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N.Borghini — 2/19Hydrodynamics, Bielefeld, Spring term 2026

 Changing coordinates

 Covariant differentiation of vector and tensor fields

 Application (next week): Milne coordinates


Recipes, without proof nor attempt at rigor!

Curvilinear coordinates



Consider the (2D) plane with


 Cartesian coordinates      ≝         with associated basis vectors     
(.       ≝           — note the at first bizarre primed indices as well as 
their positions;                                               the reference!

 the usual polar coordinates       ≝         with the associated basis 

vectors         ≝          — here with unprimed indices. 


The position     of a point P of the plane may be denoted 


 

But you know that you would NOT write                          .      !

Motivation: 

an issue with polar coordinates
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<latexit sha1_base64="lqixBNDYlapB/S1vEfAVQBkYPYI="></latexit>

(x, y)
<latexit sha1_base64="bcrIAWoR8RNUd/AN5wFSAwbvJj4="></latexit>

(x1→, x2→)
<latexit sha1_base64="cSCMmKDQL9XgwHVB1sYLccB3vLo="></latexit>

(ωex,ωey)
<latexit sha1_base64="v6amJJJkkkB1SnFomKaTAhCADlk="></latexit>

(ωe1→ ,ωe2→)

<latexit sha1_base64="9QZv0yb3pk507T+SAVAxNfQrJ/4="></latexit>

(ωe1,ωe2)
<latexit sha1_base64="3fxU8j5qvseOuJZ/de9lAG7UVXo="></latexit>

(ωer,ωeω)

<latexit sha1_base64="hLTMM2Ghteje+VRWl7E6A0QtwPY="></latexit>

(r, ω)
<latexit sha1_base64="N7O5HDvO3sK7NrV432mDQLCHx/o="></latexit>

(x1, x2)

<latexit sha1_base64="VGLXe+MLmXqNHqQojadiuHFkp+k="></latexit>

ωR
<latexit sha1_base64="IkQSHmJMw6r09MwxOkXaMJm7a9c="></latexit>

ωR = xωex + yωey =
)︄

i→

xi→ωei→ = xi→ωei→

<latexit sha1_base64="W0r0xifegtKYhCUw94SaG8Hi5Es="></latexit>

ωR = rωer + εωeω = xiωei



If you look at two neighboring points P and P + dP and call     their 
separation, you will also write (Cartesian coordinates) 


And perhaps are you then ready to write (in polar coordinates)

 


so that at least one formula:


 

is valid in every coordinate system. 


Fine?  Let us see where this is leading to…

Motivation: 

an issue with polar coordinates
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<latexit sha1_base64="ojFFquExGTfEV2R4nABwKxw6ljA="></latexit>

dωR

<latexit sha1_base64="fHfS7DFjQ0vtjU7IrNrOTltR0kU="></latexit>

dωR = dxωex + dyωey =
)︄

i→

dxi→ωei→ = dxi→ωei→

<latexit sha1_base64="pbeUNvvH27SBv7d5077eAze+o3w="></latexit>

dωR = drωer + dεωeω

(1)
<latexit sha1_base64="eRygDDYDSrXOQMUO5Tg9sWEJ/Sw="></latexit>

dωR = dxiωei



It is tempting to write                  .

An issue is that we know how to express   as a function of the 
Cartesian coordinates    , but in general not in terms of arbitrary 
coordinates      . 

But… we generally know how to express the      in terms of the     a 
and reciprocally: functions                  and                 .


For instance: 

Separation vector between neighboring 
points in arbitrary coordinates

N.Borghini — 5/19Hydrodynamics, Bielefeld, Spring term 2026

r(x, y) =
p

x2 + y2 , ✓(x, y) = arctan(y/x)
<latexit sha1_base64="o3cbC1bZjONNpsXg/AZtxeE4skg="></latexit>

and x(r, ✓) = r cos ✓ , y(r, ✓) = r sin ✓
<latexit sha1_base64="i5PmQgv9VXfDPc0omBnQsKErD/4="></latexit>

d~R =
@ ~R

@xi
dxi

<latexit sha1_base64="zJqbLNJXAPCwZrdba2u+Bi1BUNE="></latexit>

{xi}
<latexit sha1_base64="5HrPUww7oviFPAhJ9gPTCrGe+ys="></latexit>

{xi0}
<latexit sha1_base64="mbSQAb6Xo53ZOdIujN2R65Fxc4s="></latexit>

{xi}
<latexit sha1_base64="5HrPUww7oviFPAhJ9gPTCrGe+ys="></latexit>

{xi0}
<latexit sha1_base64="mbSQAb6Xo53ZOdIujN2R65Fxc4s="></latexit>

xi
�
{xi0}

�
<latexit sha1_base64="5awdZRH9RbTKAlcUSh74YAs7K38="></latexit>

xi0
�
{xi}

�
<latexit sha1_base64="g8FKsGN10t9vB5dNGCqpG5kxfEY="></latexit>

<latexit sha1_base64="VGLXe+MLmXqNHqQojadiuHFkp+k="></latexit>

ωR



It is tempting to write                  .

An issue is that we know how to express   as a function of the 
Cartesian coordinates    , but in general not in terms of arbitrary 
coordinates      . 

But… we generally know how to express the      in terms of the     a 
and reciprocally: functions                  and                 .


 We may write 

and now differentiate w.r.t.    : 

d~R =
@xi0

@xi
~ei0dx

i

<latexit sha1_base64="D0Y8mtnIZp+BZ8XBzEwf042lZ5s="></latexit>

@ ~R

@xi
=

@xi0

@xi
~ei0

<latexit sha1_base64="RGlVBUP3gfWzKNKziFyMfcbrT2o="></latexit>
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⇒ (3)

Separation vector between neighboring 
points in arbitrary coordinates

d~R =
@ ~R

@xi
dxi

<latexit sha1_base64="zJqbLNJXAPCwZrdba2u+Bi1BUNE="></latexit>

{xi}
<latexit sha1_base64="5HrPUww7oviFPAhJ9gPTCrGe+ys="></latexit>

{xi0}
<latexit sha1_base64="mbSQAb6Xo53ZOdIujN2R65Fxc4s="></latexit>

{xi}
<latexit sha1_base64="5HrPUww7oviFPAhJ9gPTCrGe+ys="></latexit>

{xi0}
<latexit sha1_base64="mbSQAb6Xo53ZOdIujN2R65Fxc4s="></latexit>

xi
�
{xi0}

�
<latexit sha1_base64="5awdZRH9RbTKAlcUSh74YAs7K38="></latexit>

xi0
�
{xi}

�
<latexit sha1_base64="g8FKsGN10t9vB5dNGCqpG5kxfEY="></latexit>

~R
�
{xi}

�
= x

�
{xi}

�
~ex + y

�
{xi}

�
~ey = xi0

�
{xi}

�
~ei0

<latexit sha1_base64="F7otjEvWgnKbjJz64C4aTb1/hoY="></latexit>

<latexit sha1_base64="VGLXe+MLmXqNHqQojadiuHFkp+k="></latexit>

ωR

<latexit sha1_base64="jrrOqYyDVg25M+UAckblJtaE6cQ="></latexit>

xi



d~R =
@xi0

@xi
~ei0dx

i

<latexit sha1_base64="D0Y8mtnIZp+BZ8XBzEwf042lZ5s="></latexit>

Identifying Eqs. (1) and (3), we find the ‘‘proper’’ basis vectors     :


For the polar coordinates: 
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8
>>><

>>>:
<latexit sha1_base64="XORqoMl2kz1WQXYum3SXo9m7bVI="></latexit>

x(r, ✓) = r cos ✓ , y(r, ✓) = r sin ✓
<latexit sha1_base64="i5PmQgv9VXfDPc0omBnQsKErD/4="></latexit>

@x

@✓
= �r sin ✓ ,

@y

@✓
= r cos ✓ ) ~e✓ = �r sin ✓~ex + r cos ✓~ey

<latexit sha1_base64="rInY1JRIzGXUdheEIESBVKkkRY8="></latexit>

@x

@r
= cos ✓ ,

@y

@r
= sin ✓

<latexit sha1_base64="andU9P9EZgLouTRiUNrc8XRkKgA="></latexit>

) ~er = cos ✓~ex + sin ✓~ey
<latexit sha1_base64="ut/+IceFIBhQ+N4aM6T7zYBbtiY="></latexit>

Well    is fine and I knew it, but… this     is not normalized to 1!     "

Basis vectors of an arbitrary 
coordinate system

(4)
d~R = dxi~ei

<latexit sha1_base64="wro4Pcpg2R4ye8Jcg3c0FsK7Z1o="></latexit>

~ei =
@xi0

@xi
~ei0

<latexit sha1_base64="UbyboN6ks1qc+JtdiPy/4aofJlo="></latexit>

{~ei}
<latexit sha1_base64="sVJTw3fLNurNpYyV61zNLL/V7w4="></latexit>

<latexit sha1_base64="GJehp7B6iAePy4W7KYY8iGKhEr4="></latexit>

ωer
<latexit sha1_base64="yOQOpxyg248A+8rUwC6B75Nqpjs="></latexit>

ωeω



For the polar coordinates: 

Motivation: 

a problem with polar coordinates
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x(r, ✓) = r cos ✓ , y(r, ✓) = r sin ✓
<latexit sha1_base64="i5PmQgv9VXfDPc0omBnQsKErD/4="></latexit>

Well    is fine and I knew it, but… this     is not normalized to 1!     "

~er = cos ✓~ex + sin ✓~ey
<latexit sha1_base64="hZ2xHahJnDj50NBb+ByC6ihiQz4="></latexit>

~e✓ = �r sin ✓~ex + r cos ✓~ey
<latexit sha1_base64="aOvvxv4Y+BsCHNDcgfD80jHhK7Y="></latexit>

Indeed! But who said it should?                                            #

Now    is well-behaved in the limit    → 0, when    is not defined: isn’t 
this a nice feature, worth discarding the normalization?               $

OK, we’ll live with it…(the perplexed students):

<latexit sha1_base64="yOQOpxyg248A+8rUwC6B75Nqpjs="></latexit>

ωeω
<latexit sha1_base64="GJehp7B6iAePy4W7KYY8iGKhEr4="></latexit>

ωer

<latexit sha1_base64="yOQOpxyg248A+8rUwC6B75Nqpjs="></latexit>

ωeω
<latexit sha1_base64="/sZgaXx1F6PywQ4FRpVVy4lkLlM="></latexit>

ω
<latexit sha1_base64="aUFv/V2T4zjf9MFwSOzK8RlNef8="></latexit>r

% 



* Using the expressions of    ,    in terms of    ,   , since we know how 
to compute the scalar product in Cartesian coordinates.

<latexit sha1_base64="eRygDDYDSrXOQMUO5Tg9sWEJ/Sw="></latexit>

dωR = dxiωei

g11 = grr = 1 , g22 = g✓✓ = r2 , gr✓ = g✓r = 0
<latexit sha1_base64="n1l25OHf3pp2fZql1aDLmRwsUCI="></latexit>
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Metric tensor
Start from eq.(1):                 and square it:

Define                  and replace:

 Cartesian coordinates: 

 Polar coordinates:* 

, d~R 2 = (dr)2 + r2(d✓)2
<latexit sha1_base64="IkejnVfl3BORRVej8WbyzKHZFsM="></latexit>

gi0j0 = �i0j0 , d~R 2 = (dx)2 + (dy)2
<latexit sha1_base64="zbQsfgHP1WhYkDKmETzXsauUKCo="></latexit>

looks familiar…
      is called metric tensor. 


(More precisely, these are its components, but let’s not be picky today).

d~R 2 =
�
dxi~ei

�
·
�
dxj~ej

�
=

�
~ei ·~ej

�
dxi dxj

<latexit sha1_base64="zqJ3dRaDHac/1QfhBHcGlakyg5Q="></latexit>

gij ⌘ ~ei ·~ej
<latexit sha1_base64="FN9jnSclYGGUue0fycm1qsw09d4="></latexit>

d~R 2 = gij dx
i dxj

<latexit sha1_base64="HkVIAY0vyR0/7KC/OUm6Oz7qU90="></latexit>

<latexit sha1_base64="O314Aqp0jQfY5AI8yp1IWRFk1BE=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwVRKR6koKbgQ3FewDailJOq3TpklMJmItXfkDbvXHxD/Qv/DOOAW1iE5Icubce87MvdeNfJ4Iy3rNGHPzC4tL2eXcyura+kZ+c6uWhGnssaoX+mHccJ2E+TxgVcGFzxpRzJyh67O6OziV8fotixMeBpdiFLHW0OkFvMs9RxBV67XHvD9p5wtW0VLLnAW2BgXoVQnzL7hCByE8pBiCIY Ag7MNBQk8TNixExLUwJi4mxFWcYYIcaVPKYpThEDugb492Tc0GtJeeiVJ7dIpPb0xKE3ukCSkvJixPM1U8Vc6S/c17rDzl3Ub0d7XXkFiBa2L/0k0z/6uTtQh0caxq4FRTpBhZnaddUtUVeXPzS1WCHCLiJO5QPCbsKeW0z6bSJKp22VtHxd9UpmTl3tO5Kd7lLWnA9s9xzoLaQdEuFUsXh4XyiR51FjvYxT7N8whlnKGCKnn38YgnPBvnxo1xZ9x/phoZrdnGt2U8fAAsNJHP</latexit>gij

<latexit sha1_base64="GJehp7B6iAePy4W7KYY8iGKhEr4="></latexit>

ωer
<latexit sha1_base64="yOQOpxyg248A+8rUwC6B75Nqpjs="></latexit>

ωeω
<latexit sha1_base64="9IyjbRf2LjR7jWYVeyBV6rsru90="></latexit>

ωex
<latexit sha1_base64="rmULKrcRT2YAyArdRW2a5W0L+/0="></latexit>

ωey
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Metric tensor and its inverse
Define     such that its ‘‘product’’ (more accurately: contraction) with the 
metric tensor equals the identity:


      is called the inverse metric tensor.

Cartesian coordinates:                   ; polar coordinates:               ,                  .

gij  and     can be used to lower / raise indices: 

 No impact on Cartesian components.

 In polar coordinates: no impact on   -components, but    -components 

vary.


 What does it mean?  Not much today…

gijgjk = �ik
<latexit sha1_base64="TWms6EKfc2R1r03sumbeO/bnrYY="></latexit>

<latexit sha1_base64="IALTocrEo0OvCNPklvy7FTlWQi0="></latexit>

gij

<latexit sha1_base64="IALTocrEo0OvCNPklvy7FTlWQi0="></latexit>

gij

<latexit sha1_base64="zLV6bm1pCd8RF/j4DqaBzjrQfsU="></latexit>

gi
→j→ = ωi

→j→
<latexit sha1_base64="/0baD3cuhJMofESZhDYwHcN7v7U="></latexit>

grr = 1 gωω =
1

r2
<latexit sha1_base64="O314Aqp0jQfY5AI8yp1IWRFk1BE=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwVRKR6koKbgQ3FewDailJOq3TpklMJmItXfkDbvXHxD/Qv/DOOAW1iE5Icubce87MvdeNfJ4Iy3rNGHPzC4tL2eXcyura+kZ+c6uWhGnssaoX+mHccJ2E+TxgVcGFzxpRzJyh67O6OziV8fotixMeBpdiFLHW0OkFvMs9RxBV67XHvD9p5wtW0VLLnAW2BgXoVQnzL7hCByE8pBiCIY Ag7MNBQk8TNixExLUwJi4mxFWcYYIcaVPKYpThEDugb492Tc0GtJeeiVJ7dIpPb0xKE3ukCSkvJixPM1U8Vc6S/c17rDzl3Ub0d7XXkFiBa2L/0k0z/6uTtQh0caxq4FRTpBhZnaddUtUVeXPzS1WCHCLiJO5QPCbsKeW0z6bSJKp22VtHxd9UpmTl3tO5Kd7lLWnA9s9xzoLaQdEuFUsXh4XyiR51FjvYxT7N8whlnKGCKnn38YgnPBvnxo1xZ9x/phoZrdnGt2U8fAAsNJHP</latexit>gij

<latexit sha1_base64="IALTocrEo0OvCNPklvy7FTlWQi0="></latexit>

gij

<latexit sha1_base64="aUFv/V2T4zjf9MFwSOzK8RlNef8="></latexit>r
<latexit sha1_base64="/sZgaXx1F6PywQ4FRpVVy4lkLlM="></latexit>

ω



Starting from coordinates        with orthogonal* and normalized* basis 
vectors      , one goes to alternative coordinates      : 

 with the basis vectors                 such that                holds

 and the metric tensor                 such that                      .


We may do that:
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Next step: generalize!

d~R = dxi~ei
<latexit sha1_base64="wro4Pcpg2R4ye8Jcg3c0FsK7Z1o="></latexit>

gij ⌘ ~ei ·~ej
<latexit sha1_base64="FN9jnSclYGGUue0fycm1qsw09d4="></latexit>

~ei =
@xi0

@xi
~ei0

<latexit sha1_base64="UbyboN6ks1qc+JtdiPy/4aofJlo="></latexit>

d~R 2 = gij dx
i dxj

<latexit sha1_base64="HkVIAY0vyR0/7KC/OUm6Oz7qU90="></latexit>

{xi}
<latexit sha1_base64="5HrPUww7oviFPAhJ9gPTCrGe+ys="></latexit>

{xi0}
<latexit sha1_base64="mbSQAb6Xo53ZOdIujN2R65Fxc4s="></latexit>

{~ei0}
<latexit sha1_base64="bXuCwqmbMDidIDkw1xYv4Ya/CUc="></latexit>

* Using the appropriate (pseudo)scalar product encoded in 

 … in 2-dimensional Euclidean space:       = diag(+1, +1)

 … in 3-dimensional Euclidean space:       = diag(+1, +1, +1)

 … in 4-dimensional Minkowski space:       = diag(-1, +1, +1, +1)

gi0j0
<latexit sha1_base64="NFuKusWUZxVdUUav7p0x3+nF0JA="></latexit>

gi0j0
<latexit sha1_base64="NFuKusWUZxVdUUav7p0x3+nF0JA="></latexit>

gi0j0
<latexit sha1_base64="NFuKusWUZxVdUUav7p0x3+nF0JA="></latexit>

gi0j0
<latexit sha1_base64="NFuKusWUZxVdUUav7p0x3+nF0JA="></latexit>



Second motivation: 

another issue with polar coordinates
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How should one differentiate?


Consider a (smooth enough) function   . 

Its derivatives are supposed to measure the variations of the function 
in the various respective directions:


and so on…

f(x+ �x, y) ' f(x, y) +
@f

@x
�x

<latexit sha1_base64="WIUI7TzobC3+D+w2LGPMEfd55Lw="></latexit>

<latexit sha1_base64="4bWF/R8jDUU04OXUxnAIb5xexaE="></latexit>

f



Second motivation: 

another issue with polar coordinates

N.Borghini — 11/19Hydrodynamics, Bielefeld, Spring term 2026

How should one differentiate?


Consider a (smooth enough) function        . 

Its derivatives are supposed to measure the variations of the function 
in the various respective directions:


and so on…

f(r, ✓)
<latexit sha1_base64="HF7w+EUuzSvPhLfIUz9CDD2c0dI="></latexit>

f(r, ✓ + �✓) ' f(r, ✓) +
@f

@✓
�✓

<latexit sha1_base64="Z20YN+LjT6Nh6EI8S0j/DeI6O50="></latexit>



Second motivation: 

another issue with polar coordinates
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For instance:


with (slide 6)                            and

~f(r, ✓) = cos ✓~er �
sin ✓

r
~e✓

<latexit sha1_base64="/nIoss+8BQHKzUUHsWBYoABoNOg="></latexit>

~er = cos ✓~ex + sin ✓~ey
<latexit sha1_base64="hZ2xHahJnDj50NBb+ByC6ihiQz4="></latexit>

~e✓ = �r sin ✓~ex + r cos ✓~ey
<latexit sha1_base64="aOvvxv4Y+BsCHNDcgfD80jHhK7Y="></latexit>

Let us differentiate:


OK, fine!

@ ~f(r, ✓)

@✓
=

@ cos ✓

@✓
~er �

1

r

@ sin ✓

@✓
~e✓ = � sin ✓~er �

cos ✓

r
~e✓

<latexit sha1_base64="csovtf4bgSlfBdyMPfcEwfklsI0="></latexit>

Wait!

= cos ✓
�
cos ✓~ex + sin ✓~ey

�
� sin ✓

r

�
� r sin ✓~ex + r cos ✓~ey

�
<latexit sha1_base64="gV0rg8+mw20krf54CMeiojD7Tds="></latexit>

~f(r, ✓) = cos ✓~er �
sin ✓

r
~e✓

<latexit sha1_base64="/nIoss+8BQHKzUUHsWBYoABoNOg="></latexit>

= ~ex
<latexit sha1_base64="oc/hHrwrRS2HfvPjuttS+6PiBeY="></latexit>

= constant! How can its derivative be ≠ 0?



Second motivation: 

another issue with polar coordinates
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For instance:


with (slide 6)                            and

~f(r, ✓) = cos ✓~er �
sin ✓

r
~e✓

<latexit sha1_base64="/nIoss+8BQHKzUUHsWBYoABoNOg="></latexit>

~er = cos ✓~ex + sin ✓~ey
<latexit sha1_base64="hZ2xHahJnDj50NBb+ByC6ihiQz4="></latexit>

~e✓ = �r sin ✓~ex + r cos ✓~ey
<latexit sha1_base64="aOvvxv4Y+BsCHNDcgfD80jHhK7Y="></latexit>

Let us differentiate:


OK, fine!

@ ~f(r, ✓)

@✓
=

@ cos ✓

@✓
~er �

1

r

@ sin ✓

@✓
~e✓ = � sin ✓~er �

cos ✓

r
~e✓

<latexit sha1_base64="csovtf4bgSlfBdyMPfcEwfklsI0="></latexit>

Wait!

= cos ✓
�
cos ✓~ex + sin ✓~ey

�
� sin ✓

r

�
� r sin ✓~ex + r cos ✓~ey

�
<latexit sha1_base64="gV0rg8+mw20krf54CMeiojD7Tds="></latexit>

~f(r, ✓) = cos ✓~er �
sin ✓

r
~e✓

<latexit sha1_base64="/nIoss+8BQHKzUUHsWBYoABoNOg="></latexit>

= ~ex
<latexit sha1_base64="oc/hHrwrRS2HfvPjuttS+6PiBeY="></latexit>

= constant! How can its derivative be ≠ 0

are also functions of       !

Use the product rule!

<latexit sha1_base64="gnJ3gM5+mWZCEhdQfsVWVcT1bSY="></latexit>

(r, ω)



Second motivation: 

another issue with polar coordinates
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For instance: vector field


To differentiate w.r.t.    or   , one must not forget to differentiate the 
basis vectors… 


Every time? But that is time-consuming!


There is a nice trick!

~c(r, ✓) = cr(r, ✓)~er(r, ✓) + c✓(r, ✓)~e✓(r, ✓)
<latexit sha1_base64="WMaBaD4yFQQZE2dfycm8T2csUqM="></latexit>

<latexit sha1_base64="aUFv/V2T4zjf9MFwSOzK8RlNef8="></latexit>r
<latexit sha1_base64="/sZgaXx1F6PywQ4FRpVVy4lkLlM="></latexit>

ω



~c(P ) = ci(P )~ei(P )
<latexit sha1_base64="IuJd0ILYD4LgUpkt//VM3EZO1Dk="></latexit>

Consider now a vector field


One has                           with 
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Covariant derivative
Consider the (position dependent: P) basis vectors       associated 
with coordinates       .

The partial derivative           is itself a vector at P:


 can be written as linear combination of the          :  

 


with coefficients     : Christoffel symbols.        (symmetric under i ↔ j)

{~ei(P )}
<latexit sha1_base64="5tNQtUyXf9VlkqGbYENmQjcJnvc="></latexit>

{xi}
<latexit sha1_base64="5HrPUww7oviFPAhJ9gPTCrGe+ys="></latexit>

@~ei(P )

@xj
<latexit sha1_base64="MT7Je3bOsbdbQvgWG31W/pXCjyQ="></latexit>

{~ei(P )}
<latexit sha1_base64="5tNQtUyXf9VlkqGbYENmQjcJnvc="></latexit>

@~ei(P )

@xj
= �k

ij(P )~ek(P )
<latexit sha1_base64="WCAlDjzqLCGF/7IycifQfIq8XJ4="></latexit>

�k
ij

<latexit sha1_base64="5fL/QCiX05A0YiEmNhVUPlROJs8="></latexit>

dci(P )

dxj
⌘ @ci(P )

@xj
+ �i

jk(P )ck(P )
<latexit sha1_base64="e5XTqkhRKiXSEI3q8uzmodFHytQ="></latexit>

@~c(P )

@xj
=

dci(P )

dxj
~ei(P )

<latexit sha1_base64="jl7Z0uSyxGemcYDnnBg4dtGjuFc="></latexit>



~c(P ) = ci(P )~ei(P )
<latexit sha1_base64="IuJd0ILYD4LgUpkt//VM3EZO1Dk="></latexit>
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Covariant derivative

For a vector field                     one has                        with 
the covariant derivatives

dci(P )

dxj
⌘ @ci(P )

@xj
+ �i

jk(P )ck(P )
<latexit sha1_base64="e5XTqkhRKiXSEI3q8uzmodFHytQ="></latexit>

@~c(P )

@xj
=

@ci(P )

@xj
~ei(P ) + ci(P )

@~ei(P )

@xj
=

@ci(P )

@xj
~ei(P ) + ci(P )�k

ij(P )~ek(P )
<latexit sha1_base64="4PTBpaOPe4QMi6eYR2mgKau45B4=">AAAD1HictVFNT9wwEJ0QvroUWOixF4sVEhVolQUkuICQemiPi8QuSIRdOcYLZvMlx0GgkBPiyh/g2v6mqv+g/ReMjUELS1UuOEoyfvPeG48nSEORKc/77Yy4o2PjE5MfKlMfp2dmq3Pz7SzJJeMtloSJPAhoxkMR85YSKuQHqeQ0CkK+H/S/6vz+OZeZSOI9dZnyo4iexKInGFUIdeecGb8nKSv8lEolaOifc1awcqn5pXzCyE XnrCRbpEJwPacT1hHDXGPiy4jwsqvTZNlIiWW/UnGA/I51V/xvNIpop98txFn5gAxI+oh0qzWv7plFhoOGDWpgVzOp/gIfjiEBBjlEwCEGhXEIFDJ8DqEBHqSIHUGBmMRImDyHEiqozZHFkUER7eP3BHeHFo1xrz0zo2ZYJcRXopLAImoS5EmMdTVi8rlx1ui/vAvjqc92if/AekWIKjhF9H+6R+ZbdboXBT3YND0I7Ck1iO6OWZfc3Io+ORnoSqFDipiOjzEvMWZG+XjPxGgy07u+W2ryfwxTo3rPLDeHv/qUOODGy3EOB+3VemOtvrq7XtvZtqOehM+wAEs4zw3Yge/QhBYwJ3funB/OT7ftXrnX7s0DdcSxmk/wbLm394LY7D8=</latexit>

Proof:

ci�k
ij~ek = ck �i

jk~ei
<latexit sha1_base64="5hYoxeKt0ihdi9SD9zfaipellzY="></latexit>

8>>><>>>:<latexit sha1_base64="XORqoMl2kz1WQXYum3SXo9m7bVI="></latexit>

@~c(P )

@xj
=

@ci(P )

@xj
~ei(P ) + ck(P )�i

jk(P )~ei(P ) =
dci(P )

dxj
~ei(P )

<latexit sha1_base64="n8s+ihVKjzRG+lDKMvwlS34xLvM="></latexit>

@~c(P )

@xj
=

dci(P )

dxj
~ei(P )

<latexit sha1_base64="jl7Z0uSyxGemcYDnnBg4dtGjuFc="></latexit>



From 

one computes


These derivatives are linear combinations                          with 
the Christoffel symbols
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Covariant derivative: polar coordinates

~er(r, ✓) = cos ✓~ex + sin ✓~ey , ~e✓(r, ✓) = �r sin ✓~ex + r cos ✓~ey
<latexit sha1_base64="OHZ3jIXFynNAmBbioDrrqVt4fWQ="></latexit>

�r
rr = �✓

rr = 0, �✓
r✓ = �✓

✓r =
1

r
, �r

✓✓ = �r, �r
r✓ = �r

✓r = 0, �✓
✓✓ = 0

<latexit sha1_base64="P5PPiYriRI6PdH+6bQkH0chVyuw="></latexit>

@~ei(P )

@xj
= �k

ij(P )~ek(P )
<latexit sha1_base64="WCAlDjzqLCGF/7IycifQfIq8XJ4="></latexit>

@~er(r, ✓)

@r
=~0 ,

@~er(r, ✓)

@✓
=

1

r
~e✓(r, ✓) ,

@~e✓(r, ✓)

@r
=

1

r
~e✓(r, ✓) ,

@~e✓(r, ✓)

@✓
=�r~er(r, ✓)

<latexit sha1_base64="tr319okWKzdUjiPbNEoM+zP92yQ="></latexit>

dci

dr
=

@ci

@r
+ �i

rkc
k =

@ci

@r
+ �i

r✓c
✓ =

@ci

@r
+

c✓

r
�i✓

<latexit sha1_base64="Rroqxgw6FWUJkDwW3Js+6DKe6Gw="></latexit>

8
>>>>>><

>>>>>>:
<latexit sha1_base64="3fp2S4/0KGv6OLmCvF8ggKaAWzw="></latexit>

dci

d✓
=

@ci

@✓
+ �i

✓kc
k =

@ci

@✓
+ �i

✓rc
r + �i

✓✓c
✓ =

@ci

@✓
+

cr

r
�i✓ � rc✓�ir

<latexit sha1_base64="oEP4Kws3IDdfJUBAzXj+Lb+Ehao="></latexit>



Consider again the example


i.e. with components 


and let us compute the covariant derivatives w.r.t r and 𝜃:

 w.r.t   :                       gives                    ,


 w.r.t.   :                                gives


All covariant derivatives vanish!                                             &
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Covariant derivative: polar coordinates

dci

d✓
=

@ci

@✓
+

cr

r
�i✓ � c✓�ir

<latexit sha1_base64="ylH2jLM42/q/c9njtC9VvZdvgjk="></latexit>

dci

dr
=

@ci

@r
+

c✓

r
�i✓

<latexit sha1_base64="7tXO/7jI/NMTeH7+pUtti2ZCgP0="></latexit>

~c(r, ✓) = cos ✓~er �
sin ✓

r
~e✓

�
= ~ex

�
<latexit sha1_base64="DyFfnwR2THeDkTkTq509x5Hood8="></latexit>

cr = cos ✓ , c✓ = � sin ✓

r
<latexit sha1_base64="AtIiMX1HheVH6lEbodSzIAmy+v4="></latexit>

dcr

dr
=

@cr

@r
= 0

<latexit sha1_base64="IqJ5r2lO2ZheoqaRn/N8HGOOcPk="></latexit>

dc✓

dr
=

@c✓

@r
+

c✓

r
= 0

<latexit sha1_base64="ytPlQtvOKuS/BukP5W3BXXjR1Xg="></latexit>

dc✓

d✓
=

@c✓

@✓
+

cr

r
= 0

<latexit sha1_base64="7fdc5nOTcauXA7ke4HRsje0MJlY="></latexit>

anddcr

d✓
=

@cr

@✓
� rc✓ = 0

<latexit sha1_base64="ip7KyigM7FKbtUS/ZrsQDUE9yws="></latexit>

<latexit sha1_base64="aUFv/V2T4zjf9MFwSOzK8RlNef8="></latexit>r

<latexit sha1_base64="/sZgaXx1F6PywQ4FRpVVy4lkLlM="></latexit>

ω
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Covariant derivative: 

rules for arbitrary tensor fields

 Scalar field: 


 ‘‘Contravariant vector’’: 


 ‘‘Covariant vector’’:


 Arbitrary (m contra-, n covariant indices) tensor field: 

dci(P )

dxj
⌘ @ci(P )

@xj
+ �i

jk(P )ck(P )
<latexit sha1_base64="e5XTqkhRKiXSEI3q8uzmodFHytQ="></latexit>

dc(P )

dxj
⌘ @c(P )

@xj
<latexit sha1_base64="8UualbcXSpxOECixG+psq6eEMD4="></latexit>

dci(P )

dxj
⌘ @ci(P )

@xj
� �k

ij(P )ck(P )
<latexit sha1_base64="xSmn9vRqReIYfMR15ZLG9UdVCJ0="></latexit>

dTTTi1···im
j1...jn

(P )

dxk
=

@TTTi1···im
j1...jn

(P )

@xk
+ �i1

kl(P )TTTli2···im
j1...jn

(P ) + · · ·+ �im
kl (P )TTTi1···im�1l

j1...jn
(P )

� �l
j1k(P )TTTi1···im

lj2...jn
(P )� · · ·� �l

jnk(P )TTTi1···im
j1...jn�1l

(P )
<latexit sha1_base64="pNU3PpFFtuWse2fb8KFXJxwmoGw="></latexit>
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A last formula

To compute the Christoffel symbols with the help of the metric tensor 
and its inverse    no need to go back to the expression of the basis 
vectors       in terms of those of the Cartesian / Minkowski basis. {~ei}

<latexit sha1_base64="sVJTw3fLNurNpYyV61zNLL/V7w4="></latexit>

�k
ij(P ) =

1

2
gkl(P )


@gjl(P )

@xi
+

@gil(P )

@xj
� @gij(P )

@xl

�

<latexit sha1_base64="dHb0MyoxCRoLZRcmzf09UX8I404="></latexit>

  easy to automatize (symbolic algebra programs) 


