20 Kinematics of a continuous medium

Using the tensors D and R we just introduced, whose physical meaning will be discussed at

length in § II.1.3~[II.1.4, relation (II.2b]) can be recast as
V(t, 7+ 07) =V(t,7) + D(t,7) - 67 + R(t, T) - 67 + O(|67]?) (I1.5)
where, as stated at the beginning, every field is considered at the same time.

Under consideration of relation (IL5) with 07 = 6¢(t), Eq. ([L.1) for the time evolution of the
material line element becomes

-

80(t + 6t) = 5L(t) + [D(t,7) - 60(t) + R(t, 7) - 66(t)] 5t + O(5t2). (11.6)

Subtracting 5Z(t) from both sides, dividing by ét and taking the limit §¢ — 0, one finds for the rate
of change of the material vector:

%5@( £) = D(t,7) - 57(t) + R(t, ) - 51(t) (1L7)

In the following two subsections, we shall investigate the physical content of each of the tensors
R(t,7) and D(¢,7).

I1.1.3 Rotation rate tensor and vorticity vector

The tensor R(t, ]%ﬁned by Eq. ( is called, for reasons that will become clearer below,
rotation rate tensor N5

By construction, this tensor is antisymmetric. Accordlngly, one can naturally associate with it
a dual (pseudo)-vector €}(¢,7), such that for any vector V

R(t,7) -V =GQ(t,7) x V VvV e R (IL8)

In Cartesian coordinates, the components of ﬁ(t, 7) are related to those of the rotation rate tensor
by
. 1 S
Qt,7) = - > EFR (L, F) (I1.9a)
jk=1

with €% the totally antisymmetric Levi—Civit symbol. Using the antisymmetry of R(t, 7_"’), this
equivalently reads

Ql(t, F) = —Rgg(t, F), Q2(t, F) = —Rgl(t, F), Q3(t, F) = —R12 (t, F) (H.gb)
Comparing with Eq. (ILI.3c), one finds
. 1.
Qt,7) = §V X V(t, 7). (I1.10)

Proof of Egs. ([I.8), (II.10): introducing the Cartesian components {V7} of V and dropping for
brevity the (¢,7)-dependence of fields, the i-th component of R - V' reads

R,;jVj = %(6JV7 — al'Vj)Vj,

where we used the summation convention over the repeated index j and the shorthand notation
0; for the partial derivative with respect to z*. This may further be rewritten as

. 1 .
RV’ = —5(555§ SICADER

which now involves three sums. The term with the four Kronecker symbols is in fact the sum
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mkl

(over a fifth index m) of the product €;;,,e™"" of two Levi-Civita symbols:

. 1 .
RijVJ = _ieijmemkl (Gkvl)VJ.

On the right hand side of this identity, €™*dv; is the m-th component of the curl V x ¥, ie.

using definition (II1.10): ' . '
RZ‘J‘VJ = —GiijmVj = GiijmV],

which is precisely the i-th component of Q x V. O

Let us now rewrite relation (I1.7) with the help of the vector Q(t,?), assuming that D(t,7)
vanishes so as to isolate the effect of the remaining term. Under this assumption, the rate of change
of the material vector between two neighboring points reads

d - . . .

556@) =R(t,7) - 50(t) = Q(t,7) x 5(t). (I1.11)
The term on the right hand side is then exactly the rate of rotation of a vector 52(75) in the motion
of a rigid body with instantaneous angular velocity €(¢, 7). Accordingly, the pseudovector Q(t, 7) is
referred to as local angular velocity This a posteriori justifies the denomination rotation rate
tensor for the antisymmetric tensor R(¢, 7).

Remarks:

XXV)

x Besides the local angular velocity ﬁ(t, 7'), one also defines the vorticity vecto ( as the curl of

the velocity field

[Q(t,?) =V x V(t,7) ]: 20(¢, 7). (I1.12)

In fluid mechanics, the vorticity is actually more often used than the local angular velocity.

x The local angular velocity Q(t,?) or equivalently the vorticity vector &(t,7) define, at fixed ¢,
divergence-free (pseudo)vector fields, since obviously V - (V x V) = 0. The corresponding field lines
are called vorticity lines*)|and are given by [cf. Eq. ([.15)]

Az x &(t,7) =0 (I1.13a)
or equivalently, at a point where none of the components of the vorticity vector vanishes,

dxq . dzo B dzs
Wi(t, 7)) W2, 7)) Ww3(t,7)

(11.13b)

11.1.4 Strain rate tensor

According to the previous subsection, the local rotational motion of a material vector is governed
by the (local and instantaneous) rotation rate tensor R(¢,7). In turn, the translational motion is
simply the displacement—which must be described in an affine space, not a vector one—of one of
the endpoints of 50 by an amount given by the product of velocity and length of time interval. That
is, both components of the motion of a rigid body are already accounted for without invoking the
symmetric tensor D(¢, 7).

In other words, the tensor D(t, 7) characterizes the local deviation between the velocity fields in
a deformable body, in particular a fluid, and in a rigid body rotating with angular velocity Q(t, 7).
Accordingly, it is called strain rate tensor or deformation rate tensor (xxvii)

As we shall now see, the diagonal and off-diagonal components of D(t,7) actually describe
the rates of change of different kinds of deformation. For simplicity, we assume throughout this
subsection that ﬁ(t, 7) = 0, or equivalently all components R;;(t,7) = 0.

Co) Wirbelvektor G Wirbligkeit oD Wirbellinien Coovid) Verzerrungsgeschwindigkeitstensor,
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11.1.4 a Diagonal components

We first assume that all off-diagonal terms in the strain rate tensor vanish: Dj;(¢,7) = 0 for
1 # j, so as to isolate the meaning of the diagonal components.

Going back to Eq. -, let us simply project it along one of the axes of the coordinate system,
say along direction i. Denoting by 6¢° the i-th component of 5€ one thus finds

Bv(

N (E,T) 54
S 06 (1) o,

SOt + 0t) — 804 (t) ~
j=1

up to terms of higher order in |0¢(t)| or 8t. Since we have assumed that all components R;;(t,7)
of the rotation rate tensor and the off-diagonal D;;(t,7) with i # j are zero, one checks that the
partial derivative dvi(t,7)/dx’ vanishes for i # j. That is, the only non-zero term in the sum is
that with j = 4, so that the equation simplifies to

av(

SOt + 0t) — 00 (t) ~ ) 501 (t) ot = D, (t,7) 60%(t) bt.

Thus, the relative elongation in dt of the i-th component—remember that there is no local rotation,
so that the change in §¢* is entirely due to a variation of the length of the material vector—is given
by

SO (t + 0t) — 504(t)

. =D(t,7 I1.14
S D', (1,7) bt (I1.14)
or alternatively, taking the limit ¢t — 0
1 d ,
‘(t) =D (t, 7). 1.1
Sa O =D (1115

This equation means that the diagonal component Dii(t, 7') represents the local rate of linear elon-
gation in direction 1.

Volume expansion rate
Instead of considering a one-dimensional material vector, one can study the evolution of a small
“material rectangular parallelepiped” of continuous medium, situated at time ¢ at position 7 with
instantaneous edge lengths 6 L1 (t), §L?(t), §L3(t)—where for simplicity the coordinate axes are taken
along the parallelepiped edges—, so that its volume at time ¢ is simply dV(t) = 6L (¢) SL?(t) SL3(t).
Taking into account Eq. for the relative elongation of each edge length, one finds that
the relative change in volume between ¢t and t + 0t is

SV(t+6t) — oV(t)  OL'(t+6t) — 0L (t) = SL*(t+dt) — 6L (t) = SL3(t+0t) — SL3(¢)
SV(t) B SL(t) SL2(t) SL3(t)
= [DY(t,7) + D%(t,7) + D%(t,7)] dt.

In the second line, one recognizes the trace of the tensor D(¢,7), which going back to the definition
of the latter is equal to the divergence of the velocity fluid:

oV, P OVE(L,T) n o3 (t,7)
Ot Ox? Ox3
That is, this divergence represents the local and instantaneous volume expansion rate of the conti-

nuous medium. Accordingly, the flow of a fluid is referred to as incompressible in some region when
the velocity field in that region is divergence-free:

DY (t,7) + D%(t,7) + D% (¢, 7) =V (¢, 7).

incompressible flow < V-V(t,7) = 0. (I1.16)

We shall comment on this definition in §[I[.2.3.
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11.1.4 b Off-diagonal components

Let us now assume that Di2(t, 7), and thereby automatically Do (¢, 7), is the only non-vanishing
component of the strain rate tensor. To see the influence of that component, we need to consider
the time evolution of a different object than a material vector, since anything that can affect the
latter—translation, rotation, dilatation—has already been described above.
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Figure 11.2 — Evolution of a material rectangle caught in the motion of a continuous medium
between times ¢ (left) and ¢ + d¢ (right).

Accordingly, we now look at the change between successive instants ¢t and ¢+ 0t of an elementary
“material rectangle”, as pictured in Fig. Since it was assumed that only Di2(t,7) = Doy (¢,7)
is non-zero, the diagonal components of D vanish, which means that the area of the parallelogram
on the right hand side is that of the original rectangle. We denote by V resp. Vv 4 év the velocity
at time t at the lower left resp. upper right corner of the rectangle. Taylor expansions give for the
Cartesian components of the shift év

8v1 (t, F) 2 8V2 (t, F)
(5V1zwf5€, 6V2:T

Figure shows that what at time ¢ is a right angle becomes an angle 7/2 — d« at t + §t with
da = daq — dag, where both dap and dag are counted positive in the counterclockwise direction,
yet with da; being measured from the z'-axis and das from the z2-axis (so that it is negative in
the figure). In the limit of small §¢, both da; and dag will be small and thus approximately equal
to their respective tangents. Using the fact that the parallelogram still has the same area, the
projection of any side of the deformed rectangle at time ¢ + 0t on its original direction at time ¢
keeps approximately the same length, up to corrections of order §t. One thus finds for the oriented
angles

det.

5V2 ot 6V1 ot
5041:W and dag ~ — 52
With the expressions for dvi and dvs given above, this leads to
Ovo(t,T) ovy (t,7)
Gathering all pieces, one finds
0 t, 7 t, 7
o Qwlt.h) T _op oo (I1.17)

5t oxl 0x?
In the limit 6¢ — 0, one sees that the off-diagonal component D1a(t,7) represents half the local

velocity of the “angular deformation”—the shear—around direction z>.

Remark: To separate the two physical effects present in the strain rate tensor, the latter is often
written as the sum of a diagonal rate-of-expansion tensor proportional to the identity 1—which is
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in fact the G)—form of the metric tensor g of Cartesian coordinates—and a traceless rate-of-shear
tensor S:

1=
D(t,7) = 3 [V -¥(t, 7)1 +S(t,7) (I1.18a)
with ) )
S(t,7) = 5 <W(t,?) + [W(t,?)]T -3 V- V(t,F)]1>. (I1.18Db)
Component-wise, and generalizing to curvilinear coordinates, this reads
1=
Dz’j (t, 77) = g [V . V(t, 77)] Gij (t, 77) + Sij (t, 77) (H.18C)
with [cf. Eq. (II.4a)]
N O _(dvi(t, 7)) dv(t,7) 22 L. —
Si(t,7) =5 {gi(t, r)gj(t,r)< W) 3 [V ¥(t, 7)] i (¢, 7). (I1.18d)

Summary

Gathering the findings of this Section, the most general motion of a material volume element
inside a continuous medium, in particular in a fluid, can be decomposed in four elements:

e a translation;

e a rotation, with a local angular velocity Q(t, 7) given by Eq. (II.10)—i.e. related to the anti-
symmetric part R(¢,7) of the velocity gradient—and equal to twice the (local) vorticity vector
@(t, 7);

e a local dilatation or contraction, in which the geometric form of the material volume element
remains unchanged, whose rate is given by the divergence of the velocity field V - V(¢,7), i.e.
encoded in the diagonal elements of the strain rate tensor D(¢,7);

e a change of shape (“deformation”) of the material volume element at constant volume, con-
trolled by the rate-of-shear tensor S(¢,7) [Egs. (II.18b), (II.18d)|, obtained by taking the
traceless symmetric part of the velocity gradient.

Remark: In the case of a uniform motion, all spatial derivatives are by definition zero, so that the
vorticity @(t,7), the expansion rate V - V(¢,7) and the rate-of-shear tensor S(¢,7) actually vanish
everywhere in the flow. Accordingly, the motion of a material element in that case is simply a pure

translation, without deformation or rotation.
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