2 +2
1

+3
/2

+3
/2

+1
/2

+1
/2

1/
2

−1
/2

−1
/2

+1
/2

+3
/2

1/
2

3
2

3 0
1/

20

1/
20

9/
20

9/
20

2
1

3 −1 1/
5

1/
5

3/
5

2

3

3 1−3

−2 1/
2

1/
2

−3
/2

2

1/
2

−1
/2

−3
/2−2

−1 1/
2

−1
/2

−1
/2

−3
/20

1 −1
3/

10

3/
10

−2
/5

−3
/2

−1
/2

0
0

1/
4

1/
4

−1
/4

−1
/4

0
9/

20

9/
20

+1
/2

−1
/2

−3
/2

−1
/2

0
−1

/2
0

0
1/

4

1/
4

−1
/4

−1
/4

−3
/2

−1
/2

+1
/2

1/
2

−1
/20

1

3/
10

3/
10

−3
/2

−1
/2

+1
/2

+3
/2

+3
/2

+1
/2

−1
/2

−3
/2

−2
/5+1

+1
+1 1/
5

3/
5

1/
5

1/
2

+3
/2

+1
/2

−1
/2

+3
/2

+3
/2

−1
/5

+1
/2

6/
35

5/
14

−3
/3

5

1/
5

−3
/7

−1
/2

+1
/2

+3
/25/
2

2
×3

/2

2
×2

3/
2

×3
/2

−3

F
ig

u
re

35
.1

:
T

he
si

gn
co

nv
en

ti
on

is
th

at
of

W
ig

ne
r

(G
ro

up
T
he

or
y,

A
ca

de
m

ic
P

re
ss

,N
ew

Y
or

k,
19

59
),

al
so

us
ed

by
C

on
do

n
an

d
Sh

or
tl
ey

(T
he

T
he

or
y

of
A

to
m

ic
Sp

ec
tr
a,

C
am

br
id

ge
U

ni
v.

P
re

ss
,N

ew
Y
or

k,
19

53
),

R
os

e
(E

le
m

en
ta

ry
T
he

or
y

of
A

ng
ul

ar
M

om
en

tu
m

,W
ile

y,
N

ew
Y
or

k,
19

57
),

an
d

C
oh

en
(T

ab
le
s

of
th

e
C
le
bs

ch
-G

or
da

n
C
oe

ffi
ci

en
ts

,
N

or
th

A
m

er
ic

an
R

oc
kw

el
lS

ci
en

ce
C

en
te

r,
T

ho
us

an
d

O
ak

s,
C

al
if.

,1
97

4)
.

T
he

co
effi

ci
en

ts
he

re
ha

ve
be

en
ca

lc
ul

at
ed

us
in

g
co

m
pu

te
r

pr
og

ra
m

s
w

ri
tt

en
in

de
pe

nd
en

tl
y

by
C

oh
en

an
d

at
L
B

N
L
.

Ü
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Ü

:
8-

10
(D

01
-2

49
);

10
-1

2
(D

01
-1

12
A
,
D

2-
24

0,
D

3-
20

3)
;
12

-1
4

(C
01

-2
52

,
D

6-
13

5)
]

A
u
fg

a
b
e

3
6
:

S
ei

a
≡

4
π
ε 0

~2
µ
e2

di
e

ge
na

ue
V
er

si
on

de
s

B
oh

r-
R
ad

iu
s

(a
ls
o

m
it

re
du

zi
er

te
r

M
as

se
µ

st
at

t
E
le

k-

tr
on

en
m

as
se

),
un

d
R

n
`

di
e

R
ad

ia
lw

el
le

nf
un

kt
io

n
fü
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fü
r

0
<
x
<
a

un
d
V

(x
)

=
∞

so
ns

t)
im

G
ru

nd
zu

st
an

d
(v

gl
.
A
uf

ga
b
e

8)
.

B
er

ec
hn

en
S
ie

di
e

W
ah

rs
ch

ei
nl

ic
hk

ei
t,

da
ss

si
ch

da
s

T
ei

lc
he

n
im

ne
ue

n
G

ru
nd

zu
st

an
d

b
efi

nd
et

,
w
en

n
pl

öt
zl

ic
h

di
e

re
ch

te
W

an
d

vo
n
a

na
ch

b
>
a

ve
rs

ch
ob

en
w

ir
d.

[H
in

w
ei

s:
2

si
n(
α
)s

in
(β

)
=

co
s(
α
−
β
)−

co
s(
α

+
β
)

kö
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Ĥ

=
p̂
2

2
m

+
1 2
m
ω

2
x̂

2
,u

nd
b
es

ti
m

m
en

S
ie

ei
ne

ob
er

e
S
ch

ra
nk

e
fü
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