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The goal of fluid dynamics is to investigate the motion of fluids under consideration of the forces
at play, as well as to study the mechanical stresses exerted by moving fluids on bodies with which
they are in contact. The description of the motion itself, irrespective of the forces, is the object of
kinematics.

The possibilities for the motion of a deformable continuous medium, in particular of a fluid, are
richer than for a mere point particle or a rigid body: besides translations and global rotations, a
deformable medium may also rotate locally and undergo. .. deformations! The latter term actually
encompasses two different yet non-exclusive possibilities, namely either a change of shape or a
variation of the volume. All these various types of motion are encoded in the local properties of
the velocity field at each instant (Sec. [II.1). Generic fluid motions are then classified according to
several criteria, especially taking into account kinematics (Sec. .

For the sake of reference, the characterization of deformations themselves, complementing that
of their rate of change, is briefly presented in Sec. [[LA. That formalism is not needed within fluid
dynamics, but rather for the study of deformable solids, like elastic ones.

Generic motion of a continuous medium

Let V(t, 7) denote the velocity field in a continuous medium, measured with respect to some reference
frame R. To illustrate (some of) the possible motions that occur in a deformable body, Fig. [II.1
shows the positions at successive instants ¢ and ¢ + 6t of a small “material vector” 5Z(t), that is,
a continuous set of material points distributed along the straight line element stretching between

—

two neighboring geometrical points. Let 7 and 7 + 0¢(t) denote the geometrical endpoints of this
material vector at time ¢.

Thanks to the continuity of the mappings R ~ 7(t,7) and its inverse 7* — E(t,7), the material
vector defined at instant ¢ remains a connected set of material points as time evolves, in particular

-

at t + dt. Assuming that both the initial length |5¢(¢)| as well as 0t are small enough, the evolved
set at t 4+ 6t remains approximately along a straight line, and constitutes a new material vector,

—

denoted §4(t 4+ dt). The position vectors of its endpoints simply follow from the initial positions

-

of the corresponding material points: 7 resp. 7 + 64(t), to which should be added the respective
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Figure Il.1 — Positions of a material line element 60 at successive times ¢ and t + Ot.

displacement vectors between ¢ and t+d¢, namely the product by 6t of the initial velocity V(t, F)
resp. V(t,7 + 5Z(t)) That is, one finds

S U(t + 6t) = 8L(t) + [V(t,7 + ol(t)) —V(t,7)]ot + O(5t?). (IL.1)

Figure already suggests that the motion of the material vector consists not only of a translation,
but also of a rotation, as well as an “expansion”—the change in length of the vector.

11.1.1 Local distribution of velocities in a continuous medium

Considering first a fixed time t, let V(t,7) resp. V(t,7) 4+ dV be the velocity at the geometric point
situated at position ¥ resp. at ¥ + 07 in K.

Introducing for simplicity a system of Cartesian coordinates (z', 22, 3) in R, the Taylor expan-
sion of the i-th component of the velocity field—which is at least piecewise €' in its variables, see

§ gives to first order
3 o
ov'(t,7)
OxJ

ovt ~ 6, (I1.2a)
j=1

where {627} denote the components of §7. Introducing the (})-tensor W(t,?) whose components
in the coordinate system used here are the partial derivatives dvi(t,#)/0z7, the above relation can
be recast in the coordinate-independent form

&V ~ VV(t,7) - OF. (I1.2b)

Like every rank 2 tensor, the wvelocity gradient tensor ﬁV(t,?) at time ¢ and position ¥ can be
decomposed into the sum of the symmetric and an antisymmetric part:

Wi(t,7) = D(t,7) + R(L, 7), (11.3a)
where one conventionally writes
D(t,7) = %(W(t,?) ), R = %(ﬁv(m) - o) (I1.3b)

with [ﬁV(t, F)}T the transposed tensor to W(t, 7). These definitions are to be understood as follows:



I1.1 Generic motion of a continuous medium 19

Using the same Cartesian coordinate system as above, the components of the two tensors D, R,
viewed for simplicity as (8) -tensors, respectively read

1 6vi (t, F) 8Vj (t, F)
2| Oxd ozt |’

R 1 [0v;(t, 7 ov;(t, 7
Rz‘j<t,7') = 5 (;TJ ) - Jaicl ) . (H.3C)

D;;(t,7) =

Note that here we have silently used the fact that for Cartesian coordinates, the position—subscript
or superscript—of the index does not change the value of the component, i.e. numerically v; = v
for every i € {1, 2, 3}.

Relations ([1.3c) clearly represent the desired symmetric and antisymmetric parts. However,
one sees that the definitions would not appear to fulfill their task if the indices were not both
either up or down, as e.g.

i L ovi(t,7)  Ov;(t,T)
Dj(t’r)_Z[ I oz; |’

in which the symmetry is no longer obvious. The trick is to rewrite the previous identity as

avk(t, 7_:) 8vl(t, F) o 1 ik 1 R 8Vk(t, 77) 6vl(t7 F)
(93?l + 8%’“ - 29 (ta T)gj(tar) 83:1 + 8$k ’

. . 1 .. k<l
D' (t,7) = 551 &
where we have used the fact that the metric tensor of Cartesian coordinates coincides with
the Kronecker symbol. To fully generalize to curvilinear coordinates, the partial derivatives in
the rightmost term should be replaced by the covariant derivatives discussed in Appendix 77,
leading eventually to

3 = 1 ik =\ 1 = de(t,F) dVl(taF)

D j(t, T) = 59 (t, ’I")g j(t, 7") [ 12 Ak (H.4a)
i L 1w Qe T) dwi(tT)

R;(t,7) = 597 (t:7)g j(t,r)[ W ot (IL.4b)

With these new forms, which are valid in any coordinate system, the raising or lowering of
indices does not affect the visual symmetric or antisymmetric aspect of the tensor.

Using the tensors D and R we just introduced, whose physical meaning will be discussed at

length in §|II.1.2HI1.1.3, relation (II.2b]) can be recast as
V(t, r+ 51‘"’) = V(t, 7_“') +D(t,7) - 07 + R(t,7) - 07 + (9(|51_"’|2) (I1.5)

where as stated at the beginning every field is considered at the same time.

Under consideration of relation (II.5) with 67 = 5Z(t), Eq. (IL.1) for the time evolution of the

material line element becomes

— - — —

50t + 6t) = 0(t) + [D(t,7) - 0(t) + R(¢,7) - 6L(¢)] ot + O(6t?).
Subtracting 5Z(t) from both sides, dividing by ét and taking the limit d¢ — 0, one finds for the rate
of change of the material vector:
d - . .

S0U(t) = D(t.7) - 3U(t) + R(t,7) - 51(t) (1L6)

In the following two subsections, we shall investigate the physical content of each of the tensors

R(t,7) and D(t,7).
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I1.1.2 Rotation rate tensor and vorticity vector

The tensor R(t,%ﬁned by Eq. is called, for reasons that will become clearer below,
rotation rate tensor

By construction, this tensor is antisymmetric. Accordingly, one can naturally associate with it
a dual (pseudo)-vector €}(¢,7), such that for any vector V

—

R(t,7) -V =0(t,7) xV VvV eR. (IL.7)

In Cartesian coordinates, the components of Q(t, 7') are related to those of the rotation rate tensor

by
A 1 S
Q) =~ Y Ru(ET) (I1.8a)
j,k=1

with €% the totally antisymmetric Levi-Civita symbol. Using the antisymmetry of R(t,i"), this
equivalently reads

QL(t,7) = —Ro3(t,7), Q2(t,7) = —Rg1(t,7), Q3(t,7) = —Rya(t, 7). (I1.8b)

Comparing with Eq. (II.3c), one finds

—

Q(t,7) = =V x V(t, 7). (11.9)

N =

Proof of Egs. ([1.7), (T1.9): introducing the Cartesian components {V7} of V and dropping for
brevity the (¢,7)-dependence of fields, the i-th component of R - V' reads

RijVj = %((’)jvi — &-vj)Vj,

where we used the summation convention over the repeated index j and the shorthand notation
0; for the partial derivative with respect to z*. This may further be rewritten as

R, V7 — _%(555; 5k (D) V7,

which now involves three sums. The term with the four Kronecker symbols is in fact the sum
(over a fifth index m) of the product €;;,e™*" of Levi-Civita symbols:

. 1 .
RijVJ = _ieijmemkl(ﬁkvl)VJ.

On the right hand side of this identity, €™*'8yv; is the m-th component of the curl V x v, i.e.

using definition (II.9): R,V Qmy/i 0, V7
ij — *eijm = Gimj m 9

which is precisely the i-th component of Q x v. O

Let us now rewrite relation (II.6) with the help of the vector ﬁ(t,?), assuming that D(¢,7)
vanishes so as to isolate the effect of the remaining term. Under this assumption, the rate of change
of the material vector between two neighboring points reads

%5@@) =R(¢t,7) - 00(t) = Q(t,7) x 5L(¢). (11.10)

-

The term on the right hand side is then exactly the rate of rotation of a vector §£(t) in the motion
of a rigid body with instantaneous angular velocity Q(t, 7). Accordingly, the pseudovector Q(t, 7) is
referred to as local angular Uelocity@ This a posteriori justifies the denomination rotation rate
tensor for the antisymmetric tensor R(t, 7).

Cod) Wirbeltensor  *1) Wirbelvektor
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Remarks:

* Besides the local angular velocity Q(t, 7), one also defines the vorticity vector|
the velocity field

xx1v)| a5 the curl of

[Q(t,?) =V x V(t,7) ] = 20(t, 7). (I1.11)

In fluid mechanics, the vorticity is actually more often used than the local angular velocity.

* The local angular velocity ﬁ(t,?) or equivalently the vorticity vector (¢, 7) define, at fixed ¢,
divergence-free (pseudo)vector fields, since obviously V - (V x V) = 0. The corresponding field lines
are called vorticity line and are given by [cf. Eq. ([.15))]

Az x &(t,7) =0 (I1.12a)
or equivalently, at a point where none of the components of the vorticity vector vanishes,
dx _ dzo . dxs
wi(t,7)  w2(t,7)  Wwi(t,7)

(I1.12b)

11.1.3 Strain rate tensor

According to the previous subsection, the local rotational motion of a material vector is governed
by the (local and instantaneous) rotation rate tensor R(¢,7). In turn, the translational motion is
simply the displacement—which must be described in an affine space, not a vector one—of one of
the endpoints of 50 by an amount given by the product of velocity and length of time interval. That
is, both components of the motion of a rigid body are already accounted for without invoking the
symmetric tensor D(¢, 7).

In other words, the tensor D(¢,7) characterizes the local deviation between the velocity fields in
a deformable body, in particular a fluid, and in a rigid body rotating with angular velocity ﬁ(t, 7).
Accordingly, it is called strain rate tensor or deformation rate tensor |V

As we shall now see, the diagonal and off-diagonal components of D(t,7) actually describe
the rates of change of different kinds of deformation. For simplicity, we assume throughout this
subsection that (¢, 7) = 0.

I1.1.3 a Diagonal components

We first assume that all off-diagonal terms in the strain rate tensor vanish: D;;(t,7) = 0 for
i # j, so as to isolate the meaning of the diagonal components.

Going back to Eq. - let us simply project it along one of the axes of the coordinate system,
say along direction i. Denoting 6¢° the i-th component of 68 one thus finds

SO (t + 8t) = 608(t) + [V' (£, 7 + 5E(t)) — V' (£, 7)] 5t + O(6¢2).
Taylor-expanding the term between square brackets to first order then yields

Bv(

™) s4i
S 00 (1) o,

SO (t 4 6t) — 00 (t) ~

j=1

up to terms of higher order in |§6(t)| or 8t. Since we have assumed that both (¢, 7)—or equivalently
the components R;;(t, ¥) of the rotation rate tensor—and the off-diagonal D;;(¢,7) with ¢ # j vanish,

one checks that the partial derivative ov*(¢,7)/0x? vanishes for ¢ # j. That is, the only non-zero

term in the sum is that with j = ¢, so that the equation simplifies to

ov* (

oxt

CoV) Wirbligkeit  OV) Wirbellinien  *Y) Verzerrungsgeschwindigkeitstensor, Deformationsgeschwindigkeitstensor

SOt + 0t) — 00 (t) ~ r) 501 (t) ot = D, (t,7) 60%(t) 6t.
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Thus, the relative elongation in dt of the i-th component—remember that there is no local rotation,
so that the change in §¢* is entirely due to a variation of the length of the material vector—is given
by

SO (t + 0t) — 504(t)

. =DY(t, 7 I1.1
i D,(1.7) o1 (1113
or alternatively, taking the limit ¢t — 0
1 d . .
—— — 60" (t) = D" (t,7). I1.14
sy 0 =Dt 7) (1L.14)

This equation means that the diagonal component DY (¢, 7) represents the local rate of linear elon-
gation in direction 1.

Volume expansion rate
Instead of considering a one-dimensional material vector, one can study the evolution of a small
“material rectangular parallelepiped” of continuous medium, situated at time ¢ at position 7 with
instantaneous edge lengths 6 L' (t), L% (t), § L?(t)—where for simplicity the coordinate axes are taken
along the parallelepiped edges—, so that its volume at time ¢ is simply dV(t) = 6L (¢) SL?(t) S L3(t).
Taking into account Eq. for the relative elongation of each edge length, one finds that
the relative change in volume between ¢ and ¢ 4 Jt is

OV(t+3t) = OV(t) _ SL'(t+8t) — SLMt) | SL*(t+6t) — SL2() | OLA(t+6t) — SL3(t)
V() B SL(t) OL2(t) SL3(t)
= [D(,7) + D% (t,7) + D% (t,7)] ot.

In the second line, one recognizes the trace of the tensor D(¢,7), which going back to the definition
of the latter is equal to the divergence of the velocity fluid:
ovi(t,7)  OVE(t,7) OVt T) =
D', (t,7) + D%(t,7) + D%(t,7) = .+ — + L =V (¢, 7).
l( ) 2( ) 3( ) 8.1?1 8.T2 85[?3 ( )

That is, this divergence represents the local and instantaneous volume expansion rate of the conti-
nuous medium. Accordingly, the flow of a fluid is referred to as incompressible in some region when
the velocity field in that region is divergence-free:

incompressible flow <V -V(t,7) = 0. (I1.15)

We shall comment on this definition in §|I1.2.3.

11.1.3 b Off-diagonal components

Let us now assume that Di2(¢,7), and thereby automatically Doy (¢, 7), is the only non-vanishing
component of the strain rate tensor. To see the influence of that component, we need to consider
the time evolution of a different object than a material vector, since anything that can affect the
latter—translation, rotation, dilatation—has already been described above.

Accordingly, we now look at the change between successive instants ¢t and ¢+ 0t of an elementary
“material rectangle”, as pictured in Fig. We denote by V resp. V + v the velocity at time ¢ at
the lower left resp. upper right corner of the rectangle. Taylor expansions give for the Cartesian
components of the shift ov

8V1 (t, F) 2 6V2 (t, 77)
6V1:W5£7 (SVQZW

F igureshows that what is a right angle at time ¢ becomes an angle 7/2 —d« at t 4 dt, where
da = dag — dag. In the limit of small §t, both day and das will be small and thus approximately

det.
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Figure 11.2 — Evolution of a material rectangle caught in the motion of a continuous medium
between times ¢ (left) and ¢ + t (right).

equal to their respective tangents. Using the fact that the parallelogram still has the same area—
since the diagonal components of D vanish—the projection of any side of the deformed rectangle at
time t 4 0t on its original direction at time ¢ keeps approximately the same length, up to corrections
of order dt. One thus finds for the oriented angles

(5V2 ot (5V1 ot

doy ~ 50T and dag >~ 52
With the Taylor expansions given above, this leads to
8V2 (t, F) 8v1 (t, 77)
Gathering all pieces, one finds
) ova(t, 7 ovy(t, 7
o dwth)  onlr) _,n 5 (I1.16)

5t~ oxl Ox?
In the limit 6¢ — 0, one sees that the off-diagonal component D15(t,7) represents half the local

velocity of the “angular deformation”™ the shear—around direction 3.

Remark: To separate the two physical effects present in the strain rate tensor, the latter is often
written as the sum of a diagonal rate-of-expansion tensor proportional to the identity 1—which is
in fact the (%)—form of the metric tensor @ of Cartesian coordinates—and a traceless rate-of-shear
tensor S:

1=
D(t,7) = 3 [V -9(t,7)]1 +S(t,7) (I1.17a)
with
I Y S 2o, 1T 218 -, -
S(t,7) =5 <W(t,r) +[W,n] -3V v(t,r)]1>. (I1.17b)
Component-wise, and generalizing to curvilinear coordinates, this reads
1=
Dij (t, 7?) = g [V . V(t, 77)] Gij (t, F) + Sij (t, 77) (H.17C)
with [cf. Eq. (II.4al)]
N 1 k 1 R de(t,F) dVl(t, F) 2 .o 5 R =
Si(t.7) =5 {gi(t, ") g;(t, r)< o T ) 5[V D] g ()] (11.17d)
Summary

Gathering the findings of this Section, the most general motion of a material volume element
inside a continuous medium, in particular in a fluid, can be decomposed in four elements:
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a translation;

a rotation, with a local angular velocity Q(t,?) given by Eq. (II.9)—i.e. related to the anti-
symmetric part R(¢,7) of the velocity gradient—and equal to twice the (local) vorticity vector
@(t, 7);

e a local dilatation or contraction, in which the geometric form of the material volume element
remains unchanged, whose rate is given by the divergence of the velocity field V -v(¢,7), i.e.
encoded in the diagonal elements of the strain rate tensor D(¢,7);

e a change of shape (“deformation”) of the material volume element at constant volume, con-
trolled by the rate-of-shear tensor S(¢,7) [Egs. (II.17b), (II.17d)], obtained by taking the
traceless symmetric part of the velocity gradient.

Remark: In the case of a uniform motion, all spatial derivatives are by definition zero, so that the
vorticity @(¢,7), the expansion rate V - V(t,7) and the rate-of-shear tensor S(t,7) actually vanish
everywhere in the flow. Accordingly, the motion of a material element in that case is simply a pure
translation, without deformation or rotation.

Classification of fluid flows
The motion, or flow|(xx"ii), of a fluid can be characterized according to several criteria, either purely

geometrical (§[I1.2.1)), kinematic (§[I1.2.2)), or of a more physical nature (§[I1.2.3]), that takes into

account the physical behavior of the flowing fluid in its evolution.

11.2.1 Geometrical criteria

In the general case, the quantities characterizing the properties of a fluid flow will depend on
time as well as on three spatial coordinates.

For some more or less idealized models of actual flows, it may turn out that only two spatial
coordinates play a role, in which case one talks of a two-dimensional flow. An example is the flow of
air around the wing of an airplane, which in first approximation is “infinitely” long compared to its
transverse profile: the (important!) effects at the ends of the wing, which introduce the dependence
on the spatial dimension along the wing, may be left aside in a first approach, then considered in a
second, more detailed step.

In some cases, e.g. for fluid flows in pipes, one may even assume that the properties only depend
on a single spatial coordinate, so that the flow is one-dimensional. In that approximation, the
physical local quantities are actually often replaced by their average value over the cross section of
the pipe.

On a different level, one also distinguishes between internal und external fluid flows, according
to whether the fluid is enclosed inside solid walls—e.g. in a pipe—or flowing around a body—e.g.
around an airplane wing.

11.2.2 Kinematic criteria

The notions of uniform—that is independent of position—and steady—independent of time—
motions were already introduced at the end of §[[.3.3] Accordingly, there are non-uniform and
unsteady fluids flows.

If the vorticity vector @(t,7) vanishes at every point 7 of a flowing fluid, then the corresponding
motion is referred to as an irrotational ﬂowI(XXViii) or, for reasons that will be clarified in Sec. 77,
potential flow. The opposite case is that of a vortical or rotational ﬂow

(xxvii

) Strémung V) wirbelfreie Strémung ) Wirbelstrémung
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According to whether the flow velocity v is smaller or larger than the (local) speed of sound
¢s in the fluid, one talks of subsonic or supersonic motion™®)| corresponding respectively to a
dimensionless Mach number®)

(11.18)

smaller or larger than 1. Note that the Mach number can a priori be defined, and take different
values Ma(t,7), at every point in a flow.

When the fluid flows in layers that do not mix with each other, so that the streamlines remain
parallel, the flow is referred to as laminar. In the opposite case the flow is turbulent.

I1.2.3 Physical criteria

All fluids are compressible, more or less according to the substance and its thermodynamic state.
Nevertheless, this compressibility is sometimes irrelevant for a given motion, in which case it may
be fruitful to consider that the fluid flow is incompressible, which, as seen in §|@, technically
means that its volume expansion rate vanishes, V-V = 0. In the opposite case (V -V # 0), the flow
is said to be compressible. It is however important to realize that the statement is more a kinematic
one, than really reflecting the thermodynamic compressibility of the fluid.

In practice, flows are compressible in regions where the fluid velocity is “large”, namely where
the Mach number (II.18) is not much smaller than 1, i.e. roughly speaking Ma 2 0.2.

In an analogous manner, one speaks of viscous resp. non-viscous flows to express the fact that the
fluid under consideration is modeled as viscous resp. inviscid—which leads to different equations of
motion—, irrespective of the fact that every real fluid has a non-zero viscosity.

Other thermodynamic criteria are also used to characterize possible fluid motions: isothermal
flows—i.e. in which the temperature is uniform and remains constant—, isentropic flows—i.e. with-
out production of entropy—, and so on.

Bibliography for Chapter Il

e National Committee for Fluid Mechanics film & film notes on Deformation of Continuous
Media;

Faber [1] Chapter 2.4;

Feynman |10} [11] Chapter 39-1;

Guyon et al. |2] Chapters 3.1, 3.2;

Sommerfeld |7, 8] Chapter I.

(229 Unterschall- baw. Uberschallstrémung

(8)E. MacH, 1838-1916




Bibliography

1]
2]

3]
4]

(6]
17l

8]

19]
[10]

[11]

[12]

T. E. Faber, Fluid dynamics for physicists (University Press, Cambridge, 1995).

E. Guyon, J.-P. Hulin, L. Petit, C. D. Mitescu, Physical hydrodynamics, 2nd ed. (University
Press, Oxford, 2015).

W. Greiner, H. Stock, Hydrodynamik, 4. ed. (Harri Deutsch, Frankfurt am Main, 1991).

L. Landau, E. Lifshitz, Course of theoretical physics. Vol. VI: Fluid mechanics, 2nd ed. (Perg-
amon, Oxford, 1987).

L. Landau, E. Lifschitz, Lehrbuch der theoretischen Physik. Band VI: Hydrodynamik, 5. ed.
(Harri Deutsch, Frankfurt am Main, 1991).

M. Rieutord, Fluid dynamics — An introduction (Springer, New York, 2015).

A. Sommerfeld, Lectures on Theoretical Physics. Vol. II: Mechanics of deformable bodies (As-
sociated Press, New York, NY, 1950).

A. Sommerfeld, Vorlesungen tiber theoretische Physik. Band II: Mechanik der deformierbaren
Medien, 6. ed. (Harri Deutsch, Frankfurt am Main, 1992).

M. Reiner, The Deborah Number, Phys. Today 17(1) (1964) 62.

R. P. Feynman, R. B. Leighton, M. Sands, The Feynman Lectures on Physics. Volume II:
Mainly Electromagnetism and Matter, definitive ed. (Addison-Wesley, Reading, MA, 2005).

R. P. Feynman, R. B. Leighton, M. Sands, Feynman-Vorlesungen tiber Physik. Band 2: Elek-
tromagnetismus und Struktur der Materie, 5. ed. (Oldenbourg Wissenschaftsverlag, Miinchen,
2007).

L. Sedov, A course in continuum mechanics. Vol. I: Basic equations and analytical techniques
(Wolters—Noordhoff, Groningen, 1971).


http://dx.doi.org/10.1093/acprof:oso/9780198702443.001.0001
http://dx.doi.org/10.1063/1.3051374

	Introduction
	I Basic notions on continuous media
	Continuous medium: a model for many-body systems
	Basic ideas and concepts
	General mathematical framework
	Local thermodynamic equilibrium

	Lagrangian description
	Lagrangian coordinates
	Continuity assumptions
	Velocity and acceleration of a material point

	Eulerian description
	Eulerian coordinates. Velocity field
	Equivalence between the Eulerian and Lagrangian viewpoints
	Streamlines
	Material derivative

	Mechanical stress
	Forces in a continuous medium
	Fluids

	Bibliography for Chapter I

	II Kinematics of a continuous medium
	Generic motion of a continuous medium
	Local distribution of velocities in a continuous medium
	Rotation rate tensor and vorticity vector
	Strain rate tensor

	Classification of fluid flows
	Geometrical criteria
	Kinematic criteria
	Physical criteria


	Appendix to Chapter II
	Deformations in a continuous medium

	Bibliography

