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7) Critical Exponents (2+4 points)

Consider the free energy density in the vicinity of a 2nd order phase transition:

f(t, h) = t2−αg(t/h1/φ),

where h is a (reduced) external field and t = T−Tc
Tc

the reduced temperature.

a) Show that α is the critical exponent of the specific heat.

b) Express the coefficients β and δ by α and φ and show that the following scaling relation holds:

2− α = β(δ + 1).

8) 1-dimensional Ising model (2+4 points)

a) Compute the eigenvalues of the transfer matrix

V =

(
eK+h e−K

e−K eK−h

)
, K = βJ, h = βH.

*b) Implement the Metropolis algorithm for the
1-dimensional Ising model (Ising chain) for H = 0.
Measure the magnetization and check that you ob-
tain for N →∞ the analytic result

M(T,H) =
eK sinh(h)√

e2K sinh2(h) + e−2K

.

procedure metropolis-ising

input {σ1, . . . , σN}, E
i← nran(1, N)
h←

∑
j σNbr(j,i)

∆E ← 2hσk
Y ← e−β∆E

if ran(0, 1) < Y then
xσi ← −σi
E ← E + ∆E

endif
output {σ1, . . . , σN}, E

9) 2-dimensional Ising Model (8 points)

*a) Implement the Metropolis algorithm for the 2-dimensional Ising model by modifying the Ising
chain to higher dimensions. [It will be advantegous for later applications to construct a lattice
container and a method to implement the nearest neighbor relation for any dimension.]

b) Measure the Binder cumululant BL(β) as a function of the inverse temperature β for three dif-
ferent lattice volumes, 8× 8, 16× 16 and 32× 32.



Ernst Ising
(May 10, 1900, - May 11, 1998) was a German physicist.

He is best remembered for the development of the Ising model. He
was a professor of physics at Bradley University until his retirement
in 1976. After school, he studied physics and mathematics at the
University of Göttingen and University of Hamburg. In 1922, he
began researching ferromagnetism under the guidance of Wilhelm
Lenz. He earned a Ph.D in physics from the University of Hamburg
in 1924. His doctoral thesis studied a problem suggested by his tea-
cher, Wilhelm Lenz. He investigated the special case of a linear chain
of magnetic moments, which are only able to take two positions, “up”
and “down,” and which are coupled by interactions between nearest
neighbors. Mainly through following studies by Rudolf Peierls, Hen-
drik Kramers, Gregory Wannier and Lars Onsager the model proved
to be successful explaining phase transitions between ferromagnetic
and paramagnetic states.

After earning his doctorate, Ernst Ising worked for a short time in business before becoming a teacher,
in Salem, Strausberg and Crossen, among other places. In 1930, he married the economist Dr. Johanna
Ehmer (born February 2, 1902). As a young German-Jewish scientist, Ising was barred from teaching and
researching when Hitler came to power in 1933. In 1934, he found a position, first as a teacher and then as
headmaster, at a Jewish school in Caputh near Potsdam for Jewish students who had been thrown out of
public schools. Ernst and his wife Dr. Johanna Ising, née Ehmer, lived in Caputh near the famous summer
residence of the Einstein family. In 1938, the school in Caputh was destroyed by the Nazis, and in 1939 the
Isings fled to Luxembourg, where Ising earned money as a shepherd and railroad worker. After the German
Wehrmacht occupied Luxembourg, Ernst Ising was forced to work for the army. In 1947, the Ising family
emigrated to the United States. Though he became Professor of Physics at Bradley University in Peoria, Il-
linois, he never published again. Ising died at his home in Peoria in 1998, just one day after his 98th birthday.

The Ising model is defined on a discrete collection of variables called spins, which can take on the
value 1 or -1. The spins Si interact in pairs, with energy that has one value when the two spins are the
same, and a second value when the two spins are different. The energy of the Ising model is defined to be
E = −

∑
ij JijSiSj , where the sum counts each pair of spins only once. Notice that the product of spins

is either +1 if the two spins are the same (aligned), or -1 if they are different (anti-aligned). J is half the
difference in energy between the two possibilities. Magnetic interactions seek to align spins relative to one
another. Spins become randomized when thermal energy is greater than the strength of the interaction. For
each pair, if Jij > 0 the interaction is called ferromagnetic, if Jij < 0 the interaction is called antiferroma-
gnetic, and if Jij = 0 the spins are noninteracting. A ferromagnetic interaction tends to align spins, and an
antiferromagnetic tends to antialign them. The spins can be thought of as living on a graph, where each
node has exactly one spin, and each edge connects two spins with a nonzero value of J. If all the Js are equal,
it is convenient to measure energy in units of J. Then a model is completely specified by the graph and
the sign of J. The antiferromagnetic one-dimensional Ising model has the energy function: E =

∑
i SiSi+1,

where i runs over all the integers. This links each pair of nearest neighbors.

In his 1925 PhD thesis, Ising solved the model for the 1D case. In one dimension, the solution admits
no phase transition. On the basis of this result, he incorrectly concluded that his model does not exhibit
phase behaviour in any dimension. It was only in 1949 that Ising knew the importance his model attained
in scientific literature, 25 years after his Ph.D thesis. Today, each year, about 800 papers are published
that use the model to address problems in such diverse fields as neural networks, protein folding, biological
membranes and social behavior.

[from http://en.wikipedia.org/wiki/Ernst_Ising]


