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Tutorial sheet 12

Discussion topic: linear response

24. Linear response function of a system of identical particles
Let A, B be two observables of a many-body system, which are sums of single-particle observables:

A=Y"a0,  B=3b0,

and {|qa)} be a basis of the single-particle Hamiltonian h and €, the corresponding energy eigenvalues.
Matrix elements in this basis are denoted as any = (pal|a|py). The Bose-Einstein and Fermi-Dirac
distributions are collectively denoted as f, with fo, = f(eq) = [€#(€@=#) F 1]71 where the upper resp.
lower sign is for bosons resp. fermions.

i. Single-particle operators in second quantization
Convince yourself (check your QM II lecture!) that A can be expressed as

= aaehey,
a,y
with (:L resp. ¢, the creation resp. annihilation operator (for particles with energy €,) in Fock space.

([B.A]) = u(/M)[b.a])

where (---)eq denotes the grand canonical expectation value—which involves a trace Tr (---) in Fock
space—while tr (- - - ) stands for the trace in the single-particle Hilbert space.

ii. Show that

iii. Deduce from the previous result that the generalized susceptibility for the linear response of B to
an excitation coupling to A is given by

- o baryGya
Xea(w) = gli%im(f“ “h) e e =i

Hint: One may use the useful relations (€h&) = daqfo and (heyele,) = ar0cy fafe + dandyc fa (L £ f¢)
(check them!).
Alternatively, one may use the (physically less enlightening) identity

AB,CO] —A[B,€] D+ [AC]BD+CA[B,D], +C[A DB,

where [+, -]_ denotes the commutator and [-, -]+ the anticommutator.



