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mass in the mean flow is thus

Ėdiss. =

*
3X

i,j=1

v0iv0jSSSij

+
⇠

v3c
Lc

. (VII.17)

This grows like the third power of the typical velocity, i.e. faster than v2c , as was mentioned at the
end of §VII.1.1 a for the turbulent regime of the Hagen–Poiseuille flow. In addition, this energy
dissipation rate is actually independent of the properties (mass density, viscosity. . . ) of the flowing
fluid: turbulence is a characteristic of the motion, not of the fluid itself.

Eventually, the middle term in Eq. (VII.17) must be negative, so that the energy really flows
from the mean flow to the turbulent motion, not in the other direction!

Remark: Looking naively at the definition of the Reynolds number, the limit of an infinitely large
Re corresponds to the case of a vanishing shear viscosity, that is, to the model of a perfect fluid.
As was just discussed, this is clearly not the case: with growing Reynolds number, i.e. increasing
influence of the turbulent motion, the number of eddies in the flow also increases, in which energy
is dissipated into heat. In contrast, the kinetic energy is conserved in the flow of a perfect fluid.
The solution to this apparent paradox is simply that with increasing Reynolds number, the velocity
gradients in the flow also increase. In the incompressible Navier–Stokes equation, the growth of 4~v
compensates the decrease of the viscosity ⌫, so that the corresponding term does not disappear and
the Navier–Stokes equation does not simplify to the Euler equation.

VII.1.4 Necessity of a statistical approach
As noted above, the evolution equation for the mean flow involves the Reynolds stress, for which

no similar equation has been determined yet.
A first, natural solution is simply to write down the evolution equation for the turbulent velocity

~v0(t,~r), see Eq. (VII.25) below. Invoking then the identity
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one can derive a dynamical equation for TTTR, the so-called Reynolds-stress equation(lxviii), which in
component form reads
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Irrespective of the physical interpretation of each of the terms in this equation, an important issue
is that the evolution of ⇢v0iv0j involves a contribution from the components ⇢v0iv0jv0k of a tensor of
degree 3. In turn, the evolution of ⇢v0iv0jv0k involves the tensor with components ⇢v0iv0jv0kv0l, and
so on: at each step, the appearance of a tensor of higher degree simply reflects the nonlinearity of
the Navier–Stokes equation.

All in all, the incompressible Navier–Stokes equation (VII.8) is thus equivalent to an infinite
hierarchy of equations relating the successive n-point autocorrelation functions of the fluctuations
of the velocity field. Any subset of this hierarchy is not closed and involves more unknown fields
than equations. A closure prescription, based on some physical assumption, is therefore necessary to
obtain a description with a finite number of equations governing the (lower-order) autocorrelation
functions. Such an approach is presented in Sec. VII.2.
(lxviii)Reynolds-Spannungsgleichung
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An alternative possibility is to assume directly some ansatz for the statistical behavior of the
turbulent velocity, especially for its general two-point autocorrelation function, of which the equal-
time and position correlator v0i(t,~r)v0j(t,~r) is only a special case. This avenue will be pursued in
Sec. VII.3.

VII.2 Model of the turbulent viscosity
A first possibility to close the system of equations describing turbulence consists in using the phe-
nomenological concept of turbulent viscosity , which is introduced in § VII.2.1, and for which various
models are quickly presented in § VII.2.2–VII.2.4.

VII.2.1 Turbulent viscosity
The basic idea underlying the model is to consider that at the level of the mean flow, the

effect of the “turbulent friction” is to redistribute momentum from the high mean-velocity regions
towards those with a smaller mean velocity, in the form of a diffusive transport. Accordingly, the
traceless part of the turbulent Reynolds stress is dealt with like the corresponding part of the viscous
stress tensor (III.30e), and assumed to be proportional to the rate-of-shear tensor of the mean flow
(Boussinesq(bk) hypothesis:

TTTR(t,~r)� Tr
⇥
TTTR(t,~r)

⇤
g�1(t,~r) ⌘ �2⇢⌫turb.(t,~r)SSS(t,~r), (VII.19a)

where the proportionality factor involves the (kinematic) turbulent viscosity or eddy viscosity(45)

⌫turb, which a priori depends on time and position. In terms of components in a coordinate system,
and replacing the Reynolds stress and its trace by their expressions in terms of the fluctuating
velocity, this reads

⇢ v0i(t,~r) v0j(t,~r)�
1

3
⇢ [~v0(t,~r)]2 gij(t,~r) ⌘ �2⇢⌫turb(t,~r)SSSij(t,~r). (VII.19b)

Using the ansatz (VII.19) and invoking the incompressibility of the mean flow, which results in the
identity ~r ·SSS = 1

24~v, the Reynolds equation (VII.9) can be rewritten as
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with the effective viscosity
⌫e↵(t,~r) = ⌫ + ⌫turb(t,~r), (VII.21)

while the term in curly brackets may be seen as the ratio of an effective pressure over the mass
density.

Even if the intrinsic fluid properties, in particular its kinematic viscosity ⌫, are assumed to
be constant and uniform throughout the fluid, this does not hold for the turbulent and effective
viscosities ⌫turb, ⌫e↵ , because they model not only the fluid, but also its flow—which is time and
position dependent.

Either starting from Eq. (VII.20) multiplied by ~v, or substituting the Reynolds stress with the
ansatz (VII.19) in Eq. (VII.14), one can derive the equation governing the evolution of the kinetic
energy of the mean flow. In particular, one finds that the dissipative term now reads

Ėdiss = 2⌫e↵SSS : SSS = 2⌫e↵

3X

i,j=1

SSSijSSSij .

(45)turbulente Viskosität, Wirbelviskosität
(bk)J. Boussinesq, 1842–1929
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VII.3 Statistical description of turbulence
Instead of handling the turbulent part of the motion like a source of momentum or a sink of kinetic
energy for the mean flow, another approach consists in considering its dynamics more carefully
(§ VII.3.1). As already discussed in § VII.1.4, this automatically involves higher-order autocorre-
lation functions of the fluctuating velocity, which hints at the interest of looking at the general
autocorrelation functions, rather than just their values at equal times and equal positions. This
more general approach allows on the one hand to determine length scales of relevance for turbu-
lence (§ VII.3.2), and on the other hand to motivate a statistical theory of (isotropic) turbulence
(§ VII.3.3).

VII.3.1 Dynamics of the turbulent motion
Starting from the incompressible Navier–Stokes equation (VII.8) for the “total” flow velocity ~v

and subtracting from it the Reynolds-averaged equation (VII.9) for the mean flow, one finds the
dynamical equation governing the evolution of the turbulent velocity ~v0, namely [for brevity, the
(t,~r)-dependence of the fields is omitted]
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Equivalently, after dividing by ⇢ and projecting along the xi-axis of a coordinate system, one may
write
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One recognizes on the left hand side of those equations the material derivative of the fluctuating
velocity following the mean flow, D~v0/Dt.

From the turbulent Navier–Stokes equation (VII.25), one finds for the average kinetic energy
per unit mass of the fluctuating motion k0 ⌘ 1

2~v
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with SSS
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gij ~r ·~v0

◆
the components of the fluctuating rate-of-shear tensor.

• The first term on the right hand side describes a turbulent yet conservative transport—due
to pressure, convective transport by the fluctuating flow itself, or diffusive transport due the
viscous friction—, mixing the various length scales: the kinetic energy is transported without
loss from the large scales, comparable to that of the variations of the mean flow, to the smaller
ones. This process is referred to as energy cascade.

• The second term describes the “creation” of turbulent kinetic energy, which is actually ex-
tracted from the mean flow: it is precisely—up to the sign!—the loss term in Eq. (VII.16)
describing the transport of kinetic energy in the mean flow.

• Eventually, the rightmost term in Eq. (VII.26) represents the average energy dissipated as
heat by the viscous friction forces, and will hereafter be denoted as Ėdiss..

In a statistically homogeneous and stationary turbulent flow, the amount of energy dissipated
by viscous friction equals that extracted by turbulence from the mean flow, i.e.

�
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SSS0ijSSS
0
ij
. (VII.27)
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VII.3.2 Characteristic length scales of turbulence

::::::::
VII.3.2 a

::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
Two-point autocorrelation function of the turbulent velocity fluctuations

The fluctuations of the turbulent velocity~v0 are governed by an unknown probability distribution.
Instead of knowing the latter, it is equivalent to rely on the (auto)correlation functions


(n)
i1i2...in

(t1,~r1; t2,~r2; . . . ; tn,~rn) ⌘ v0
i1
(t1,~r1) v0i2(t2,~r2) · · · v

0
in
(tn,~rn) ,

in which the components of fluctuations at different instants and positions are correlated with each
other. Remember that the 1-point averages vanish, Eq. (VII.4).

The knowledge of all n-point autocorrelation functions is equivalent to that of the probability
distribution. Yet the simplest—both from the experimental point of view as well as in numerical
simulations—of these functions are the two-point autocorrelation functions [32]


(2)
ij

(t,~r; t0,~r0) ⌘ v0
i
(t,~r) v0

j
(t0,~r0) , (VII.28)

which will hereafter be considered only at equal times t0 = t.
In the case of a statistically stationary turbulent flow,(46) the 2-point autocorrelation functions


(2)
ij

(t,~r; t0,~r0) only depend on the time difference t0 � t, which vanishes if both instants are equal,
yielding a function of~r, ~r0 only. If the turbulence is in addition statistically homogeneous(46)—which
necessitates that one considers the flow far from any wall or obstacle, although this does not yet
constitute a sufficient condition—, then the 2-point autocorrelation function only depends on the
separation ~X ⌘ ~r0 �~r of the two positions:

ij( ~X) = v0
i
(t,~r) v0

j
(t,~r + ~X) . (VII.29)

If the turbulence is statistically locally isotropic,(46) the tensor ij only depends on the distance
X ⌘ | ~X| between the two points. Such a statistical local isotropy often represents a good assumption
for the structure of the turbulent motion on small scales—again, far from the boundaries of the
flow—and will be assumed hereafter.

Consider two points at ~r and ~r + ~X. Let ~ek denote a unit vector along ~X, ~e? a unit vector in
a direction orthogonal to ~ek, and ~e 0? perpendicular to both ~ek and ~e?. The component v0k of the
turbulent velocity—at ~r or ~r + ~X—along ~ek is referred to as “longitudinal”, those along ~e? or ~e 0?
(v0?, v0?0) as “lateral”.

The autocorrelation function (VII.29) can be expressed with the help of the two-point functions
k(X) ⌘ v0k(t,~r) v

0
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0
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0
?0(t,~r + ~X) as

ij(X) =
XiXj

~X2

⇥
k(X)� ?(X)

⇤
+ ?(X) �ij + 0?(X)
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X
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with {Xi} the Cartesian components of ~X, where the last term vanishes for statistically space-parity
invariant turbulence,(47) which is assumed to be the case from now on.(48)

Multiplying the incompressibility condition ~r ·~v0 = 0 with v0
j

and averaging yields
3X
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= 0,

resulting in the identity

?(X) = k(X) +
X

2

dk(X)

dX
.

(46)This means that the probability distribution of the velocity fluctuations~v0 is stationary (time-independent) resp.
homogeneous (position-independent) resp. locally isotropic (the same for all Cartesian components of~v0).

(47)Invariance under the space-parity operation is sometimes considered to be part of the isotropy, sometimes not. . .
(48)In presence of a magnetic field—i.e. in the realm of magnetohydrodynamics—, this last term is indeed present.
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This result means that all ij can be expressed in terms of the autocorrelation function k only, so
that we only discuss the latter from now on.

::::::::
VII.3.2 b

::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
Microscopic and macroscopic length scales of turbulence

The assumed statistical isotropy gives k(0) = [v0k(t,~r)]2 =
1
3 [~v

0(t,~r)]2. Let f(X) be the function
such that

k(X) ⌘
1

3
[~v0(t,~r)]2 f(X).

and that

• f(0) = 1;

• the fluctuations of the velocity at points separated by a large distance X are not correlated
with another, so that k(X) must vanish: lim

X!1
f(X) = 0.

• In addition, f is assumed to be integrable over R+, and such that its integral from 0 to +1

is convergent.

The dimensionless function f then defines a typical macroscopic length scale, namely that over
which f resp. k decreases,(49) the integral scale or external scale(lxxiii)

LI ⌘

Z 1

0
f(X) dX. (VII.30)

Empirically, this integral scale is found to be comparable to the scale of the variations of the mean
flow velocity, i.e. characteristic for the production of turbulence in the flow. For example, in a flow
past an obstacle, LI is of the same order of magnitude as the size of the obstacle.

Assuming—as has been done till now—locally isotropic and space-parity invariant turbulence,
the function f(X) is even, so that its Taylor expansion around X = 0 defines a microscopic length
scale:

f(X) '
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1�
1
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✓
X
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◆2
+O(X4) with `2T ⌘ �

1

f 00(0)
> 0. (VII.31)

`T is the Taylor microscale.(lxxiv)(50)

Let xk denote the coordinate along ~X. One finds

`2T =
⇥
v0k(t,~r)

⇤2.⇥
dv0k(t,~r)/dxk

⇤2
, (VII.32)

i.e. `T is the typical length scale of the gradients of the velocity fluctuations.

Using the definition of f , the Taylor expansion (VII.31) can be rewritten as

v0k(t,~r) v
0
k(t,~r + ~X)

[v0k(t,~r)]
2

'
X!0

1 +
1

2

v0k(t,~r) @
2
kv

0
k(t,~r)

[v0k(t,~r)]
2

X2,

where @k denotes the derivative with respect to xk. Invoking the statistical homogeneity of the
turbulence, [v0k(t,~r)]2 is independent of position, thus of xk, which after differentiation leads suc-
cessively to v0k(t,~r) @kv

0
k(t,~r) = 0 and then [@kv

0
k(t,~r)]

2+v0k@
2
kv

0
k(t,~r) = 0, proving relation (VII.32).

(49)The reader should think of the example k(X) = k(0) e
�X/LI , or at least k(X) /⇠ e�X/LI for X large enough

compared to a microscopic scale much smaller than LI .
(50)... named after the fluid dynamics practitioner G. I. Taylor, not after B. Taylor of the Taylor series.

(lxxiii)Integralskala, äußere Skala (lxxiv)Taylor-Mikroskala
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Remark: Even if the Taylor microscale emerges naturally from the formalism, it does not represent
the length scale of the smallest eddies in the flow, despite what one could expect.

To find another, physically more relevant microscopic scale, it is necessary to investigate the
behavior of the longitudinal increment

�v0k(X) ⌘ v0k(t,~r + ~X)� v0k(t,~r) (VII.33)

of the velocity fluctuations, which compares the values of the longitudinal component of the latter
at different points. According to the definition of the derivative, dv0k/dxk is the limit when X ! 0

of the ratio �v0k(X)/X. The microscopic Kolmogorov (bl) length scale `K is then defined by

[�v0k(`K)]2
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X2
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
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dxk

�2
. (VII.34)

The role of this length scale will be discussed in the following Section, yet it can already be mentioned
that it is the typical scale of the smallest turbulent eddies, and thus the pendant to the integral
scale LI .

Remark: Squaring the longitudinal velocity increment (VII.33) and averaging under consideration
of the statistical homogeneity, one finds when invoking Eq. (VII.31)

[�v0k(X)]2

2[v0k(X)]2
⇠

X!0

1

2

✓
X

`T

◆2
.

On the other hand, experiments or numerical simulations show that the term on the left hand side
of this relation equals about 1 when X is larger than the integral scale LI . That is, the latter and
the Taylor microscale can also be recovered from the longitudinal velocity increment.

VII.3.3 The Kolmogorov theory (K41) of isotropic turbulence
A first successful statistical theory of turbulence was proposed in 1941 by Kolmogorov for statisti-

cally locally isotropic turbulent motion, assuming further stationarity, homogeneity and space-parity
invariance [33, 34]. This K41-theory describes the fluctuations of the velocity increments �v0

i
(X),

and relies on two assumptions—originally termed similarity hypotheses by Kolmogorov:

1st Kolmogorov hypothesis

The probability distributions of the turbulent-velocity increments �v0
i
(X), i=1, 2, 3,

are universal on separation scales X small compared to the integral scale LI , and
are entirely determined by the kinematic viscosity ⌫ of the fluid and by the average
energy dissipation rate per unit mass Ėdiss..

(K41-1)

Here “universality” refers to an independence from the precise process which triggers the
turbulence.
Considering e.g. the longitudinal increment, this hypothesis gives for the second moment of
the probability distribution

[�v0k(X)]2 =

q
⌫Ėdiss.�

(2)

✓
X

`K

◆
for X ⌧ LI with `K =

✓
⌫3

Ėdiss.

◆1/4
(VII.35)

and �(2) a universal function, irrespective of the flow under study. The factor
q
⌫Ėdiss. and

the form of `K follow from dimensional considerations—the n-point autocorrelation function
involves another function �(n) multiplying a factor

�
⌫Ėdiss.

�n/4.
(bl)A. N. Kolmogorov ( ), 1903–1987
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The hypothesis (K41-1) amounts to assuming that the physics of the fluctuating motion, far
from the scale at which turbulence is created, is fully governed by the available energy extracted
from the mean flow—which in the stationary regime equals the average energy dissipated by
viscous friction in the turbulent motion—and by the amount of friction.

2nd Kolmogorov hypothesis

The probability distribution of the turbulent-velocity increments �v0
i
(X), i=1, 2, 3,

is independent of the kinematic viscosity ⌫ of the fluid on separation scales X
large compared to the microscopic scale `K .

(K41-2)

The idea here is that viscous friction only plays a role at the microscopic scale, while the rest
of the turbulent energy cascade is conservative.

The assumption holds for the longitudinal increment (VII.35) if and only if the universal
function �(2) scales like �(2)(x) ⇠

x�1
B(2)x2/3 at large x, with B(2) a universal constant, i.e. if

[�v0k(X)]2 ⇠ B(2)
�
Ėdiss.X

�2/3 for `K ⌧ X ⌧ LI . (VII.36)

The Kolmogorov 2/3-law (VII.36) does not involve any length scale: this reflects the length-
scale “self-similarity” of the conservative energy-cascading process in the inertial range(lxxv)

`K ⌧ X ⌧ LI , in which the only relevant parameter is the energy dissipation rate.

The increase of the autocorrelation function [�v0k(X)]2 as X2/3 is observed both experimentally
and in numerical simulations.(51)

A further prediction of the K41-theory regards the energy spectrum of the turbulent motion. Let
~̃v 0(t,~k) denote the spatial Fourier transform of the fluctuating velocity. Up to a factor involving the
inverse of the (infinite) volume of the flow, the kinetic energy per unit mass of the turbulent motion
component with wave vector equal to ~k up to d3~k is 1

2 [~̃v
0(t,~k)]2 d3~k. In the case of statistically

isotropic turbulence, 1
2 [~̃v

0(t,~k)]2 d3~k = 2⇡k2[~̃v 0(t,~k)]2 dk ⌘ SE(k) dk with SE(k) the kinetic-energy
spectral density.

From the 2/3-law (VII.36),(52) one can then derive the �5/3-law for the latter, namely

SE(k) = CK Ėdiss.

2/3
k�5/3 for L�1

I
⌧ k ⌧ `�1

K
=

✓
Ėdiss.

⌫3

◆1/4
, (VII.37)

with CK a universal constant, the Kolmogorov constant , independent from the fluid or the flow
geometry, yet depending—like the �5/3-law itself—on the space dimensionality. Experimentally(51)

one finds CK ⇡ 1.45.

As already mentioned, the laws (VII.36) and (VII.37) provide a rather satisfactory description
of the results of experiments or numerical simulations. The K41-theory also predicts that the
higher-order moments of the probability distribution of the velocity increments should be universal
as well—and the reader can easily determine their scaling behavior [�v0k(X)]n ⇠ B(n)

�
Ėdiss.X

�n/3

in the inertial range using dimensional arguments—, yet this prediction is no longer supported by
experiment: the moments do depend on X as power laws, yet not with the predicted exponents.

A deficiency of Kolmogorov’s theory is that in his energy cascade, only eddies of similar size
interact with each other to transfer the energy from large to small length scales, which is encoded

(51)Examples from experimental results are presented in Ref. [35, Chapter 5].
(52)... and assuming that SE(k) behaves properly, i.e. decreases quickly enough, at large k.

(lxxv)Trägheitsbereich
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in the self-similarity assumption. In that picture, the distribution of the eddy sizes is statistically
stationary.
In contrast, turbulent motion itself tends to deform eddies, by stretching vortices into tubes
of smaller cross section, until they become so small that shear viscosity becomes efficient to
counteract this process. This behavior somewhat clashes with Kolmogorov’s picture.
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