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By definition, the S matrix, is what tells you the probability
amplitude that a state that looks a given state in the far past
will look like another given state in the far future,
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Note that in the limits, this is time ordered and thus we have

succeeded in writing S matrix elements in terms of the renormalized

Green's functions. So we could quit now, but we are going to massage

this expression., In doing so, we'll extend the idea of an S matrix
element. Physically there is no way to create plane wave states.

Thus there is no way to measure or define S matrix elements of

plane wave states. However, after we get done massaging the RHS

of the above equation, we will get an expression that you can put

plane wave states into without getting nonsense. We'll make this

the definition of S matrix elements of plane wave states, (k;,é,/(:—dﬁki)kz7
The utility of this object is that you can integrate it, smear it ’
a little, to recover physically measurable S matrix elements. Now

I'1l tell you the answer, that is, what we will soon show is a

sensible definition for
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That loocks unfamiliar and messy, but it actually isn't, Recall that
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This says that an S-1 matrix element is equal to a Green's function

with the external propogators removed. This is almost exactly the

result that came out of our low budger scattering theedry, with

the only difference being that the Green's function is of renormalized
fields. The result we will first obtain won't be an expression for
<‘k.,,1,¢((5.,.ﬂk,,k1). We get that by abstracting the expression for ({3{‘,{(5-:)/_,{7/7
which looks just like the expression for(kéyis-ilf 4 k) stated &ﬁ—f'h'e*q_‘u:/é
Srevious—pise except & ¥:%is replaced by fl(xl),e"l‘:{by fz(xz),e_""f‘}by £4(%)
and Ctﬁ¢¢by f&(xa). That is what we will show is
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Let's get on with the proof, beginning with a lemma.

Given any function, f(x), satisfying (E]+,42)f(x)=0, and £f—0 as|x|—e=
and a general field A, +hznq
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this is something that appears often enough that it
it is worth giving it a name. It is a function of

time only call it -A (t)
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REMARKS

The mathematical expression we started with makes sense even for
fl’ f2’ f3, and f& plane waves., We'll make that expression the
definition of an S-1 matrix element of plane waves. O0Of course
you only get something physically measurable when you integrate,
smear, the expression.. The situation is very analogous to V(?-?)
3y V(x-y) P(x) P(? No one can build

a point charge, and thus no one can make a charge distribution that

in the expression U= de d

directly measures V(ii?), that is,one for which the interaction
energy is V(fL;). All you can do is measure U for various charge
distributions. Then you can abstract to the notion of V(f-?),
"the potential energy of between two point charges." You only
recover somethin phy51.311y measurable when you 1ntegrate, smear,

For Se-l matrin et plant waves

the expression The formula analogous to U-Sd x d y V(x y) c(x) r(y) is
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The proof only required that the field you begin with have a

nonzero vacuum to one particle matrix element. Then you shift that
field by some constant, and multiply it by another constant toc get

the renormalized field, whose Green's functions are what actually
entered the proof. There is thus a many to one correspondence

between fields and partlcles From the peoint of view of the

reduction formula, ?5 ¢+ ‘i¢ is just as good a field (at least
except for one exceptional value of3 that makes the vacuum to one
particle matrix element of ?6 vanish). You do not have to begin

with one of the fields that seemed to be fundamental in the Lagrangian.
There is no problem in principle of obtaining scattering matrix elements
of composite particles and bound states. In the QCD theory of the
strong interactions, the mesons are bound states of a quark and an
antiquark. If q(x) is a quark field, you would expect qq(x) to have

a nonvanishing vacuum to one meson matrix element, "All"™ you need

to calculate 2—>2 meson scattering then would be
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5'{x) is the renormallzed field. Of course ncone has gotten G
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Physics 253a Integral Table

The Minkowski-space integral,

éﬂq | B
Talod= SC‘L‘W)‘* (Fea )" .

with n 1nteger and Im a » 0, is given by
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forn 2 3. Forn =1, 2
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PHYSICS 253a

What Everv 253a Student Needs to ¥Xnow about The Dirac Eguation

I have heard that some of you have had trouble keeping the
Dirac equation in view through a cloud of 50(3,1) representation
theory. This sheet has been prepared to help you. It contains
2ll the results we have derived to date that we will need in the

remainder of the course, without proofs.

1. Dirac Lagrangian, Dirac Egquation, Dirac Matrices

The theory is defined by the Lagrange density,
to. . >
Z= ¥ [i3, + ig.V - Bmly .

Here ¢ is a set of four complex fields, arranged in a column

vector (a Dirac bispinor), and the a's and B are a set of four

4 x4 Hermitian matrices (the Dirac matrices). The equation of

motion (the Dirac eguation) is

(i3, + ia-V - Bm}y = O .

The Dirac matrices obey the Dirac algebra,

{a,,0.} =28,. , {e.,8 =0, B2 =1.
1773 1] 1

Any set of § x4 matrices obeying this algebra is egquivalent to
any other set. Two representations of the Dirac algebra that

will be useful to us are the Weyl recresentation,

. 6 o
a = - ) B
0 =-go -

and the standard representation,

1]
—_——
o (=
o -
~ .

-




2. Space-Time Symmetries

The Dirac equation is invariant under both Lorentz trans-
formations and parity.

Under a Lorentz transformation characterized by a 4 x4
Lorentz matrix, A,

A $(x) » DAY (A" %) ,

where the matrix D is defined from the a's by the following rules:

For an acceleration by rapidity ¢ in a direction E,

- poliing L= YOyt
-+ o - ; ’,,,44‘
For a rotation by angle & about an axis e, r '/3 Jﬂi“fg“d
ic s
- )
D{R(38)) = e 1L78 ,
where L is defined by Lk = —?- ék ){Ij'(f

{ai,aj] = 4leijkLk .

In both the Weyl and standard representations

Under parity,

P: ¥(X,t) ~ BU(-%X,t)

3. Dirac Addoint, ¥y Matrices

The Dirac adijoint of a Dirac bispinor is defined by

of a 4 x4 matrix by

These obey the usual rules for adjoints, e.g9.,

- * ——
(VAG) = Ay .



The y matrices are defined by

¥® = 8, y© = Bo~.
These are neot all Hermitian,

wt _ = v

Y Yu-guvT *
but they are self-Dirac adjoint ("self-bar"),

W= yF .

The y matrices obey the y algebra,

uv

Y} = 29 .

{y¥.y

They also obey

Beayy"p(ay = A% y¥.
For any vector, a, we define

A = auy“.
It follows from the y algebra that
¥ + Bbd = Za*b .
In this notation, the Dirac Lagrange density is
V(ig-m)y ,
and the Dirac eguation is

(iZ-m)y = 0 .

4. Bilinear Forms

There are sixteen linearly independent bilinear forms we
can make from a Dirac bispincr and its adjeint. We can choose
these sixteen to form the components of objects that transform
in simple ways under the lorentz group and parity.

The scalar is .
§ = yy .

The vector is

The tensor is

o

P

vy



where nv 1 U
o =§I[Y:Y]-

The pseudoscalar is
P=fﬁiY5¢:

where
Y, = iy yiyiy?

n
—~

The axial vector is
AN =Py,

Y, is in many ways "the fifth y matrix”". It obeys

+
(vgd? =1, vy=vg=-¥, {y,¥"l=0.

5. Plane-Wave Sclutions

The positive-frequency solutions of the Dirac egquation are of

the form —ipex
y = ue PTX,

where p? = m? and p® is positive. The negative-frequency solutions

are of the form Y = veip.x .
There are two positive-~-fregquency and two negative-freguency solu-
tions for each p. The Dirac equation implies that

(p-mlu =0 = (p+mv

For a particle at rest, p = (m,a), we can choose the two in-

dependent u's in the standard representation to be,

(V2Zm 0
(1) _ 0 (2) _ i72m
b R Y O Y8 T o0’
LoJ 0
and the two independent v's to be
[0 ) 0
(1) 0 (2) _ 0
Ve s |vmm|” ¥ =10 -
ko) 'I‘zm

We can construct the solutions for a moving particle, u'i’ and

V{E), by applying a Lorentz acceleration (see 2).



These solutions are ncermalized such that

L—I(_E) u(_;) = 2m o%S = _;(g) v(g)' a(_g) v(is;;) = 0
They obey the completeness relatlions ~
}2: u (B FE) = p+m , iv(E)G(-{) =p¢p-m .
P ol P
r=1 r=

Another way of expressing the normalization condition is

(r)

r} _u (s} rs _u ={r)_u (s}
- > = 26 = - -
p ' Y3 PPEYRET VS

u

-

This form has a smooth limit as m goes to zero.
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Renormalization and symmetry:

e TP - T Y T

.nd a review for non-specialists
iT (1971)
A ay
1 Introduction )
S { 2 dtu r2 I suppose that as good a_way as any of explaining the contents of
Y =

, + this lecture is to explain the title) By ‘renormalization’ I mean the removal A

of infinities for Feynman amplitudes, in perturbation theory, for Lagran-

.oy . ;-
+oi k. gian field theories with polynomial interactions.. In particular non-per-
o M JC.L\ turbative renormalization (the work of Jaffe, Glimm, etc.) is outside the ;

s oD )_e. scope of this lecture, as are the properties of non-polynomial interactions
N arola ﬂ' Z ‘ ,o A (the work of Efimov, Salam, Lehmann, etc.). By ‘renormalization and
r< | syrnmetry’ I mean that we will be concerned not only with the renormaliza-

W e his 'H’\é. tion of scattering amplitudes, but also with the rencrmalization of the

i r-:s"’ 54€P matrix clements of conserved and partially conserved currents. In par- ,
: < L‘ ticular, we will discuss some fairly recent results of Symanzik, Benjamin
o < i, Lee, Preparata, Weisberger, and others. By ‘a review for non-specialists’

reau {N“l%ﬁ( 0/ [ mean that I hope that this talk will be intelligible to people who can do

SPAY, [ nothing more complicated than remove the divergences from the seif-
: ', energy of the electron.
NI MCK]‘ ai o . .. .
r“eh z<s ¢ Since renormalization theory has a well-deserved reputation for com-
ocZ .

plexity, it is obvious that I will be able to do all this in a single lecture only

i© _Tt\i; 'S Eggqgjc by cheating. To be precise, I will explain a very powerful theorem due to
’E W= ‘}3\]5 Klgus Hepp, but not prove it -(this is the chpat); then I will show how a wide

e ‘ variety of results can be obtained from this master thecrem by elementary

Vv NS “+0  methods.!

a2 Z2ZATA

N ( - 1. A _C{\ < 2 Bogoliubov’s method and Hepp's thecrem

- T I For simplicity, we will restrict ourselves to field theories involving

A /\.,’J 'J,J\\O\})r C‘{-«. spin-zero and spin-one-half fields only, which we will call Bose and Fermi

—“ ,:H' ;r\ fields, respectively. We will write the Lagrangian for such a theory in the

L

) ‘ P 99
’ G{\*{ = ,“] -._..R\/ ~
r - <. COLEM SPELTS oF Sy/AMET 3L
et ot lr\ijrrvc \O,\C; SMAN, ASPEST> =X == f® 23

f’\“r
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DISCUSSION

Chairman: Prof, 8. CoLiman
Scientilic Sccretary: B, W, Kecx

DSCUSKION

-~ De Wrrr:

This morning you gave the proof that matrix elements of conserved and partially conserved
currenls are finite. Do you know il the matrix clements of Green's functions involving the
product of several currents are finite?

— COLEMAN:

You can prove for example for a meson-nucleen system and the current ¥y that such
Green's functions, except for that contaimning just two currents, arc finite, by using the same
technique as in the lecture.

—~= BLRLAD!:

1 have two questions, one technical and one general. 4) Is it possible to gencralize &¢
the quantity that tests the renormalizability of the interaction, to higher spin fields? b} Is
the renormalization procedure, carried out separately in cach order of perturbation theory,
connected in any way with the convergence or divergence of the renormalized perturbation
scries itsell?

— COLEMAN:

a) Yes, it is. However, in general, § will no longer be simply rclated 10 the dimension
of the interaction in the sense of dimensional analysis. This is because, for fields of spin
one or higher, powers of momentum, divided by masses, appear in the numerator of the
propagator. b) There is no known connection between renormalization and the convergence
of the perturbation- series.

— GASIOROWICZ:
Where, if at all, does the old notion of overlapping divergences rear its ugly head in the
BFH programme 7

— COLEMAN:

1t rears its head in Hepp's proof. He has to do somc complicated combinatorics. The
result is that you never need to worry if you take his thcorem on faith. An example is the
diagram
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— KIRNLH:
,.,M’" In a quite-recent series of papers by Yeliman the perturbation theory of the Yang-Mills
.\ ficlds has been investigaied. Hy using special Feynman rules the author suggesivd that in
ihe maxs zera limit the theory is renormaldizable, but Jid not prove it conclusively. Can
it be done in the way you have discussed?
— = COLFMAN:
No. it has been known for many years that ordinary Feynman rules do not apply to

. ' sere nuass mosabelinn gauge liclds, Rules were given by Feynnum and developed by De Witt
involving « ghost loops », too complicated to explain here. With Lhese, one can us¢ our
analysis 10 prove renormalizability by repeatedly applying Ward identitics. But unfortunately
the internal consistency of the method depends (though Veluman may disagree) on the possi-
bility of constructing a cutolT procedure that prescrves the Ward identitics. Neither Yeltman
nor [ have been able to do this, except (by different methods) for diagrams with a single closed
loop. (Note added in proof: Two gauge-invariant cutoff procedures have since been found, ™

non that ane by B. Lee and Zinn-Justin, the other by ‘tHooft and Veltman).

voin the — Krex:

,1“;::’::‘: In Bogoliubov's presentaiion unitarity is acquired (ormally by making the S-matrix
a time ordered exponential. It is not clear to me that it survives renormalization. Does
Hepp show that it does?

— CotEMan:

"ula and \ Hepp does not concarn himself with unitarity, 1 can give you a handwaving argument
for it, namely that one ¢an think of the Pauli-Villars-Villars regularization as provided by
the presence of particles of negative norm, which at a given cnergy do not contribuic to the
unitarity sum for suflicicntly large cutoff. This is only haadwaving. 1 think that there has

,“h' been a proof combining Hepp and Cutkosky.
pansion, t
- MARTIN:
The probiern of unitarity in periurbation theory has been recently settled by Glaser and
Epstein, who use an alternative but equivalent renormalization procedure to that described
N bfvsons. by Prof. Coleman. Now can [ come back to the question of Berlad. First of aif we have a
--mn;r‘sce' strong suspicion that Jg* perturbation theory is divergent. However, we hope that all the
:;5;:‘; | information about the true theory is contained in the terms of the perturbation expansion.
' This is supported by i) the anharmonic oscillator model, for which Padé approximants
converge (however, this is potenual theory), i) by work of B. Simon on a cutoff two di-
4 mensional ficld theory, for which he proves that one can caiculate certain quantities by
a5 from i the Borel summation procedure, which is more general than Padé's. Here of course the
<ndoned result hoids for unrenormalized quantities, since you have a culoﬁ'._
DDAC N
gst way h'.' C = J
_ bosen. ,
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