8 Basic notions on continuous media

I.2 Lagrangian description

The Lagmngz’a perspective, which generalizes the approach usually adopted in the description of
the motion of a (few) point particle(s), focuses on the trajectories of the material points, where the
latter are labeled by their position in the reference configuration. Accordingly, physical quantities
are expressed as functions of time ¢ and initial position vectors }?, and any continuity condition has
to be formulated with respect to these variables.

I.2.1 Lagrangian coordinates

Consider a material point M in a continuous medium. Given a reference frame R, which
allows the definition of its position vector at any time ¢, one can follow its trajectory 7(t). With a
choice of coordinate system, that trajectory is equivalently characterized by the functions {z*(t)}
fori=1,2,3.

Let R resp. {X'} denote the position resp. coordinates of the material point M at ty. The
trajectory obviously depends on this “initial” position, and 7 can thus be viewed as a function of ¢
and ﬁ, where the latter refers to the reference configuration xq:

—

7 =7(t, R) (L5a)

with the consistency condition

F(t=to, R) = R. (L5b)

In the Lagrangian description, also referred to as material description or particle description,

this point of view is generalized, and the various physical quantities G characterizing a continuous
medium are viewed at any time as mathematical functions of the variables ¢ and R:

G = G(t,R), (1.6)

where the mapping G—which as often in physics will be denoted with the same notation as the
physical quantity represented by its value—is defined for every ¢ on the initial volume 14 occupied
by the reference configuration .

(M) J.-L. LAGRANGE, 1736-1813
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[.2 Lagrangian description 9

Together with the time ¢, the position vector R—or equivalently its coordinates X!, X2, X3 in
a given system—are called Lagrangian coordinates.

1.2.2 Continuity assumptions

An important example of physical quantity, function of ¢ and ]:i is simply the position vector
(in the reference frame R) of a material point at time ¢, i.e. 7 or equivalently its coordinates {x'},
as given by relation , which thus relates the configurations ¢ and k.

More precisely, 7(t, R) maps for every t the initial volume ¥y onto ¥;. To implement mathe-
matically the physical picture of continuity, it will be assumed that the mapping 7(¢,-) : Y% — V;
is also one-to-one for every t—i.e. all in all bijective—, and that the function 7 and its inverse

R = R(t,7) (1.7)

are continuous with respect to both time and space variables. This requirement in particular
ensures that neighboring points remain close to each other as time elapses. It also preserves the
connectedness of volumes, (closed) surfaces or curves along the evolution: one may then define
material domains, i.e. connected sets of material points which are transported together in the
evolution of the continuous medium.

For the sake of simplicity, it will be assumed that the mapping 7 and its inverse, and more
generally every mathematical function G representing a physical quantity, is at least twice continu-
ously differentiable (i.e. of class (62). To be able to accommodate for important phenomena that are
better modeled with discontinuities, like shock waves in fluids (Sec. ??) or ruptures in solids—for
instance, in the Earth’s crust—, the “6?-character of functions under consideration may hold only
piecewise.

1.2.3 Velocity and acceleration of a material point

As mentioned above, for a fixed reference position R the function ¢ — 7(t, Ff) is the trajectory of
the material point which passes through R at the reference time #y. As a consequence, the velocity
at time t of this material point, measured in the reference frame R, is simply

3(t,R) = 8?(;;}%)' (1.8)

Since the variable R is independent of ¢, one could actually also write T(t, B) = d7(t, R) /dt.
In turn, the acceleration of the material point in R is given at time ¢ by
_ UL, R)

a(t, ) = = 5. (L9)

Remark: The trajectory (or pathlm@ of a material point can be visualized, by tagging the point
at its position R at time to, for instance with a fluorescent or radioactive marker, and then imaging
the positions at later times ¢t > .

On the other hand, if one regularly—say for every instant tg < ¢’ < t—injects some marker at
a fixed geometrical point P, the resulting tagged curve at time ¢ is the locus of the geometrical
points occupied by medium particles which passed through P in the past. This locus is referred

to as streaklz'ne Denoting by 7p the position vector of point P, the streakline is the set of
geometrical points with position vectors

7 =7(t, R(t',7p)) fortg <t <t (1.10)

i) Bahnlinie " Streichlinie
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Eulerian description

The Lagrangian approach introduced in the previous Section is actually not commonly used in fluid
dynamics, at least not in its original form, except for specific problems.

One reason is that physical quantities at a given time are expressed in terms of a reference
configuration in the (far) past: a small uncertainty on this initial condition may actually yield
after a finite duration a large uncertainty on the present state of the system, which is problematic.
On the other hand, this line of argument explains why the Lagrangian point of view is adopted
to investigate chaos in many-body systems!

The more usual description is the so-called Eulem’anlﬂ perspective, in which the evolution between
instants ¢t and t 4+ dt takes the system configuration at time ¢ as a reference.

1.3.1 Eulerian coordinates. Velocity field

In contrast to the “material” Lagrangian point of view, which identifies the medium particles in
a reference configuration and follows them in their respective motions, in the Eulerian description
the emphasis is placed on the geometrical points. Thus, the Fulerian coordinates are time ¢ and a
spatial vector 7, where the latter does not label the position of a material point, but rather that of
a geometrical point. Accordingly, the physical quantities in the Eulerian specification are described
by fields on space-time.

Thus, the fundamental field that entirely characterizes the motion of a continuous medium in
a given reference frame R is the velocity field V¢(t,7). The latter is defined such that it gives the
value of the Lagrangian velocity ¥ [Eq. (I.8)] of a material point passing through 7 at time ¢:

T=U(t,F) Yt VeV (L11)

More generally, the value taken at given time and position by a physical quantity G, whether
attached to a material point or not, is expressed as a mathematical function G, of the same Eulerian
variables:

G=G,((t,7) Wt VFe (1.12)

Note that the mappings (¢, ﬁ) — G(t, E) in the Lagrangian approach and (¢,7) — G,(t,7) in the
Eulerian description are in general different. For instance, the domains in R? over which their spatial
variables take their values differ: constant (74) in the Lagrangian specification, time-dependent (V})
in the case of the Eulerian quantities. Accordingly the latter will be denoted with a subscript ¢ in
the next subsection.

1.3.2 Equivalence between the Eulerian and Lagrangian viewpoints

Despite the different choices of variables, the Lagrangian and Eulerian descriptions are fully
equivalent. Accordingly, the prevalence in practice of the one over the other is more a technical
issue than a conceptual one.

Thus, it is rather clear that the knowledge of the Lagrangian specification can be used to obtain
the Eulerian formulation at once, using the mapping 7 — R(¢,7) between present and reference
positions of a material point. For instance, the Eulerian velocity field can be expressed as

Vi(t, ) = B(t, R(t,7)). (1.13a)

This identity in particular shows that v; automatically inherits the smoothness properties of ¥: if
the mapping (t, R) ~ 7(t, R) and its inverse are piecewise 62 (cf. §, then V; is (at least)
piecewise 61 in both its variables.

L. EULER, 1707-1783



[.3 Eulerian description 11

For a generic physical quantity, the transition from the Lagrangian to the Eulerian point of view
similarly reads

G,(t.7) = G(t, R(t,7)). (L.13b)

Reciprocally, given a (well-enough behaved) Eulerian velocity field V¢ on a continuous medium,
one can uniquely obtain the Lagrangian description of the medium motion by solving the initial
value problem

o7 (t, R)
ot
P(to, R) =R,

=V (t,7(t, R)) (I.14a)

where the second line represents the initial condition. That is, one actually reconstructs the pathline
of every material point of the continuous medium. Introducing differential notations, the above
system can also be rewritten as

—

A7 = V,(t,7)dt with 7(to, R) = R. (1.14Db)

Once the pathlines 7(t, R) are known, one obtains the Lagrangian-description function G(t, R) for
a given physical quantity G by writing

G(t, R) =G, (tv 7(t, R)) (I.14c)

Since both Lagrangian and Eulerian descriptions are equivalent, we shall from now on drop the
subscript ¢ on the mathematical functions representing physical quantities in the Eulerian point of
view.

1.3.3 Streamlines

At a given time ¢, the streamlme of the motion are defined as the field lines of v. That is,
these are curves whose tangent is everywhere parallel to the instantaneous velocity field at the same
geometrical point.

Let Z(\) denote a streamline, parameterized by A. The definition can be formulated as

a0 o
0 = a(A\)V(t, Z(N)) (I.15a)

with a(\) a scalar function. Equivalently, denoting by dZ(\) a differential line element tangent to
the streamline, one has the condition

dZ x V(t,Z(\)) = 0. (I.15b)

Introducing a Cartesian system of coordinates, the equation for a streamline is conveniently
rewritten as

dz'(\)  d2?(N) daB(N)
VLt Z(N) V(L E(N) V(L E(N)) (I.15¢)

at a point where none of the component v’ of the velocity field vanishes—if one of the v’ is zero,
then so is the corresponding dz*, thanks to Eq. ([.15b]).

Remark: Since the velocity field v depends on the choice of reference frame, this is also the case of
its streamlines at a given instant!

Consider now a closed geometrical curve in the volume ¥} occupied by the continuous medium
at time ¢. The streamlines tangent to this curve form in the generic case a tube-like surface, called

stream tube

(ix

) Stromlinien ) Stromréhre
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Let us introduce two further definitions related to properties of the velocity field:

e If V(¢,7) has at some t the same value at every geometrical point 7 of a (connected) domain
D C Vy, then the velocity field is said to be uniform across D.
In that case, the streamlines are parallel to each other over D.

e If V(¢,7) only depends on the position, not on time, then the velocity field and the correspond-
ing motion of the continuous medium are said to be steady or equivalently stationary.
In that case, the streamlines coincide with the pathlines and the streaklines.

Indeed, one checks that Eq. ([.14b]) for the pathlines, in which the velocity becomes time-
independent, can then be recast (at a point where all v* are non-zero) as

det  d2® da?
Vi 7)) V(7)) V(L)
where the variable ¢ plays no role: this is exactly the system (I.15¢) defining the streamlines
at time ¢. The equivalence between pathlines and streaklines is also trivial. O

1.3.4 Material derivative

Consider a material point M in a continuous medium, described in a reference frame R. Let 7
resp. 7 + d7 denote its position vectors at successive instants t resp. t + dt. The velocity of M at
time t resp. t + dt is by definition equal to the value of the velocity field at that time and at the
respective position, namely V(t,7) resp. V(t + dt, 7 + d7). For small enough dt, the displacement d7
of the material point between ¢t and ¢ + dt is related to its velocity at time ¢ by dF = V(¢, 7) dt.

Let dv = V(t +dt, 7+ dr) —V(t, 7) denote the change in the material point velocity between ¢ and
t+ dt. Assuming that V(¢,7) is differentiable (cf. §[[.3.2) and introducing for simplicity a system of
Cartesia coordinates, a Taylo expansion to lowest order yields

L OV(t,7) ov(t,7) ov(t,7) ov(t,7)

dv ~ dt dat dz?
VE T BT T e G s

up to terms of higher order in dt or d7. Introducing the differential operator

= 0 0 0
= _ a1 2 3
dr -V =dz EIs] + dz 922 + dx pret

this can be recast in the more compact form
v ~ 8”2: " at+ (dF - V)(t, 7). (1.16)
In the second term on the right-hand side, d7 can be replaced by V(t,7) dt. On the other hand,
the change in velocity of the material point between t and t + dt is simply the product of its
acceleration d(t) at time ¢ by the length d¢ of the time interval, at least to lowest order in dt.
Dividing both sides of Eq. by dt and taking the limit d¢ — 0, in particular in the ratio dv/d¢,
yield

da?,

at) = ng) + [V(t, ) - V]V(t, 7). (1.17)

That is, the acceleration of the material point consists of two contributions:

—

0
e the local acceleration —V, which follows from the non-stationarity of the velocity field;

ot

e the convective acceleration (V : 6)?, due to the non-uniformity of the motion.

More generally, one finds by repeating the same derivation as above that the time derivative of
a physical quantity G attached to a material point or domain, expressed in terms of Eulerian fields,

(R. DESCARTES, 1596-1650 “B. TAYLOR, 1685-1731
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is the sum of a local (G /dt) and a convective [(V - V) G| part, irrespective of the tensorial nature
of G. Accordingly, one introduces the operator

— = _— 4+V(t,7) -V (1.18)

called material derivativd®)|or (between others) substantial derivative,l(’(ﬂ) derivative following the
motion, hydrodynamic derivative. Relation ([.17)) can thus be recast as
Dv(t,7)
a(t) = ———=. 1.19
i(r) = 2o (119)

Remarks:

* Equation ([.17)) shows that even in the case of a steady motion, the acceleration of a material
point may be non-vanishing, thanks to the convective part.

* The material derivative ([.18) is also often denoted (and referred to) as total derivative d/d¢.

* One also finds in the literature the denomination convective derivativel@[ To the eyes and ears
of the author of these lines, that name has the drawback that it does not naturally evoke the local
part, but only...the convective one, which comes from the fact that matter is being transported,
“conveyed”, with a non-vanishing velocity field V(¢, 7).

* The two terms in Eq. ([.18)) actually “merge” together when considering the motion of a material
point in Galileanm space-time R x R3. As a matter of fact, one easily shows that D/Dt is the
(Lie|<m> ) derivative along the world-line of the material point

The world-line element corresponding to the motion between t and t+dt goes from (¢, 21, 2%, 2%) to
(t+dt, 2t +vidt, 22 +v2 dt, 23 +v3dt). The tangent vector to this world-line thus has components
(1,v,v2 v3), i.e. the derivative along the direction of this vector is 9; + v, + v2d, + v303, with
the usual shorthand notations 9, = 9/t and 9; = 9/0x". O

D Materielle  Ableitung G Substantielle  Ableitung i) Konvektive  Ableitung
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