General Relativity: Exercises 3 -Solutions

June 1, 2011

Homework 1: Ideal fluid

First, it is important to stress difference between ”classical” velocity v and four-velocity U*
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where 4 = (1 + v%)~2. Then components of
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expressed in terms of v will be
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Conservation law of energy-momentum tensor
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Explicitly this is
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Multiply first equation by v* and substract it from second equation to obtain
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what can be expressed as

v’ i o' 1 Ui@ p
ot orl — (p+p)? U ot ox
or in vector notation 5 1 9 P
v _ l=w op
o VY (p+p) (V o vp)

Y

)




Homework 2: Lie derivative

a) First find commutator of vector fields

[e, V] =¢€'0,V"0, — V"0,€"0, = (0, V"), — VF(0,€")0, + E“V“(@,ﬁy — é‘yé’uz, (15)

0

where last bracket vanishes because partial derivatives commute. From there follows
[e, V] = ("0, V" = V*0,€") 0, (16)

and from lecture notes You know that Lie derivative acts on vector (See review from 25th of May)
as
AVHE =¢e'0, VY —VH,e. (17)

You can see that this is exactly what You wanted to prove, because A V*# is py-component of Lie
derivative. So, in coordinate basis 0, we obtained exactly equation (16).

b) We have metric

ds® = df* + sin® 0d¢?, (18)
Lie derivative acts on metric as
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where € is some vector field which can be expressed in (6, ¢) coordinates as

0 0
€=U, + v%. (20)

Then we have three independent components of equation (19). Explicitly

ou
AEQQQ = 2%7 (21)
0 0
A590¢ = al; + sin? 96—;, (22)
A.gys = 2sinfcosbu + 2sin’ 9@ (23)

o)
Lie derivative tells us how some tensor changes under change of coordinates. This means that to find
vector field € which leaves metric invariant is equivalent to finding such vector field € for which Lie

derivative of metric vanishes. This means that all left-hand sides of previous equations are zero and
we obtain system of differential equations
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From first of these equations we obtain
u = u(¢), (25)

then second equation can be integrated according to 6
v=u'(¢)cotf + C, (26)
and we can insert this result to third equation to obtain
u’(¢) = —u(9), (27)

2



which solution is
u(p) = Acos ¢ + Bsin ¢,

and thus
v(¢p,0) = —Asin g cot § + B cospcotf + C.

So, most general vector field which leaves metric of two-sphere invariant is

€= (Acos¢+Bsin¢)a—é; + (—Asimbcot@—i—Bcos¢cot9+0)%

or we can rewrite it as

e=AX+BY +CZ,

i.e. as a linear combination of three linearly independent vector fields

X = cos.gﬁi — sin ¢ cot Qi,
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Y = smgb%—i—cosgbcot@%,
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