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First, instead of particle number, we consider mass, setting x = m in formula . Since
this is a constant, the second, fourth and fifth term drop out, while the average (m)y in the first
term is trivial. The remaining first and third terms then give

s, e -
g [mn(t,7)] + Vi - [mn(t,7)(7)5] = 0.

Introducing the mass density

p(t,7) = mn(t,7) (VI.60a)
and the average velocity [cf. Eq. (VI.22a)]
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V(t,7) = (U)p, (VI.60b)
this becomes
t.7 R
oltT) | . [p(t,7)¥(t,7)] =0, (VL61)

ot

which expresses the local conservation of mass|?%)

V1.6.1b Momentum balance

Choosing now for x the i-th component of linear momentum p’ = mv?, the second and fourth
terms in the balance equation (VI.59) vanish, leaving

0

e [mn(v')z] + Vs - [mn(v'v);] — nF" = 0. (V1.62)

The term within square brackets in the time derivative is clearly p(t,7)vi(t,7). The mass density
also appears in the argument of the spatial-divergence term. The average (v'#) can be transformed
by noting the identity

(0 =) =) = (o) = vivd

and introducing the second-rank stress tensor 7€, whose components are given by
Gy oy = i it AT Tod i w2
T (t,7) = p(t,F) {[v* = V' (t,7)] [v) — VI (¢, 7)] >;b" (VI.63)

The balance equation (VI.62f) then becomes

3
%[p(t, PV, )]+ % ot PV (& TV (£,7) + 7 (¢, 7)] = — p(t, ) F'(5,7). | (VI.64a)
j=1

Using the mass conservation equation (VI.61)), this can be rewritten a

NETF) o e L 1 (t,7)
ot +V(t,7) - Vv (t,r)—EF(t,r) ST - v (VI.64Db)

VL.6.1 c Balance equation for internal energy

Consider eventually x(¢,7,7) = [;5’ - m\_/'(t,?_“’)]2/2m = % [17 — V(t, F)]Q, which represents the
kinetic energy of the particles in a frame locally comoving with their average velocity. Differentiation
with respect to time or momentum followed by an average over p easily allow one to check that the
second and fifth terms in Eq. are zero. There remains

5 V(@ — 9P, — Smn(@ V(0 - 9), =0, (VL63)

In the third term, one can first write %@;(U— \7)2 = [(17 — \7) . 6;]\7 — (17— \7) X (6; X \7). One
then checks that the third term equals the negative of the sum over all indices ¢ and j of 7 times
the derivative Ov//9z".

Let then

et 7) = %p(t, ([ - v (VI.66a)

denote the local density of internal energy and

9 The subscript on the v operator has been suppressed, as it is obvious that it denotes the gradient with respect

to position.
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> 1
TFuo(t,7) = 50t ?)<[77 —(t, ) [7 - (t, )] > (VL66b)
P
be the internal energy (or heat) flux in the local rest frame. These quantities allow one to rewrite
the first and second term in Eq. (VI.65)) as the time derivative of internal-energy density and the
divergence of T + ev, respectlvely
All in all, one ﬁnd

0 ta_’ — = R N - = g i . 2
ef% r) +V- [jU(t,?“) + e(t, r)v(t,r)} = Z F](t’r)W' (VL67)

This expresses the local balance of energy.

The balance equations (VI.61]), (VI.64b) and are the same, up to the external force, as
the laws of hydrodynamics , (L.71) and (L.72)), which were derived at the macroscopic level.
Here, we have expressions of the stress tensor and the internal-energy flux in terms of microscopic
quantities, which will allow us to compute them provided we have the form of the single-particle
density in the Boltzmann gas.

VI.6.2 Zeroth-order approximation: the Boltzmann gas as a perfect fluid

We first start by assuming that the single-particle distribution in the Boltzmann gas is given
by a local equilibrium distribution [ )(t, 7,p) of the type (VI.38)), characterized by a local number
density n(t,7), a local temperature T'(¢,7) and a local average velocity V(t, 7).

Inserting [ )(t 7,P) in the expressions and (VI.66b) m, we obtaln the corresponding stress
tensor 7;;” and flux density of internal energy in the local rest frame jU 0,

Let @ = ¥ — V(t, 7) denote the velocity of a particle as measured with respect to that reference
frame. The stress tensor reads component—wis

3/2 -9
O — ol T [ epd e ™ | g

When i # j, the integrand is odd in w;, and thus the integral vanishes: the off-diagonal elements
of the stress tensor are zero. Using formula (A.1b) with n = 2, one finds that all three diagonal
elements are equal to P(t,7) = n(t,7) kT (¢t,7). All in all
n) = @(t,7)8;; = n(t,F)kpT(t, 7). (VL68)

Interpreting P(t,7) as the local pressure—which can be justified by investigating the force on a
surface element, which is then normal—, one recognizes the mechanical equation of state of a
classical ideal gas.

Calculating the internal energy density (VI.66a), one at once finds e = %nkBT = %’P, i.e. the
thermal equation of state of a classical ideal gas.

For the internal-energy flux, Egs. (VI.38]) and (VI.66b) give

3/2 -2
=(0) Lo m S92 . mu 3,2 _ G
Ty (t,7) = 2p(t,7“) [QWkBT(t,F)] /w wexp{ ST (T } d’w =0 (VI.69)

where the rightmost identity is due to the oddness of the integrand. That is, there is no diffusive
transport of internal energy to this order of approximation.

32 3
T Throughout this section we use the straightforward change of variable /( )= /( -) dp __ L)Z;/( -) dPa.

P
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Since (®) is diagonal, there is no transport of linear momentum by (shear) viscosity either: the
Boltzmann gas behaves like a non-dissipative fluid. As a consequence, the balance equations (VI.61)),

(V1.64b) and (VI1.67) will represent the laws governing the dynamics of such a perfect fluid.

V1.6.2 b Dynamics of a perfect fluid
Inserting the stress tensor (VI.68)) and the (triviall) heat flux density (VI.69) in Eqgs. (VI.64b))
and (VI.67)), one finds

F(t,7) — —

1 = "
= 7 VP(t,7), (VI.70a)

which is the Euler equation for the dynamics of a perfect fluid, while the local balance of internal
energy reads

t7) o .
ae(at’"’) +V- [e(t, 7) (1, F)] = —P(t,7)V - (¢, 7), (VL70b)
where in the right-side one can make the substitution P(t,7) = 2e(t, 7).

VI.6.3 First-order approximation: the Boltzmann gas as a Newtonian fluid

Adopting now the relaxation-time approximation (VI.49) and assuming that the single-particle
distribution can be written as f = f) + f [Eq. (VL.50))], we can find f(l), and deduce the mod-

ifications of the stress tensor and flux of internal energy, which give us new dynamical equations.

VI1.6.3 a Single-particle distribution to subleading order

In the framework of relaxation-time apgrommatlon Wlth a momentum-independent relaxation
time, and making the decomposition f = + Y with ‘f ‘ < f(o) one finds after dropping out
the terms of higher order the relation

e, 7,5) = - (at +7-Vi+ F -V )f(o)(t,?,ﬁ), (VL71)

which allows the calculation of ?(1)(25,7_“’, P) by differentiating the expression (VI.38)) of the local
equilibrium distribution f (0)(15, 7, D).
Assuming for simplicity that there is not external force F' and focusing on stationary solutions,

one finds after performing all computation

-(1) @ - VT 1 m_y 5 m i 0V 1mw? - 120
=, T2 f i,
T[ T (szT 2" +kBTwa 0xi 3 kpT vy

where as above W = U — V(t, 7), while all gradients are with respect to spatial coordinates. This can
also be rewritten as

- 2 3
RO B w - VT 1 @ —2 § m Gvi 8Vj iog 1 —2 ¢ij =(0)
r- Tr[ T <k‘BT 2" T3 21<:BTM21 o5 " ow J\W 3" o) (VL)

V1.6.3 b Stress tensor and internal-energy flux densit
Substituting f = e —1—?( ) in Eq. m yields the expression of the stress tensor to first order
in 7. With the same local equilibrium distribution 1 asin §|VI.6.2[and f [ given by Eq. m,

%) The detailed derivation—which only necessitates some careful bookkeeping in computing the various partial
derivatives, but presents no real difficulty, and does not provide much physical insight—can be found e.g. in
Huang [54], chapter 5.5.
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one finds
i (6, F) = m / wiw; [0 6,7, 5) + 70 (0,7, 5)] = 71, 7) + 7, 7),
D

with obvious notations, where 775]0) is again given by Eq. (VI.68)), WZ(Q) = nkgT d;;.

Inspecting the correction to the single-particle distribution (VI.72)), the first term within the

square brackets is odd in @ and thus will not contribute to WZ(; ), which leaves

2

3
Wy MTx Vg 3Vl>/ ( kol Lo kl>‘(0) = =
w2 (t 7)) = — E — + ww; | wiw' — =@ *§" |t (¢, 7, P).
i (67) 2kBTk7l1<8xl Dz j 3 (t,7,P)

In the integral, only the indices k, [ such that every component of w appears with an even power
contribute: either k =i and j =1, or k = j and [ =i, or i = j (diagonal terms) and k = [. Using
then formula (A.1b]) with n = 2 or 3, one finds

D/, Jovi(t, ) ov(t T 2. = L
ﬂ'i(j)(t,r):—n(t,r)[ i + ]0331 —géijv-v(t,r) (VL.73a)
with
n(t,7) = n(t,7F)kpT(t,7) T, (VL.73D)

and all in all

ovi Ovj 2,

527 ¥ o g(v V) 5,~j]. (VL.73c)
Comparing with Eqgs. ([.73b) and ([.73d)), one recognizes the stress tensor of a Newtonian fluid,
whose shear viscosity 7 is given by Eq. (V1.73b]), while its bulk viscosity ¢ vanishes.

Wij:fp(sij_n[

Inserting now f = 7O —1—?(1) in the internal energy flux (VI.66D) T‘ © does not contribute—as in
Eq. m nor does the second term within the square brackets in Eq. ( . There remains

j <t777):u7U (t,?)—l—jU (t F)
B m2r oT(t,7) L m _5 5\ 5,20, -
~TaT(t,7) Z oz, /<kBT2w 2>w3w @ T )

Performing the integration, one eventually finds

Jo(t,7) = T, 7) = —k(t, 7)VT(t, 7) (V1.74a)
with
5n(t,7) 2T (t,7)7

t_' =
it 7) = 5 B

(VL74D)

One recognizes Fourier’s law, with x the heat conductivity.

Remark: The transport coefficients n and k, Egs. and are both proportional to
the relaxation time 7. As mentioned in § this time is (at least) of the order of the mean
free time Tyf, between two successive collisions of a particle, say 7. ~ Tyu,. The latter, divided
by some typical particle velocity, gives the mean free path £, i.e. the typical length traveled by
a particle between two successive collisions. In turn, /g, is inversely proportional to the particle
density and to the total interaction cross-section, fmg, ~ 1/n0wr.. As a consequence, 7 and £ in
a Boltzmann gas are in first approximation independent of density—yet the latter should be small
enough that only two-to-two collisions take place—and inversely proportional to the cross-section:
the more ideal a gas is (small o), the more dissipative (large transport coefficients) it is. An ideal
gas is thus not a perfect fluid!
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VI.6.3 c Dynamics of a Newtonian fluid
Eventually, one can substitute the stress tensor (VI.73c) and the internal-energy flux (VI.74a

in the balance equation for linear momentum [Eq. (VI.64b)|. Straightforward calculations give

v

. 1o
Ve + % [A\7+ V(Y- \7)} : (VL75)

which is the Navier-Stokes equation |Eq. (I.79)] for a Newtonian fluid with vanishing bulk viscosity.
Inserting the stress tensor and heat flux in the balance equation for internal energy, one accordingly

recovers Eq. ([.80) with ¢ = 0.

Bibliography
e Huang, Statistical Mechanics |54], chapter 3-5.

e Landau & Lifshitz, Course of theoretical physics. Vol. 10: Physical kinetics |5], chapter 1.

e Le Bellac, Mortessagne & Batrouni, Equilibrium and non-equilibrium statistical thermodyna-
mics 9], chapter 8.

e Pottier, Nonequilibrium statistical physics 6], chapters 5-7.
e Reif [45], chapter 14.

e Zwanzig, Nonequilibrium statistical mechanics |7], chapter 5.



	Contents
	Introduction
	I Thermodynamics of irreversible processes
	Description of irreversible thermodynamic processes
	Reminder: Postulates of equilibrium thermodynamics
	Irreversible processes in discrete thermodynamic systems
	Local thermodynamic equilibrium of continuous systems
	Affinities and fluxes in a continuous medium

	Linear irreversible thermodynamic processes
	Linear processes in Markovian thermodynamic systems
	Curie principle and Onsager relations
	First examples of linear transport phenomena
	Linear transport phenomena in simple fluids

	Bibliography for Chapter I

	II Distributions of statistical mechanics
	From the microscopic scale to the macroscopic world
	Orders of magnitude and characteristic scales
	Necessity of a probabilistic description

	Probabilistic description of classical many-body systems
	Description of classical systems and their evolution
	Phase-space density
	Time evolution of the phase-space density
	Time evolution of macroscopic observables
	Fluctuating number of particles

	Probabilistic description of quantum mechanical systems
	Randomness in quantum mechanical systems
	Time evolution of the density operator
	Time evolution of observables and of their expectation values
	Time evolution of perturbed systems

	Statistiscal entropy
	Statistical entropy in information theory
	Statistical entropy of a quantum-mechanical system
	Statistical entropy of a classical system

	Bibliography for Chapter II

	III Linear response theory
	Time correlation functions
	Assumptions and notations
	Linear response function and generalized susceptibility
	Non-symmetrized and symmetrized correlation functions
	Spectral density
	Canonical correlation function

	Physical meaning of the correlation functions
	Calculation of the linear response function
	Dissipation
	Relaxation
	Fluctuations

	Properties and interrelations of the correlation functions
	Causality and dispersion relations
	Properties and relations of the time-correlation functions
	Properties and relations in frequency space
	Fluctuation–dissipation theorem
	Onsager relations
	Sum rules

	Examples and applications
	Green–Kubo relation
	Harmonic oscillator

	Bibliography for Chapter III

	Appendices to Chapter III
	Non-uniform phenomena
	Space-time correlation functions
	Non-uniform linear response
	Some properties of space-time autocorrelation functions

	Classical linear response
	Classical correlation functions
	Classical Kubo formula


	IV Brownian motion
	Langevin dynamics
	Langevin model
	Relaxation of the velocity
	Evolution of the position of the Brownian particle. Diffusion
	Autocorrelation function of the velocity at equilibrium
	Harmonic analysis
	Response to an external force

	Fokker–Planck equation
	Velocity of a Brownian particle as a Markov process
	Kramers–Moyal expansion
	Fokker–Planck equation for the Langevin model
	Solution of the Fokker–Planck equation
	Position of a Brownian particle as a Markov process
	Diffusion in phase space

	Generalized Langevin dynamics
	Generalized Langevin equation
	Spectral analysis
	Caldeira–Leggett model

	Quantum Brownian motion
	Description of the system

	Bibliography for Chapter IV

	Appendix to Chapter IV
	Fokker–Planck equation for a multidimensional Markov process
	Kramers–Moyal expansion
	Fokker–Planck equation


	V Reduced classical phase-space densities and their evolution
	Reduced phase-space densities
	Time evolution of the reduced phase-space densities
	Description of the system
	System of neutral particles
	System of charged particles

	Bibliography for Chapter V

	VI Boltzmann equation
	Description of the system
	Length and time scales
	Collisions between particles

	Boltzmann equation
	General formulation
	Computation of the collision term
	Closure prescription: molecular chaos
	Phenomenological generalization to fermions and bosons
	Additional comments and discussions

	Balance equations derived from the Boltzmann equation
	Conservation laws
	H-theorem

	Solutions of the Boltzmann equation
	Equilibrium distributions
	Approximate solutions
	Relaxation-time approximation

	Computation of transport coefficients
	Electrical conductivity
	Diffusion coefficient and heat conductivity

	From Boltzmann to hydrodynamics
	Conservation laws revisited
	Zeroth-order approximation: the Boltzmann gas as a perfect fluid
	First-order approximation: the Boltzmann gas as a Newtonian fluid

	Bibliography for Chapter VI

	Appendix to Chapter VI
	Derivation of the Boltzmann equation from the BBGKY hierarchy
	BBGKY hierarchy in a weakly interacting system
	Transition to the Boltzmann equation


	Appendices
	A Some useful formulae
	B Elements on random variables
	Definition
	Averages and moments
	Some usual probability distributions
	Discrete uniform distribution
	Binomial distribution
	Negative binomial distribution
	Poisson distribution
	Continuous uniform distribution
	Gaussian distribution
	Exponential distribution
	Cauchy–Lorentz distribution

	Multidimensional random variables
	Definitions
	Statistical independence
	Addition of random variables
	Multidimensional Gaussian distribution

	Central limit theorem

	C Basic notions on stochastic processes
	Definitions
	Averages and moments
	Distribution functions

	Some specific classes of stochastic processes
	Centered processes
	Stationary processes
	Ergodic processes
	Gaussian processes
	Markov processes

	Spectral decomposition of stationary processes
	Fourier transformations of a stationary process
	Wiener–Khinchin theorem

	Bibliography for Appendix C

	Bibliography


