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C.2.5 Markov processes

We now introduce a class of stochastic processes that are often encountered in physics—or, one
should rather say, which are often used to model physical phenomena due to their simplicity, since
they are entirely determined by the two densities p,,, and Pyap:

C.2.5a Markov propert
A Marko process is a stochastic process Y (t) for which for all n € IN* and arbitrary ordered

times t1 < g < -+- < th—1 < ty < tp41, the conditional probability densities obey the Markov
property

Py,1|n(tn+la Ynt1 | T, Y1582, Y25 i tn—1, Yn—15 o, Yn) = Py,1|1(tn+17 Ynt1 | o, Yn)- (C.22)

Viewing t,, as being “now”, this property means that the (conditional) probability that the process
takes a given value y,4+1 in the future (at t,41) only depends on its present value y,, not on the
values it took in the past.

An even more drastically “memoryless” class of processes is that of fully random processes, for
which the value taken at a given time is totally independent of the past values. For such a process,
the conditional probability densities equal the joint probability densities—i.e. Pynim = Py for
all m,n—, and repeated applications of Bayes’ theorem show that the n-point density
factorizes into the product of n single-time densities,

pyﬁn(tlvyl; ceytp, yn) = py’l(thyl) o 'pyvl(tna yn)
One can check that a Markov process is entirely determined by the single-time probability density
le(tl y1) and by the transition probability pY1|1(t2,y2 |t1,41), or equivalently by le(tl, y1) and

the two-time density PYQ(tl’ y1;t2, Y2).
For instance, the 3-time probability density can be rewritten as

Py 3(t1,y15t2, 5233, 43) = Py (E3, Y3 [ 11, Y15 82, y2) Py o (B, 915 82, 2)
= Py1jn (83, U3 [ t2,92) pyq g (t2, 2 [ 1, 91) Py (B2, 1), (C.23)

where we have used twice Bayes’ theorem ((C.13)) and once the Markov property (C.22)).

Remarks:
« The Markov property (C.22)) characterizes the n-point densities for ordered times. The value for
arbitrary ti, ta, ..., t, follows from the necessary invariance [property (C.11b)] of p,. ~when two

pairs (t;,y;) and (tx,yx) are exchanged.

x The single-time probability density Py, and the transition probability PYl\l(tz’ Y2 |t1,y1) are not
fully independent of each other, since they have to obey the obvious identity

Py (t2,92) :/Py’1|1(t27y2 [t1,91) Py (F1, 1) Ay (C.24)

C.2.5b Chapman—Kolmogorov equation
Integrating Eq. (C.23) over the intermediate value y, of the stochastic process, while taking into

account the consistency condition (C.11c), gives

PY’Q(tla Y1; t37y3) = py’l(tlvyl)/PY71|1(t37y3 ’t27y2)PY’1|1(t2)y2 ’thyl) dy27

where t1 < tg < t3.

3 or Markoff in the older literature.
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Dividing by le(tl,yl), one obtains the Chapman|"")|-Kolmogoro "™ equation

PYJ‘l(ts,y:s |1, 1) :/Py71|1(t37y3 !t2,y2)Py71|1(t2,y2 [t1,y1)dy2  for t1 < tg < t3, (C.25)

which gives a relation—a nonlinear integral-functional equation—fulfilled by the transition proba-
bility of a Markov process.

Reciprocally, two arbitrary nonnegative functions p., (t1, 1), lell(tQ,yg |t1,y1) obeying the

two identities (C.24) and (C.25) entirely define a unique Markov process.

Remark: The Chapman—Kolmogorov equation follows quite obviously when invoking the Markov
property in the more generic relation (C.15)), which holds for every stochastic process. In contrast
to the latter, Eq. (C.25) is closed, i.e. does not depend on another function.

C.2.5 ¢ Examples of Markov processes

Wiener process
The stochastic process defined by the “initial condition” p,. (t=0,y) = é(y) for y € R and the

Gaussian transition probability (for 0 < ¢; < t2)

1 (Y2 —y1)2]
to 2 |1, 91) = ————— exp |- 2 Y1) C.26a
Pyap(t2,v2 [t 1) 2 (t2 — t1) Xp[ 2(ty — t1) (C-26a)

is called Wiener process.
One easily checks that the transition probability (C.26a) satisfies the Chapman—Kolmogorov
equation ((C.25), and that the probability density at time ¢ > 0 is given by

o /2 (C.26b)

1
pY71(t7 y) = NG

The Wiener process is obviously not a stationary process, since for instance the second moment
([Y (t)]?) =t depends on time.
Remark: The single-time probability density (C.26b)) is solution of the diffusion equation
0 102
of _107f (C.27)
ot 2 0y?

with diffusion coefficient D = %

Poisson process
Consider now the integer-valued stochastic process Y (t) defined by the Poisson-distributed |cf.

Eq. (B.11)] transition probability (0 < ¢; < t2)

(t2 —t)™™™ (1)

e for ng > ny (C.28)

Py (t2, 2 [1,m1) =
and 0 otherwise, and by the single-time probability density Py, (t=0,n) = 0. That is, a realization
y(t) is a succession of unit steps taking place at arbitrary instants, whose number between two given
times t1, to obeys a Poisson distribution with parameter to — ;.

Y'(t) is a non-stationary Markov process, called Poisson process.

Remark: In both Wiener and Poisson processes, the probability density of the increment (y2 — y1
resp. ng —np) between two successive instants ¢, t2 only depends on the time difference t3 — 1, not
on t; (or t2) alone. Such increments are called stationary. Since in addition successive increments
are independent, both processes are instances of Lévy{(™) processes.

(>")§ CHAPMAN, 1888-1970 ™ A. N. KoLMoGorov, 1903-1987 (™) P. LEvy, 1886-1971
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C.2.5d Stationary Markov processes

An interesting case in physics is that of stationary Markov processes. For such processes, the
transition probability leIl(tQ, y2 | t1,y1) only depends on the time difference 7 = to — ¢;, which is
hereafter reflected in the use of the special notation

Tyir(y2ly1) = pyqy (b + 7020 11, 1) (C.29)

Using this notation, the Chapman—Kolmogorov equation (C.25) takes the form (both 7 and 7/ are
nonnegative)

TY;T+T'(?J3 ‘ yl) = /TY;T’(y3 ’ y2) TY;T (y2 ’ yl) dysa. (C30)

If a Markov process is also stationary, the single-time probability density p,,, (y) does not depend
on time. Invoking a setup in which the probability density would first be time-dependent, i.e. in

which the stochastic process Y is not (yet) stationary, p,., characterizes the large-time “equilibrium”

distribution, reached after a sufficiently large 7, irrespective of the “initial” distribution y(t) at some
time t = to. Taking as initial condition p.., (t=to,y) = 6(y — yo), where yp is arbitrary, one finds

py71(y) = TEIJPOO TY;T(y | yO)'

This follows from the identities

Py’l(to + T, y) :/PY’Z(tO + T, Y, t07yl) dy/ :/py’l‘l(to + Y | t07y/)PY,1(t01 y/) dy/

:/TY;T(y ‘ y/) py’l(t07 y/) dy/a

which with the assumed initial distribution p,,  (to,y’) gives the result. O

Ornstein—Uhlenbeck process
An example of stationary Markov process is the OrnsteiUhlenbec (ca) process [49] defined

by the (time-independent) single-time probability density
1

.2
PYJ(Z/) = o e v /2 (C.31a)
and the transition probability
1 (y2 — yle_T)Q]
Ty .r = exXp | . C.31b
virlie i) = s e [ = (C.31b)

One can show that the Ornstein—Uhlenbeck process is also Gaussian and that its autocorrelation

function is k(1) = e~ 7.

Doob’d“P)| theorem actually states that the Ornstein-Uhlenbeck process is, up to scalings or
translations of the time argument, the only nontrivia process which is Markovian, Gaussian
and stationary.

C.2.5 e Master equation for a Markov process

For an homogeneous Markov process Y (t), i.e. a process for which the probability transition
pY,1|1(t2’ y2 | t1,y1) only depends on the time difference 7 = t5 — t1, one can derive under minimal
assumptions a linear integrodifferential equation for the transition probability, which constitutes
the differential form of the Chapman-Kolmogorov equation for the process.

(89 The fully random process mentioned below the introduction of the Markov property (C.22) may also be Gaussian
and stationary.

(>2)],  ORNSTEIN, 18801941 (“®G. UHLENBECK, 1900-1988 () J. L. Doos, 1910-2004




C.2 Some specific classes of stochastic processes 137

Remark: The assumption on the probability transition does not automatically imply that the process
is stationary; yet in analogy with Eq. (C.29)) we shall denote it by Ty.-(y2 | y1).

Master equation

Let us assume that for time differences 7 much smaller than some time scale 7, the transition
probability is of the form

Tyir(y2|ly1) = 1 —v(w1) 7] 0(y2 — y1) + T(y2 | y1) 7™ + o(7), (C.32a)

where o(7) denotes a term that is much smaller than 7 in the limit 7 — 0. The nonnegative quantity
I'(y2 | y1) is readily interpreted as being the transition rate from y; to yo, and v(y1) is its integral
over o

v(y1) =/F(y2 |y1) dys, (C.32b)

thereby ensuring that the integral of the transition probability Ty . (y2|y1) over all possible final
states yo gives unity.

Consider now the Chapman-Kolmogorov equation (C.30)). Rewriting Ty.+/(y3 | y2) with the help
of Eq. (C.32a), i.e. under the assumption that 7/ < 7, and leaving aside the negligible term o(7'),
one finds

Tyirtr (ysly) = [1 = v(ys) 7' Tyvir (ys | 1) + T'/T(ys |y2) Ty (y2 | y1) dye.

Note that we need not make any assumption on 7 here. Taylor-expanding 7Ty.,4, with respect to
7/ and dividing both sides by 7/, this gives in the limit 7/ — 0 the integrodifferential equation

0Ty (y3 | y1)

L) — ) Ty ) + [ T 92 T (| 30) e

where the derivative on the left-hand side has to be taken with a grain of salt in case 7" may (for
physical reasons pertaining to the system being considered) actually not become vanishingly small.

Using Eq. (C.32b) for v(y3) and relabeling the variables (y1 — yo, y2 — v, y3 — y), this can

be rewritten as

0Ty (v 1yo)

o :/[F(ZJW) Tysr(y' |y0) =T |9) Tyir(y | 0)] dy'”. (C.33)

This evolution equation—which is fully equivalent to the Chapman—Kolmogorov equation—for the
transition probability Ty is called master equation. It has the structure of a balance equation,
with a gain term, involving the rate I'(y|y’), and a loss term depending on the rate I'(y/ | y). It is
a linear integrodifferential equation, of first order with respect to 7.

Evolution equation for the single-time probability densit
From the master equation (C.33) for the transition probability, one can deduce an equation

governing the dynamics of the single-time probability density, which turns out to possess exactly
the same structure.

Rewriting Eq. (C.24) in the form

Py, (T,) —/TY;T(?J | %0) Py-1 (=0, 30) dyo, (C.34)
and differentiating with respect to 7, one obtains with the help of the master equation

Ipy, (7.9)

o7 2/[F(y\y’) Ty [y0) =T |9) Tyir (¥ 90)] py, (=0, 30) dyo dy/'.



138 Basic notions on stochastic processes

Performing the integration over yy and using relation (C.34)), this yields

8Py,1 (Ta 3/)

g Z/[T(yly/)py,l(ﬂ ¥) =Ty |y) py, (1. y)] 4, (C.35)

formally identical to the equation for 7y-.,, and accordingly also referred to as master equation.

Remark: When applied to a physical system, Eq. (C.35) allows the computation of the single-time
probability density at any time from an initial distribution p,,,(t=0,y) and the transition rates I.


Nicolas Borghini
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