
Ü
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fü
r

ei
n
ig

e
A

rg
u
m

en
te

x
b
er

ec
h
n
en

,
g/

u

au
sn

u
tz

en
;
o
d
er

ex
p(
±

x
)

sk
iz

zi
er

en
,
S
u
m

m
e

u
n
d

D
iff

er
en

z
p
er

H
an

d
.]

(b
)

K
ön

ne
n

S
ie

di
e

P
ot

en
zr

ei
he

n
vo

n
si

n
h
(x

)
un

d
co

sh
(x

)
an

ge
b
en

?
(c

)
B
ew

ei
se

n
S
ie

co
sh

2
(x

)
−

si
n
h

2
(x

)
=

1
(“

P
yt

ha
go

ra
s

fü
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Ü
9
a

b
zw

Ü
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fü

r
G

es
ch

w
in

di
gk

ei
te

n,
di

e
kl

ei
n

im
V
er

gl
ei

ch
zu

c
si
nd

.

A
u
fg

a
b
e

4
3
:

(a
)

Z
ei

ge
n

S
ie

,
da

ss
fü
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z∗ 1 z∗ 2

fü
r

z 2
6=

0

A
u
fg

a
b
e

5
1
:
[T

ei
le

(f
,g

,h
)

si
nd

(*
)]

D
ie

B
et

ra
gs

fu
nk

ti
on

is
t

de
fi
ni

er
t

al
s
|z
|:

=
√

z
z∗

=
√ [R

e
z]

2
+

[I
m

z]
2
.
Z
ei

ge
n

S
ie

(a
)
|−

z|
=
|z
|

(b
)
|z
∗ |

=
|z
|

(c
)
|z
|≥

0

(d
)
|z
|=

0
⇔

z
=

0

(e
)
|z

1
·z

2
|=

|z
1
|·
|z

2
|

(f
)
|z

1
+

z 2
|≤

|z
1
|+

|z
2
|

(D
re

ie
ck

s-
U

ng
le

ic
hu

ng
)

(g
)
|z

1
−

z 2
|≥

||z
1
|−

|z
2
||

(h
)

F
al

ls
z
∈

R
,
da

nn
|z
|=

{
z

fa
lls

z
≥

0
−

z
fa

lls
z

<
0

A
u
fg

a
b
e

5
2
:

B
et

ra
ch

te
n

S
ie

da
s

ko
m

pl
ex

e
P
ol

yn
om

zw
ei

te
n

G
ra

de
s

P
:
C
→

C
,

z
7→

P
(z

)
:=

a
z2

+
b
z

+
c

m
it

a
,b

,c
∈

C
un

d
a
6=

0.
Z
ei

ge
n

S
ie

,
da

ss

(a
)

z ±
:=

−
b
±
√

b2
−

4a
c

2a
∈

C
.

[H
in

w
ei

s:
Ü

4
8
b
3.

]

(b
)

z ±
si
nd

N
ul

ls
te

lle
n

vo
n

P
(z

)

(c
)

z +
z −

=
c a

un
d

z +
+

z −
=
−

b a

(d
)

P
(z

)
=

a
(z
−

z +
)(

z
−

z −
)

•
R
au

m
än

de
ru

ng
fü

r
di

e
V
or

le
su

ng
am

D
on

ne
rs

ta
g

29
.9

.:
H

6
→

H
5

Ü
bu

ng
en

zu
m

V
or

ku
rs

P
hy

si
k

B
la

tt
N

r.
1
4

29
.9

.2
01

1

A
u
fg

a
b
e

5
3
:

B
et

ra
ch

te
n

S
ie

da
s

ko
m

pl
ex

e
P
ol

yn
om

dr
it
te

n
G

ra
de

s
P

(z
)

=
−

1 2
z3
−

2
z2

+
1 2
z

+
11

.

(a
)

K
ön

ne
n

S
ie

ei
ne

N
ul

ls
te

lle
z 1

vo
n

P
(z

)
er

ra
te

n?

(b
)

B
eg

rü
nd

en
S
ie

(m
it

de
m

F
un

da
m

en
ta

ls
at

z
de

r
A
lg

eb
ra

),
da

ss
es

Z
ah

le
n

b,
c
∈

C
gi

bt
m

it

P
(z

)
=
−

1 2
(z
−

z 1
)(

z2
+

b
z

+
c)

.

(c
)

B
es

ti
m

m
en

S
ie

b
un

d
c

au
s

(b
).

[G
eh

t
p
er

P
ol

yn
om

d
iv

is
io

n
;
o
d
er

d
u
rc

h
A

u
sm

u
lt
ip

liz
ie

re
n

u
n
d

K
o
effi

zi
en

te
n
ve

rg
le

ic
h
.]

(d
)

B
er

ec
hn

en
S
ie

di
e

re
st

lic
he

n
N

ul
ls
te

lle
n

z 2
,z

3
.

A
u
fg
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5
4
:

[T
ei

l
(c

)
is
t

(*
)]

(a
)

S
ei

k
∈

R
b
el

ie
bi

g
ab

er
fe

st
.
B
er

ec
hn

en
S
ie

∫ ∞ −
∞

d
x

e−
|x
|
ex

p
(i

k
x
)

[H
in

w
ei

s:
e−

x
ex

p(
ik

x
)

x
→
∞
→

0.
]

(b
)

D
ie

F
un

kt
io

n
f̃
(k

)
:=

∫ ∞ −
∞

d
x

f
(x

)
ex

p
(−

ik
x
)

he
is
st

F
ou

ri
er

-T
ra

ns
fo

rm
ie

rt
e

vo
n

f
(x

).

B
es

ti
m

m
en

S
ie

di
e

F
ou

ri
er

-T
ra

ns
fo

rm
ie

rt
e

f̃
(k

)
vo

n
f
(x

)
=

e−
|x
| .

(c
)

Z
ei

ge
n

S
ie

:

f
(−

x
)

=
[f

(x
)]
∗

im
pl

iz
ie

rt
[f̃

(k
)]
∗

=
f̃
(k

)
bz

w
.
Im

f̃
(k

)
=

0

f
(−

x
)

=
[−

f
(x

)]
∗

im
pl

iz
ie

rt
[f̃

(k
)]
∗

=
−

f̃
(k

)
bz

w
.
R
e
f̃
(k

)
=

0

A
u
fg

a
b
e

5
5
:

Z
ei

ge
n

S
ie

fü
r

al
le

z
∈

C
:

(a
)

si
n
(2

z)
=

2
si

n
(z

)
co

s(
z)

(b
)

co
s(

2z
)

=
1
−

2
si

n
2
(z

)
=

2
co

s2
(z

)
−

1
(c

)
[c

os
(z

)
+

i
si

n
(z

)]
n

=
co

s(
n
z)

+
i
si

n
(n

z)

A
u
fg

a
b
e

5
6
:

[T
ei

l
(e

)
is
t

(*
)]

W
ir

ha
b
en

‘N
ac

hh
ol

b
ed

ar
f’

b
ei

de
n

tr
ig

on
om

et
ri
sc

he
n

F
un

kt
io

ne
n;

H
ie

r
G

ym
na

st
ik

fü
r
x
∈

R
:

(a
)

S
ki

zz
ie

re
n

S
ie

ta
n
(x

)
:=

si
n
(x

)
co

s(
x
)

(b
)

B
es

ti
m

m
en

S
ie

[t
an

(x
)]
′

(c
)

S
ch

rä
nk

en
S
ie

de
n

D
efi

ni
ti
on

sb
er

ei
ch

vo
n

ta
n
(x

)
so

ei
n,

da
ss

di
e

F
un

kt
io

n
ei

ne
in

de
ut

ig
is
t,

un
d

sk
iz

zi
er

en
S
ie

di
e

U
m

ke
hr

fu
nk

ti
on

ar
ct

an
(x

)
:=

ta
n
−

1
(x

)
(d

)
B
es

ti
m

m
en

S
ie

[a
rc

ta
n
(x

)]
′

(e
)
Z
ei

ge
n

S
ie

fü
r
z

=
a
+

ib
6=

0:
ar

g
(z

)
=

ar
ct

an
(

b a
)+

n
(z

)
π

,m
it

n
(z

)
=

  n
(z

)
=

0
fü

r
a
,b
≥

0
n
(z

)
=

1
fü

r
a

<
0

n
(z

)
=

2
fü

r
a
≥

0
,
b

<
0



Ü
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5
7
:

(a
)

B
er

ec
hn

en
S
ie

ei3
π
/
2

,
ar

g
(i

)
,

ln
(i

)
,

3√
i

,
ii

(b
)

Z
ei

ge
n

S
ie

,
da

ss
bz

=
|b
|z

eiz
a
rg

(b
)

fü
r
b
∈

C
\
{0
}

un
d

z
∈

C
(c

)
B
es

ti
m

m
en

S
ie

al
le

N
ul

ls
te

lle
n

z 1
,.

..
,z

n
de

s
P
ol

yn
om

s
P

(z
)

=
zn
−

1
fü

r
n
≥

2
in

de
r

F
or

m
z k

=
|z

k
|e

i
a
rg

(z
k
)

A
u
fg

a
b
e

5
8
:

B
et

ra
ch

te
n

S
ie

de
n

eu
kl

id
is
ch

en
V
ek

to
rr

au
m

(R
n
,+

,·
)

m
it

n
∈

N
un

d
ko

m
p
on

en
te

nw
ei

se
r
A
dd

i-
ti
on

⇀ v
+

⇀ w
=

(v
1
,v

2
,.

..
,v

n
)+

(w
1
,w

2
,.

..
,w

n
)

:=
(v

1
+

w
1
,v

2
+

w
2
,.

..
,v

n
+

w
n
)
un

d
M

ul
ti
pl

ik
at

io
n

x
·⇀ v

:=
(x

v 1
,x

v 2
,.

..
,x

v n
)

(w
ob

ei
x
∈

R
),

so
w

ie
N

ul
lv

ek
to

r
⇀ 0

:=
(0

,0
,.

..
,0

)
un

d
(a

dd
.)

in
ve

rs
em

E
le

m
en

t
−

⇀ v
:=

(−
1)
·⇀ v

w
ie

in
de

r
V
or

le
su

ng
.

Z
ei

ge
n

S
ie

(d
ur

ch
ei

nf
ac

he
s

E
in

se
tz

en
),

da
ss

di
e

V
ek

to
rr

au
m

-A
xi

om
e

ge
lt
en

:

(1
)

⇀ u
+

⇀ v
=

⇀ v
+

⇀ u

(2
)

(⇀ u
+

⇀ v
)
+

⇀ w
=

⇀ u
+

(⇀ v
+

⇀ w
)

(3
)

⇀ v
+

⇀ 0
=

⇀ v

(4
)

⇀ v
+

(−
⇀ v

)
=

⇀ 0

(5
)

x
·(

y
·⇀ v

)
=

(x
y
)·

⇀ v

(6
)

1
·⇀ v

=
⇀ v

(7
)

x
·(

⇀ u
+

⇀ v
)

=
x
·⇀ u

+
x
·⇀ v

(8
)

(x
+

y
)·

⇀ v
=

x
·⇀ v

+
y
·⇀ v

A
u
fg

a
b
e

5
9
:
(*

)

S
ei

V
:=

{ f
:
[0

,1
]
→

R
,

x
7→

f
(x

)
:=

∞ ∑ k
=

0

c k
x

k k
!

∣ ∣ ∣ ∣ ∣c k
∈

R
,

c k
so

da
ss

P
ot

en
zr

ei
he

ko
nv

er
ge

nt

}
di

e
M

en
ge

al
le

r
re

el
le

n
P
ot

en
zr

ei
he

n
au

f
de

m
In

te
rv

al
l
[0

,1
].

(a
)

K
ön

ne
n

S
ie

ei
ne

ge
ei

gn
et

e
A
dd

it
io

n
zw

ei
er

E
le

m
en

te
au

s
V

un
d

ei
ne

ge
ei

gn
et

e
äu

ss
er

e
M

ul
-

ti
pl

ik
at

io
n

m
it

re
el

le
n

Z
ah

le
n

so
de

fi
ni

er
en

,
da

ss
(V

,+
,·

)
ei

n
V
ek

to
rr

au
m

w
ir
d?

[B
em

.:
d
ie

s
is
t

ei
n

so
g.

F
u
n
kt

io
n
en

ra
u
m

;
V
ek

to
re

n
si
n
d

st
at

t
m

it
⇀ v

,⇀ w
,.

.
m

it
f
(x

),
g
(x

),
..

b
ez

ei
ch

n
et

.]

(b
)

W
as

is
t

ei
ne

ge
ei

gn
et

e
B
as

is
di

es
es

V
ek

to
rr

au
m

es
?

W
as

is
t

se
in

e
D

im
en

si
on

?

A
u
fg

a
b
e

6
0
:

E
s

se
i
ei

ne
A
bb

ild
un

g
vo

n
R

n
×

R
n
→

R
(d

as
so

ge
na

nn
te

S
ka

la
rp

ro
du

kt
)

de
fi
ni

er
t

du
rc

h
⇀ v
·⇀ w

=
(v

1
,v

2
,.

..
,v

n
)
·(

w
1
,w

2
,.

..
,w

n
)

:=
v 1

w
1
+

v 2
w

2
+

..
.+

v n
w

n
.

Z
ei

ge
n

S
ie

(w
ie

de
r

du
rc

h
ei

nf
ac

he
s

E
in

se
tz

en
),

da
ss

di
e

so
g.

S
ka

la
rp

ro
du

kt
-A

xi
om

e
ge

lt
en

:

(1
)

⇀ v
·⇀ w

=
⇀ w
·⇀ v

(2
)

⇀ v
·⇀ v

≥
0,

un
d

⇀ v
·⇀ v

=
0
⇔

⇀ v
=

⇀ 0

(3
)

(x
⇀ v

)
·⇀ w

=
x
(⇀ v
·⇀ w

)

(4
)

(⇀ u
+

⇀ v
)
·⇀ w

=
⇀ u
·⇀ w

+
⇀ v
·⇀ w

Ü
bu

ng
en

zu
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V
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P
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B
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tt
N
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1
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6
1
:

S
ei

V
ei

n
V
ek

to
rr

au
m

,
au

f
de

m
zu

sä
tz

lic
h

ei
ne

N
or

m
|⇀ v
|

fü
r

b
el

ie
bi

ge
⇀ v
∈

V
de

fi
ni

er
t

is
t

(n
or

m
ie

rt
er

R
au

m
).

Z
ei

ge
n

S
ie

,
da

ss
di

e
D

is
ta

nz
d
(v

,w
)

:=
|⇀ v
−

⇀ w
|z

w
is
ch

en
zw

ei
V
ek

to
re

n
di

e
fo

lg
en

de
n

E
ig

en
sc

ha
ft

en
er

fü
llt

[H
in

w
ei

s:
b
en

u
tz

en
S
ie

d
ie

d
re

i
N

or
m

-A
xi

om
e

au
s

d
er

V
or

le
su

n
g]

:

(a
)

d
(⇀ v

,⇀ w
)

=
d
(⇀ w

,⇀ v
)

(b
)

d
(⇀ v

,⇀ w
)
≥

0,
un

d
d
(⇀ v

,⇀ w
)

=
0
⇔

⇀ v
=

⇀ w

(c
)

d
(⇀ u

,⇀ w
)
≤

d
(⇀ u

,⇀ v
)
+

d
(⇀ v

,⇀ w
)

[A
ls
o

h
at
|⇀ v
−

⇀ w
|t

at
sä

ch
lic

h
d
ie

E
ig

en
sc

h
af

te
n
,
d
ie

m
an

an
sc

h
au

lic
h

m
it

‘D
is
ta

n
z’

b
zw

.
‘A

b
st

an
d
’
m

ei
n
t.
]

A
u
fg

a
b
e

6
2
:

(a
)

Z
ei

ge
n

S
ie

:
S
in

d
di

e
B
et

rä
ge

vo
n

S
um

m
e

un
d

D
iff

er
en

z
zw

ei
er

V
ek

to
re

n
gl

ei
ch

,
da

nn
si
nd

di
e

V
ek

to
re

n
se

nk
re

ch
t

zu
ei

na
nd

er
.

(b
)

Z
ei

ge
n

S
ie

:
S
in

d
S
um

m
e

un
d

D
iff

er
en

z
zw

ei
er

V
ek

to
re

n
se

nk
re

ch
t

zu
ei

na
nd

er
,

da
nn

ha
b
en

di
e

V
ek

to
re

n
de

ns
el

b
en

B
et

ra
g.

(c
)

W
el

ch
e

ge
om

et
ri
sc

he
n

O
bj

ek
te

(g
eg

eb
en

du
rc

h
di

e
M

en
ge

al
le

r
P
un

kt
e

⇀ r
)

w
er

de
n

du
rc

h
di

e
fo

lg
en

de
n

(V
ek

to
r-

)
G

le
ic

hu
ng

en
b
es

ch
ri
eb

en
?

(c
1)

⇀ r
·⇀ e

3
=

0
(c

2)
|⇀ r
|=

R
m

it
ko

ns
ta

nt
em

R
∈

R
+

(d
)

K
ön

ne
n

S
ie

G
le

ic
hu

ng
en

an
ge

b
en

,
di

e
di

e
fo

lg
en

de
n

ge
om

et
ri
sc

he
n

O
bj

ek
te

b
es

ch
re

ib
en

?

(d
1)

ei
ne

zu
m

V
ek

to
r

⇀ a
se

nk
re

ch
te

E
b
en

e
du

rc
h

de
n

U
rs

pr
un

g
(d

2)
di

e
O

b
er

fl
äc

he
ei

ne
r

K
ug

el
m

it
R
ad

iu
s

R
un

d
M

it
te

lp
un

kt
⇀ m

A
u
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6
3
:
(a

uf
je

de
n

F
al

l
(d

)
b
ew

ei
se

n)

Z
ei

ge
n

S
ie

(d
ur

ch
ei

nf
ac

he
s

E
in

se
tz

en
),

da
ss

fü
r

⇀ a
,

⇀ b
∈

R
3

da
s

K
re

uz
pr

o
du

kt
⇀ a
×

⇀ b
:=

(a
2
b 3
−

a
3
b 2

,a
3
b 1
−

a
1
b 3

,a
1
b 2
−

a
2
b 1

)
di

e
fo

lg
en

de
n

E
ig

en
sc

ha
ft

en
ha

t:

(a
)

⇀ a
×

⇀ b
=
−

⇀ b
×

⇀ a

(b
)

(λ
⇀ a

)
×

⇀ b
=

λ
(⇀ a
×

⇀ b
)

,
m

it
λ
∈

R
(c

)
(⇀ a

+
⇀ b

)
×

⇀ c
=

⇀ a
×

⇀ c
+

⇀ b
×

⇀ c

(d
)

⇀ a
×

(
⇀ b
×

⇀ c
)

=
⇀ b

(⇀ a
·⇀ c

)
−

⇀ c
(⇀ a
·⇀ b

)
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⇀ c
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⇀ c
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⇀ c
·(

⇀ a
×

⇀ b
)

=
⇀ b
·(⇀ c
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)
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∂
φ
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∂
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∂
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∂
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2 k
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∂
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∂
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2
∂
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f
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)
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⇀ ∇
f
(⇀ x

)
:=

( ∂
f
(⇀ x

)

∂
x

1

,
∂
f
(⇀ x

)

∂
x

2

,
∂
f
(⇀ x

)

∂
x

3
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)
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s
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d
⇀ ∇
·( ⇀ ∇
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f
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∂
2

∂
x

2 1
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(⇀ x

)
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∂
2

∂
x

2 2
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)
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∂
2

∂
x

2 3

f
(⇀ x

)
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∆
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fü
r

da
s

V
ek

to
rf
el

d
⇀ g

:
R

3
→

R
3

,
⇀ g
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∂
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∂
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∂
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∂
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∂
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∂
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∂
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∂
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∂
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∂
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√
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√
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=
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=
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⇀ c
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s
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-
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n
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at
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ra
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1 √
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fü

r
di

e
V
or

le
su

ng
am

F
re

it
ag

7.
10

.:
H

6
→

H
2



Ü
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Ü
bu

ng
en

zu
m

V
or

ku
rs

P
hy

si
k

B
la

tt
N

r.
1
9

L
ös

un
gs

vo
rs

ch
la

g

A
u
fg

a
b
e

7
3
:

R
an

g=
2,

de
nn

di
e

er
st

en
b
ei

de
n

Z
ei

le
n

(n
en

ne
si
e

⇀ z
1
,

⇀ z
2
)

si
nd

lin
ea

r
un

ab
hä
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