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Examples of relativistic perfect flows

@ Hydrostatic solutions

@ Bjorken flow
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Dynamics of relativistic perfect fluids

Local conservation equations
d, N¥(x) =0 d, 7" (x) =0
with  N¥(x) = n(x)u”(x) for each conserved quantum number,

ut (x)u”(x)

and T""(x) = P(x)g"" (x) + [e(x) + i’(x)}

C

Projecting energy-momentum conservation along the 4-velocity:
ut(x)de(x) + |e(x) + P(x)|d,u*(x) =0
and perpendicular to the 4-velocity:

€(x) + P(¥)

2

ut (x)u”(x)

2

u (), (x) + | g" () 1 4, P(x) = 0
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Hydrostatic solutions

u? (x)

4-velocity u*(x) = ( ; ) , With [u(x)}2 = gooX)[u’(X)]* = =1 (c=1)

while all partial time derivatives 0y vanish.

Equations of motion: d, TH (x) =0

with TH (x) = P(x)g"" (x) + |e(x) + P(x)|ut (x)u” (x)
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Covariant derivatives...

For a scalar: duop = 0,0
For the components of a vector: d,c” =9,c" +T7 "
For the components of a tensor:

d,(a*c”) = 0, (a*c”) + F;‘uapc” + aAqucp
Setting a=c, A=u:

d,(cic”) = u(cc”) + T cc” + T e’
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Hydrostatic solutions

4-velocity u*(x) = (u (_;X)) , With [u(x)]2 = gooX)[u’(X)]* = =1 (c=1)

while all partial time derivatives 0y vanish.

Equations of motion: d, TH (x) =0

with TH (x) = P(x)g"" (x) + |e(x) + P(x)|ut (x)u” (x)
yields 0P + 0,,[(e + P)uu"] = —(e + P) (T julu” + T ulut)
where we also used d,¢"" =0.

Now, only 0 is non-zero...: taking v =i, only 'y, is needed.
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Covariant derivatives...

For a scalar: d,¢ = 90,9
For the components of a vector: d,c” =9,c" +T7 "

For the components of a tensor:
d,(a*c”) = 0, (a*c”) + F;‘uapc” + aAqucp
Setting a=c, A=u:
d,(cic”) = u(cc”) + T cc” + T e’
lg,u)\ ag)\u | ag)xp 69,01/
2 dxf ~ Oxv  Ox?

. 1 o\ 1 .
A 2y — _ZH
00 29 2300 9 go0

Invoking T'}, = with 0y=0, one finds
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Hydrostatic solutions

4-velocity u*(x) = (u (_;X)) , With [u(x)]2 = gooX)[u’(X)]* = =1 (c=1)

while all partial time derivatives 0y vanish.

Equations of motion: d, TH (x) =0

with TH (x) = P(x)g"" (x) + |e(x) + P(x)|ut (x)u” (x)
yields 0P + 0,,[(e + P)uu"] = —(e + P) (T julu” + T ulut)
where we also used d,¢"" =0.

Now, only 0 is non-zero...: taking v =i, only I'}, is needed.

i i +P, i
0'P = (6 | T)FOO(’LLO)Z = ‘ o, Jdoo = (6 | ?)8 In v/—goo

2900
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Hydrostatic solutions

i i e+ P, i
0'P = —(e+ P)lh(u”)? = 2000 0"goo = —(e + P)0" In v/ —goo
o -
€_|_T:—8”’1n\/—goo
. ] df
Introducing f such that* e = f(n) , P = n — f one has
odf L, d&2f . df L A3
ip — gt Sty T iy, ) gl
0 dn8n+ndn28n dn(‘)n nan(“)n
and e+T:nd—f.
dn
ip d?f/dn? - d
g 7 = 1/ 8211:87’111—][
e+ P df/dn dn

“ valid for single-component perfect fluids
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Hydrostatic solutions

i i e+ P i
0'P = —(e+ P)lh(u”)? = 2000 0'goo = —(e + P)2" Inv/~goo
P . df ,,;
7 = 0" Iln = = = —0"Inv—goo
. ) df
Introducing f such that* e = f(n) , P = n — f one has
df dzf df o d2f
ZT— (/ _ - — -
0 dn(‘)nJrnan ‘'n T o'n= nan
and e+ P = nd—f
dn
v d?£/d . d
iEa 81): f/nﬁn—ﬁzl—f
e+ P df/dn dn

“ valid for single-component perfect fluids
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Hydrostatic solutions

| . P . '
0'P = —(e+ P)Th(u’)® = 62; 0"goo = —(e + P)9" Inv/—goo
00

_ 7,1 — Zl _

p— %, n_dn 0" In\/—goo
df Y
—goo(£> COI’leanf

With the Ansatz f(n) = an'te : n?e = const

—400

1+4c2

P = C?E — const (—goo) 2¢3

Dust (cs = 0): only if —ggo is constant.

¢z = —1 (“cosmological constant”): ¢, P are uniform

S
2 2
S

c; = = (ultrarelativistic matter): P oc (—ggo)~
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Examples of relativistic perfect flows

@ Hydrostatic solutions

@ Bjorken flow
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An example of relativistic flow:
“Bjorken flow”

&
One-dimensional flow along the z-axis with the 3-velocity v, = 7 for
z<ct and t>to.

First(?) discussed by R.Hwa (1974); made popular by J.D.Bjorken (1983)

PHYSICAL REVIEW D VOLUME 27, NUMBER 1 1 JANUARY 1983

Highly relativistic nucleus-nucleus collisions: The central rapidity region

J. D. Bjorken
Fermi National Accelerator Laboratory,* P.O. Box 500, Batavia, Illinois 60510
(Received 13 August 1982)

The space-time evolution of the hadronic matter produced in the central rapidity region
in extreme relativistic nucleus-nucleus collisions is described. We find, in agreement with
previous studies, that quark-gluon plasma is produced at a temperature >200—300 MeV,
and that it should survive over a time scale > 5 fm/c. Our description relies on the existence
of a flat central plateau and on the applicability of hydrodynamics.
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An example of relativistic flow:
“Bjorken flow”

One-dimensional flow along the z-axis with the 3-velocity v, = % for
z<ct and t>to.

famous
First(?) discussed by R.Hwa (1974); made pepular by J.D.Bjorken (1983)

PHYSICAL REVIEW D VOLUME 27, NUMBER 1 1 JANUARY 1983

Highly relativistic nucleus-nucleus collisions: The central rapidity region

J. D. Bjorken
Fermi National Accelerator Laboratory,* P.O. Box 500, Batavia, Illinois 60510
(Received 13 August 1982)

Highly Relativistic Nucleus-Nucleus Collisions: The Central Rapidity Region [\ SPIRE}HEP
J.D. Bjorken (Fermilab) (Jul, 1982)
Published in: Phys.Rev.D 27 (1983) 140-151

pdf @ links [4 cite @ reference search %) 3,899 citations
as of July 6, 2026
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An example of relativistic flow:
“Bjorken flow”

One-dimensional flow along the z-axis with the 3-velocity v, = % for
z<ct and t>to.

1% introduced to model the boost-invariant* longitudinal expansion of
the hot & dense medium created in high-energy nuclear collisions.

® Analytically tractable in a finite amount of time in case the system,
modeled as a fluid, has a constant speed of sound cs

@ in both cases of a perfect and a dissipative fluid.

“more on this topic later!
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An example of relativistic flow:

“Bjorken flow”

One-dimensional flow along the z-axis with the 3-velocity v, =

z<ct and t>to.

at fixed ¢:

AAAAAAAAAAALAAL
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Milne coordinates

Consider a one-dimensional problem along the z-axis.
A convenient choice of coordinates is often®

(CIZ‘O/,CCl/) =(t,z) — (azo,xl) = (7,9)

with
T =12 — 22 "proper time”
L t+z : S
<=3 log P— spacetime rapidity

Note: from now on, c=1...

“Other possibility (for particles with v=c): light-cone coordinates
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Milne coordinates

Consider a one-dimensional problem along the z-axis.
A convenient choice of coordinates is often

(370/,331/) =(t,z) — (azo,xl) = (7,9)

with
T =12 — 22 "proper time” t = 7 cosh ¢
1. t+=z .. s = o
=5 log P spatial rapidity”t 2 = 7sinhg

Note: from now on, c=1...

Twith % ]Qg t+2

= Artamhz
t— 2 t
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Milne coordinates

Consider a one-dimensional problem along the z-axis.
A convenient choice of coordinates is often

(CIZ‘O/,CCl/) =(t,z) — (azo,xl) = (7,9)

with

T =12 — 22 "proper time” t — 7 cosh ¢
]. t _|_ & W . . ge " A — ;

< =5 log — spatial rapidity z=Tsinh¢

What do we need?
@ transformation of vector / tensor coordinates

@ covariant derivatives
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Milne coordinates

T =12 — 22 "proper time” t = 7 cosh ¢

“spatial rapidity” z = 7sinhg¢
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Milne coordinates

(xo/,xlf) =(t,2) — (2°,2") =(7,¢) with

— /42 _ .2 )
T =Vt < t = 7 cosh¢

z = T7sinh¢

5 t— 2 \

Corresponding change of basis: {e,/} — {e,} with e, =e, A",

/

A 833”
where A w= oo
Ot
AtT — E — COSh§ AZT — % = Siﬂh§
Ot o
Atgza—qursinhg Azgza—j:Tcoshg
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Milne coordinates

(xo/,xlf) =(t,2) — (2°,2") =(7,¢) with

— /42 _ .2 )
T=V1 < t = 7 cosh¢

z = T7sinh¢

5 t— 2 \

Corresponding change of basis: {e./} — {e.} with e, = e,,/A”/;

/

oxY

oxt

/
where A”M =

(e, = cosh¢e; +sinhce,

e = T7sinh¢ e, + 7coshg e,
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Milne coordinates

(xo/,xlf) =(t,2) — (2°,2") =(7,¢) with

T= Vi - 22 (¢t = 1 coshg
1. t+z = \ .
¢ = —log z = 7sinh¢
2 t—z \
Corresponding change of basis:
. / 0z
{es/} — {eu} with e, =e A", where A" = oy
/ oxt

(¢} = {*} with c*=A"," where AMV/:@ZCV/

T t . z
. ¢’ = coshcec —sinhc¢e
e. = coshg¢g e +sinhge, > >
X c 1 1

ec = 7sinh¢ e + 7coshge, C — Zsinh¢ ¢t + = cosh¢ ¢?
T T

\

@ transformation of vector / tensor coordinates
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Milne coordinates

— /12 _ .2

T =Vt < t = 7 cosh¢
=

Ltz 2z = T7sinh ¢

(e, = cosh¢e; +sinhce,

T7sinh¢ e, + 7coshg e,

M
N
|

1 metric tensor: g, =€, €

using gy = —g.. = —1 one finds ¢grr =—1, g =7

Gtz = gt = 0 Jr¢ — Yo —
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Milne coordinates

_ 2 .2
T=VE2 -2 t = 7 cosh¢
t ~ i

T2 z = T7sinh¢

(e, = cosh¢e; +sinhce,

T7sinh¢ e, + 7coshg e,

\ € =
1 metric tensor: g, =€, €
. -1 0
using git = —g.. = —1 one finds g =\ 4 2
-
9tz = G-t =0
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Milne coordinates

— /12 _ 2
T= Vi < t = 7 coshg
1 t+ =z & .
¢ = —log 2 = Tsinhg
2 t— 2
(e, = cosh¢ e; +sinhce, e e — -1 0
< g,ul/_ v’ v O 7_2
\eg:'rsinhget—l—Tcoshgez

'- Y
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Milne coordinates

— /12 _ 2 )
T= Vi < t = 7 coshg
1 t+ 2 & \ .
¢ = —log 2 = Tsinhg
2 t— =z \
(e, = cosh¢ e; +sinhce, e e — -1 0
< g,ul/_ v’ v O 7_2
\eg:’rsinhget—l—Tcoshgez

1 3, [09,, 0 m
b= Christoffel symbols: T, = 59/\’) 8!?1:: | 8%:: ag;p }

I'l.o=r1, It =T%, = , all other coefficients are O.

T

@ covariant derivatives
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Milne coordinates

— 2 2 %
T= VP -z t = Tcoshg
1 t+ 2 & \ .
¢ = —log 2 = Tsinhg
2 t— 2 \
(e, = cosh¢ e; +sinhce, G — e, e, — -1 0
\ g g 0 72
e = T7sinh¢ e, + 7coshg e,
: . Oe,,
15~ Christoffel symbols: back to the definition —— =T1" e
OxP vp —H
Oe.- Oe 1
or " or — rs =l
Oe, 1 Oe _
8§ — ;eg — Fjgeg 8—; = T€E€, = FggeT

1
Iie=7, IS =T =— , all other coefficients are 0.
T
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Milne coordinates

— 2 2 %
TE V2 -2z t = 7coshg
1 t+ 2 = \ .
¢ = —log 2z = 7 sinhg
2 t— =z \

@ transformation of vector / tensor coordinates

T t o z
(e, = cosh¢ e, + sinhg e, ¢’ = cosh¢ ¢ —sinh¢c
\ . 1, )
\eg:TSIthet+TCOSh§ez ¢® = ——sinh¢ ¢" + — cosh¢ ¢®

T T
dct oct
@ ' ivati — = - TH Yo,
covariant derivatives r  dgr T lve
1

iz involve the Christoffel symbols I' =7 , It =T: = -
-
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Bjorken flow

One-dimensional flow along the z-axis with the 3-velocity v, = ~ for

t
z<ct and t>to.

: (%)
4-velocity” u*(x) =
1= 4-velocity (x) (W(X)UZ(X)

) with v(x) =

“only the non-trivial components are shown
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Bjorken flow

One-dimensional flow along the z-axis with the 3-velocity v, = ~ for

z<ct and t>to. ) t
( \

i# 4-velocity* uH(x) = Vi? . 27

\\/t2 — 22/

“only the non-trivial components are shown
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Bjorken flow

Z

One-dimensional flow along the z-axis with the 3-velocity v, = — for

z<ct and t>to.

L / t2 — 22 _
15 4-velocity” u'(x) = vV ; T =
\\/t2 — 22/
T =12 — 22
Milne coordinates 1 t+ z
¢ = 5 log —

“only the non-trivial components are shown

Hydrodynamics, Bielefeld, Spring term 2026
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t = 7 coshc¢

z = 7sinh¢
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Bjorken flow

One-dimensional flow along the z-axis with the 3-velocity v,

z<ct and t>to. ,
( \

i 4-velocity” u”(x) = Vi? . 27

\\/t2 — 22/

COS!

o

SIin.

1§

1§

Change from Minkowski to Milne coordinates:

¢™ = cosh¢ ¢' — sinh¢ ¢®
1 1

¢ = ——sinhc¢ ¢f + = cosh¢ ¢?
T T

“only the non-trivial components are shown

Hydrodynamics, Bielefeld, Spring term 2026
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Bjorken flow

One-dimensional flow along the z-axis with the 3-velocity v,

z<ct and t>to.

i 4-velocity” u”(x) =

(=)

\/t2 _ 52
<

\\/t2 — 22/

COS!

o

SIin.

1§

1§

Change from Minkowski to Milne coordinates:

u’T

u§

“only the non-trivial components are shown

Hydrodynamics, Bielefeld, Spring term

— cosh¢ u! —sinh¢ u® =1

1

1

)

— ——ginhcut + —coshcu? =0

T

2026

T
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Bjorken flow

One-dimensional flow along the z-axis with the 3-velocity v, = % for
z<ct and t>1o.

1

1= 4-velocity® ut(x) = (O

) in Milne coordinates

Assumption: no conserved quantum number in the game.

pz- only two equations of motion

u! (x)de(x) + |e(x) + P(x)|d,u”(x) =0

e(x) + P(x)|u* (x)d,u” (x) + [g"" (x) + u (x)u” (x)|d,P(x) = 0

“only the non-trivial components are shown
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Bjorken flow

One-dimensional flow along the z-axis with the 3-velocity v, = % for
z<ct and t>1o.

1
i 4-velocity” ut(x) = (O) in Milne coordinates

Assumption: no conserved quantum number in the game.

pz- only two equations of motion

Eu“ d} (x)}@ﬂu“(xﬂz 0

() + PO u G () + [ () + ¥ (x)u” (x)] d, P ) = O

“only the non-trivial components are shown
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Milne coordinates

Covariant derivatives: d,c" = 0,c" + 17, ¢”

with only the Christoffel symbols I7. =7 , TS. —TS — -

-
d.ct' =0, +T1% ¢
(no sum)[ d-c™ = 0.c" + 1] ¢’ =0,
ca s
d.cc =0,c+1I, ¢ =0;¢c +1: ¢ =0,c+ —
-

dec! = 0. + 1 _c”

(no sum) (dec™ = 0. + T ¢ = 0™ +T7 ¢ = 0™ + 7¢°
s T

dec® = 0ec® + 1, ¥ = 0.t + 15 . c™ = 0. + C?
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Milne coordinates

Covariant derivatives: d,c" = 0,c" + 17, ¢”

with only the Christoffel symbols I''. =7 , I =T: =

S |

d.c"'=0,c" +17 _c¥ = 0,c”
CC

o8 = 0rc +T5, ¢ = 0rc5 + T8, ¢5 = + —
.

dec” = 0™ + 1] ¥ = O.c” + 1] ¢ = O.c™ + 7t

T

1% 4-divergence: d,c’ =d,c” +dcc® = 0;c” + 0. + =
-
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Bjorken flow

1

4-velocity uM(x) = . in Milne coordinates

-

4-divergence: dyct = dre” +doc® = B¢ + Ot + C?

1
s du“”(x) = -
-
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Bjorken flow

1
4-velocity uM(x) = (O) in Milne coordinates

4-divergence: dyct = dre” +doc® = B¢ + Ot + C?

1
i dyut(x) = =
_
Projection of the 4-gradient on the velocity: u"(x)d, =u"(x)d, = d-

Equations of motion:

ut(x)de(x) + |e(x) + P(x)|d,u*(x) =0
() + P09 () (x) + [9 () + u(x) e ()], Px) = O

+ an equation of state P(x) = cs(x)?€(x) involving the speed of sound
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Bjorken flow

ut (x)de(x) + |e(x) + P(x)|d,u*(x) =0

o doe(x) - E(X)tf X _

or equivalently d,|Te(x)| = —P(x)

which simply relates the change in the energy in a comoving volume
(proportional to 7) to the work of pressure forces...

UNIVERSITAT

Hydrodynamics, Bielefeld, Spring term 2026 N.Borghini — 27/31 BIELEFELD

I Fakultat fur Physik



Bjorken flow

ut (x)de(x) + |e(x) + P(x)|d,u*(x) =0

 de(x) - E(X)tf X _

€(x) + 00T () () + [9(6) + 1 ()0 ()] dP(x) = 0
iF |e(x) + P(x)|d u”(x) + [g" (x) + uH (x)u” (x)|d, P(x) = 0

v=1: |e(x)+ P(x)|d,u"(x) = [e(x) + P(x)]0;u"(x) =0 already known

v =c¢: |e(x)+ P(x)|drus(x) + idgi’(x) = %6’§T(x) =0

T2 T

pressure is independent of space-time rapidity
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Bjorken flow

ut (x)de(x) + |e(x) + P(x)|d,u*(x) =0

o doe(x) - E(X)tf X _

Invoking the equation of state P(x) = cy(x)%¢(x)

and using d, = 0, when acting on scalar fields, one obtains

O-e(x) + |1+ co(x)?] ES—X) =0

Assuming from now on that the speed of sound is constant:

1 1
e P(x) s

€(x)
Both are independent of space-time rapidity
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Bjorken flow

Entropy conservation: d,|s(x)u*(x)| =0
T d.s(x) A it =0
T
: 1
which leads at once to $(X) o —
-

1 1
7-1—|—cg /

Together with €(x)

one obtains for temperature
1

2
TCs

T(x) o

Everything is independent of space-time rapidity!
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Bjorken flow

1 1 1

We have found €(x) T P(x) e $(X) .
1
and indirectly T'(x) o

For an ultrarelativistic gas ¢ < T* (Stefan-Boltzmann!), P o T*

5o 1

socT? (remember ¢+ P =Ts)and c 5 - Everything is OK!

s —
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