
General Relativity: Exercises 3 -Solutions

June 1, 2011

Homework 1: Ideal fluid

First, it is important to stress difference between ”classical” velocity v and four-velocity Uµ

v �
dx

dt
, Uµ �

dxµ

dτ
, (1)

so You can find relations

U0 �
dt

dτ
� γ U i �

dxi

dτ
�
dxi

dt

dt

dτ
� γvi, (2)

where γ � p1 � v2q�
1
2 . Then components of

T µν � pηµν � pp� ρqUµUν , (3)

expressed in terms of v will be

T 00 � �p� pp� ρqγ2, (4)

T 0i � pp� ρqγ2vi, (5)

T ij � pδij � pp� ρqγ2vivj. (6)

Conservation law of energy-momentum tensor

BT µν

Bxν
� 0, (7)

can be split to four equations

BT 0ν

Bxν
�

BT 00

Bt
�

BT 0i

Bxi
. (8)

BT iν

Bxν
�

BT i0

Bt
�

BT ij

Bxj
. (9)

Explicitly this is

BT 0ν

Bxν
� �

Bp

Bt
�

�
Bp

Bt
�

Bρ

Bt



γ2 � pp� ρq

Bγ2

Bt
�

�
Bp

Bxj
�

Bρ

Bxj



γ2vj � pp� ρq

Bγ2vj

Bxj
, (10)

BT iν

Bxν
�

�
Bp

Bt
�

Bρ

Bt



γ2vi � pp� ρq

Bγ2vi

Bt
�

Bp

Bxi
�

�
Bp

Bxj
�

Bρ

Bxj



γ2vivj � pp� ρq

Bγ2vivj

Bxj
.(11)

Multiply first equation by vi and substract it from second equation to obtain�
vi
Bp

Bt
�

Bp

Bxi



� pp� ρq γ2

�
Bvi

Bt
� vj

Bvi

Bxj

�
� 0, (12)

what can be expressed as

Bvi

Bt
� vj

Bvi

Bxj
� �

1

pp� ρq γ2

�
vi
Bp

Bt
�

Bp

Bxi



, (13)

or in vector notation
Bv

Bt
� pv∇qv � �

1 � v2

pp� ρq

�
v
Bp

Bt
�∇p



. (14)
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Homework 2: Lie derivative

a) First find commutator of vector fields

rε, V s � εµBµV
νBν � V µBµε

νBν � εµpBµV
νqBν � V µpBµε

νqBν � εµV µpBµBν � BνBµqloooooooooomoooooooooon
0

, (15)

where last bracket vanishes because partial derivatives commute. From there follows

rε, V s � pεµBµV
ν � V µBµε

νq Bν , (16)

and from lecture notes You know that Lie derivative acts on vector (See review from 25th of May)
as

∆εV
µ � εµBµV

ν � V µBµε
ν . (17)

You can see that this is exactly what You wanted to prove, because ∆εV
µ is µ-component of Lie

derivative. So, in coordinate basis Bµ we obtained exactly equation (16).

b) We have metric
ds2 � dθ2 � sin2 θdφ2, (18)

Lie derivative acts on metric as

∆εgµν � εα
Bgµν
Bxα

� gµα
Bεα

Bxν
� gαν

Bεα

Bxµ
, (19)

where ε is some vector field which can be expressed in pθ, φq coordinates as

ε � u
B

Bθ
� v

B

Bφ
. (20)

Then we have three independent components of equation (19). Explicitly

∆εgθθ � 2
Bu

Bθ
, (21)

∆εgθφ �
Bu

Bφ
� sin2 θ

Bv

Bθ
, (22)

∆εgφφ � 2 sin θ cos θu� 2 sin2 θ
Bv

Bφ
. (23)

Lie derivative tells us how some tensor changes under change of coordinates. This means that to find
vector field ε which leaves metric invariant is equivalent to finding such vector field ε for which Lie
derivative of metric vanishes. This means that all left-hand sides of previous equations are zero and
we obtain system of differential equations

Bu

Bθ
� 0,

Bv

Bθ
sin2 θ �

Bu

Bφ
� 0, u�

Bv

Bφ
tan θ � 0. (24)

From first of these equations we obtain
u � upφq, (25)

then second equation can be integrated according to θ

v � u1pφq cot θ � C, (26)

and we can insert this result to third equation to obtain

u2pφq � �upφq, (27)
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which solution is
upφq � A cosφ�B sinφ, (28)

and thus
vpφ, θq � �A sinφ cot θ �B cosφ cot θ � C. (29)

So, most general vector field which leaves metric of two-sphere invariant is

ε � pA cosφ�B sinφq
B

Bθ
� p�A sinφ cot θ �B cosφ cot θ � Cq

B

Bφ
(30)

or we can rewrite it as
ε � AX �BY � CZ, (31)

i.e. as a linear combination of three linearly independent vector fields

X � cosφ
B

Bθ
� sinφ cot θ

B

Bφ
, (32)

Y � sinφ
B

Bθ
� cosφ cot θ

B

Bφ
, (33)

Z �
B

Bφ
. (34)
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