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CHAPTER 1

Coarse-grainedmodelsof complex�uids at equilibrium and unter shear

FriederikeSchmid

Fakultät für Physik,Universität Bielefeld,
Universitätsstraße25,D-33615Bielefeld

E-mail: schmidphysik.uni-bielefeld.de

Complex �uids exhibit structureon a wide rangeof length and time scales,and hierar-
chical approachesarenecessaryto investigateall facetsof their oftenunusualproperties.
The study of idealizedcoarse-grainedmodelsat different levels of coarse-grainingcan
provide insight into genericstructuresandbasicdynamicalprocessesat equilibrium and
non-equilibrium.

In the �rst part of this lecture,somepopularcoarse-grainedmodelsfor membranes
andmembranesystemsarereviewed. Specialfocus is given to bead-springmodelswith
different solvent representations,and to random-interfacemodels.Selectedexamplesof
simulationsat themolecularandthemesoscopiclevel arepresented,andit is shown how
simulationsof molecularcoarse-grainedmodelscanbridgebetweendifferentlevels.

Thesecondpartaddressessimulationmethodsfor complex �uids undershear. After a
brief introductioninto thephenomenology(in particularfor liquid crystals),differentnon-
equilibrium moleculardynamics(NEMD) methodsare introducedandcomparedto one
another. Applicationexamplesincludethebehavior of liquid crystalinterfacesandlamellar
surfactantphasesundershear. Finally, mesoscopicsimulationapproachesfor liquid crystals
undersheararebrie�y discussed.

1. Intr oduction

The term “Complex �uid” or “soft condensedmatter” – thesetwo areoften usedinter-
changeably– refers to a broadclassof materials,which are usually madeof large or-
ganic moleculesandhave a numberof commonfeatures1;2: They displaystructureon a
nanoscopicor mesoscopicscale;characteristicenergiesareof the orderof kB T at room
temperature,hencethepropertiesareto a largeextentdominatedby entropiceffects,and
thematerialsrespondstronglyto weakexternalforces3; thecharacteristicresponsetimes
spanoneor several ordersof magnitude,andthe rheologicalpropertiesof the �uids are
typically non-Newtonian2;4. Someexamplesarepolymermeltsandsolutions5;6;7;8, emul-
sions,colloids9;10;11, amphiphilicsystems12;13, andliquid crystals14;15;16.

Computersimulationsof complex �uids areparticularlychallenging,dueto the hier-
archy of length and time scalesthat contributesto the materialproperties.With current
computerresources,it is practicallyimpossibleto describeall aspectsof sucha material
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within onesingletheoreticalmodel.Therefore,onecommonlyusesdifferentmodelsfor
different lengthandtime scales.The ideais to eliminatethe small-scaledegreesof free-
domin the large-scalemodels,andto incorporatethedetailsof thesmall-scaleproperties
in theparametersof anew, simpler, model.This is calledcoarse-graining.

Therearetwo aspectsto coarse-graining.First, systematiccoarse-grainingprocedures
mustbedevelopedandappliedin orderto studymaterialsquantitatively on several length
andtime scales.This is the challengeof multiscalemodeling,onemajor growth areain
materialsscience.It is, however, not thesubjectof thepresentlecture.Somerecentreviews
canbefoundin Refs.17,18

Second,coarse-grainedidealizedmodelsareusedto studygenericpropertiesof mate-
rialsonagivenscale,andphysicalphenomenawhicharecharacteristicfor awholeclassof
materials.Here,microscopicdetailsaredisregardedbecausethey aredeemedirrelevantfor
thephysicalpropertiesunderconsideration.This approachto materialssciencehasa long
tradition,goingbackto Ising's famouslatticemodelfor magnetism.

In thepresentlecture,weshallconcentrateoncoarse-grainedmodelsof thesecondtype.
Weshalldiscusshow suchmodelscanbeconstructed,how they canbestudiedby computer
simulations,andhow suchstudieshelp to improve our understandingof equilibrium and
nonequilibriumpropertiesof complex materials.Wewill notattemptto presentanoverview
– this would requirea separatebook – but ratherfocus on selectedcasestudies.In the
�rst part,we will considercoarse-grainedmodelsystemsfor amphiphilicmembranesand
their usefor studiesof equilibriumproperties.In thesecondpart,we will turn to complex
�uids undershear, i.e.,nonequilibriumsystems,anddiscusscoarse-grainedapproachesfor
membranesystemsandliquid crystals.

2. Coarse-grainedmodelsfor surfactant layers

In this section,we shall discusscoarse-grainedsimulationmodelsandmethodsfor am-
phiphilic membranesandmembranestacks.After abrief introductioninto thephenomenol-
ogy andsomegeneralremarkson coarse-graining,we will focuson two particulartypes
of coarse-grainedmodels:Particle-basedbead-springmodelsandmesoscopicmembrane
models.We shallpresentsometypical examples,andillustratetheir usewith applications
from theliterature.

2.1. Introduction

Amphiphilic membranesare a particularimportantclassof soft materialstructures,be-
causeof theirsigni�cancefor biology 19;20;21. Biomembranesareomnipresentin all living
beings,they delimit cells andcreatecompartments,andparticipatein almostall biologi-
cal functions.Figure1 shows an artist's view on sucha biomembrane.It is mainly made
of two coupledlayersof lipids, which serve asa matrix for embeddedproteinsandother
molecules.

This structurerestson a propensityof lipids to self-assembleinto bilayerswhenex-
posedto water. Thecrucialpropertyof lipids which is responsiblefor thisbehavior is their
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Fig. 1. Artist'sview of abiomembrane.Source:NIST

amphiphiliccharacter, i.e., the fact that they containboth hydrophilic (water loving) and
hydrophobic(waterhating)parts.Most lipid moleculeshave two nonpolar(hydrophobic)
hydrocarbonchain(tails), which areattachedto onepolar (hydrophilic) headgroup.Fig-
ure2) shows sometypical examples.Thetails vary in their length,andin thenumberand
positionof doublebondsbetweencarbonatoms.Whereassinglebondsin a hydrocarbon
chainarehighly �e xible, in the sensethat chainscan rotateeasily aroundsucha bond,
doublebondsarestiff andmayenforcekinks in thechain.Chainswith nodoublebondsare
calledsaturated.Thevarietyof polarheadgroupsis even larger. Overviews canbe found
in 19.

By assemblingintobilayers,thelipids canarrangethemselvessuchthattheheadgroups
shieldthetails from thewaterenvironment.Therefore,lipids in lipid-watermixturesoften
tendto form lamellarstacksof membranesseparatedby thin water layers(Fig. 3). Such
stackscan typically hold up to 20 % water. In the moredilute regime, membranesmay
closeup to form vesiclesor othermoredisorderedstructures.Vesiclesplay an important
role in biological systems,sincethey provide closedcompartmentswhich canbe usedto
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Fig. 2. Examplesof membranelipids. Left: Phosphatidylcholine(unsaturated);Right:Sphingomyelin.
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Single bilayer

Vesicle
Bilayer stack

Fig. 3. Self-assembledbilayerstructures.

storeor transportsubstances.Single, isolatedmembranesaremetastablewith respectto
dissociationfor entropicreasons,but they havevery long lifetimes.

Dependingontheparticularchoiceof lipids andthepropertiesof thesurroundingaque-
ous�uid (pH, saltcontentetc.),severalotherstructurescanalsobeobservedin lipid-water
systems– sphericalandcylindrical micelles,orderedstructureswith hexagonalor cubic
symmetryetc.22. In this lecture,weshallonly regardbilayerstructures.

Membranesalsoundergointernalphasetransitions.Figure4 showsschematicallysome
characteristicphasesof one-componentmembranes.Themostprominentphasetransition
is the“main” transition,thetransitionfrom theliquid stateinto oneof thegelstates,where
the layer thickness,the lipid mobility, andthe conformationalorderof the chains,jump
discontinuouslyas a function of temperature.In living organisms,most membranesare
maintainedin the liquid state.Nevertheless,themain transitionpresumablyhassomebi-
ological relevance,sinceit is very closeto the body temperaturefor someof the most
commonlipids (e.g.,saturatedphospholipids)19.

In sum, several aspectsof membranesmust be studiedin order to understandtheir
structureandfunction,in biologicalaswell asin arti�cial systems:

L     (untilted gel)bL     (liquid)a bL   ,  (tilted gel)

Fig. 4. Someprominentmembranephases.
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� Self-assemblingmechanisms
� The inner structureand internal phasetransitions,and the resultingmembrane

properties(permeability, viscosity, stiffness)
� Theorganizationof membranesonamesoscopicscale(vesicles,stacks,etc.)
� Theinteractionof membraneswith macromolecules.

Thesetopicsrelateto the physicsandchemistryof amphiphileson many lengthand
time scales,andseveraldriving forcescontribute to the uniquepropertiesof membranes:
On the scaleof atomsandsmall molecules,onehasthe forceswhich areresponsiblefor
theself-assembly:Thehydrophobiceffect,andtheinteractionsbetweenwaterandthehy-
drophilic headgroups.On the molecularscale,onehasthe interplayof local chaincon-
formationsandchainpacking,which is responsiblefor themaintransitionanddetermines
thelocal structureand�uidity of themembrane.On thesupramolecularscale,onehasthe
forceswhich govern the mesoscopicstructureanddynamicsof membranesystems:The
membraneelasticity, thethermal�uctuations,thehydrodynamicinteractionswith thesur-
rounding�uid, thethermodynamicforcesthatdrivephaseseparationin mixedmembranes
etc.

Studyingall theseaspectswithin onesinglecomputersimulationmodelis clearly im-
possible,anddifferentmodelshave beendevisedto studymembranesat different levels
of coarse-graining.Among theoldestapproachesof this kind aretheDoniach23 andthe
Pinkmodel24;25, generalizedIsingmodels,whichhavebeenusedto investigatealmostall
aspectsof membranephysics onthesupramolecularscale21;26. With increasingcomputer
power, numerousothersimulationmodelshavebecometreatablein thelastdecades,which
rangefrom atomisticmodels,molecularcoarse-grainedmodels,up to mesoscopicmodels
thatarebasedoncontinuumtheoriesfor membranes.

In thefollowing,weshallfocusontwo importantexamples:Coarse-grainedchainmod-
elsdesignedto describemembraneson themolecularscale,andrandominterfacemodels
thatdescribemembraneson themesoscopicscale.We stressthat this our overview is not
complete,andthereexist othersuccessfulapproaches,which arenot includedin our pre-
sentation.A relatively recentreview canbefoundin Ref.27.

2.2. Coarse-grainedmolecularmodels

In coarse-grainedmolecularmodels,moleculesarestill treatedasindividual particles,but
their structureis highly simpli�ed. Only the ingredientsdeemedessentialfor the mate-
rial propertiesarekept.For amphiphiles,thesearetheamphiphiliccharacter(for theself-
assembly),andthemolecular�e xibility (for theinternalphasetransitions).

2.2.1. Spring-beadmodels

The �rst coarsegrainedmolecularmodelshave beenformulatedon a lattice, relatively
shortly after the introductionof the above-mentionedPink model 24;25. Oneparticularly
popularmodelis theLarsonmodel28;29: Watermolecules(w) occupy singlesitesof a cu-
bic lattice,andamphiphilemoleculesarerepresentedby chainsof “tail” (t) and“head” (h)
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monomers.Only particlesonneighborlatticesitesinteractwith eachanother. Thelatticeis
entirely �lled with w, h, or t particles.If onefurther takesall hydrophilic particles,h and
w, to be identical,the interactionenergy is determinedby a singleinteractionparameter,
whichdescribestherelative repulsionbetweenhydrophobicandhydrophilicparticles.The
modelreproducesself-assemblyandexhibits many experimentallyobserved phases,i.e.,
thelamellarphase,thehexagonalphase,thecubicmicellarphase,andeventhebicontinu-
ousgyroidphase29;30.

Lattice modelscanbe simulatedef�ciently by Monte Carlo methods.However, they
have the obvious drawbackof imposingan a priori anisotropy on space,which restricts
theirversatility. For example,internalmembranephasetransitionsandtilted phasescannot
be studiedeasily. In dynamicalstudies,oneis restrictedto usingMonte Carlo dynamics,
which is unrealistic.Therefore,mostmorerecentinvestigationsrely onoff-latticemodels.

Off-lattice molecularapproachesto study self-assemblingamphiphilic systemshave
beenappliedfor roughly15 years.Presumablythe �rst modelwasintroducedby B. Smit
et al. 31 in 1990.A schematicsketchis shown in Fig. 5 a). As in the Larsonmodel,the
amphiphilesarerepresentedby chainsmadeof very simpleh- or t-units,which arein this
casesphericalbeads.“Water” moleculesarerepresentedby free beads.Beadsin a chain
are joined togetherby harmonicsprings,wherea cutoff is sometimesimposedin order
to ensurethat the beadscannotmove arbitrarily far apartfrom oneanother. Non-bonded
beadsinteractvia simpleshort-rangepairwisepotentials,e.g.,a truncatedLennard-Jones
potential.The parametersof the potentialsare chosensuchthat ht pairs and hw pairs
effectively repeleachother. TheSmit modelreproducesself-assembly, micelle formation
andmembraneformation32;33;34;35;36 .

Mostmolecularoff-latticemodelsaremodi�cationsof theSmitmodel27;37;38;39 . They
differ from oneanotherin the speci�c choiceof the interactionpotentialsbetweennon-
bondedbeads,in the bondpotentialsbetweenadjacentbeadson the chain, in the chain
architecture(numberof headandtail beads,numberof tails), andsometimescontainad-
ditional potentialssuchasbendingpotentials.Nowadays,Smit modelsareoften studied
with dissipativeparticle(DPD)dynamics,andtheinteractionpotentialsarethetypicalsoft
DPD potentials37;39. A “waterparticle” is thentaken to representa lump of severalwa-
ter molecules.An introductioninto theDPD methodis givenin B. Dünweg's lecture(this
book). It works very well for membranesimulationsas long as the time stepis not too
large40.

Thisapproachis presentedin moredetail in B. Smit's seminar(thisbook).

2.2.2. Implicit solventandphantomsolvent

Theprimaryrequirementfor a lipid membranemodelis to ensurethat thelipids maintain
a bilayerstructure.In themodelsdiscussedin theprevioussection2.2.1,thebilayersare
stabilizedby thesurroundingsolventparticles.If theinteractionsbetweenw, h, andt parti-
clesarechosensuitably, thesolventparticlesandtheamphiphilesarrangethemselvessuch
thatthehydrophilicandhydrophobicparticlesareseparated(microphaseseparation).

This “explicit solvent” approachis in somesensethemostnaturaloneandhasseveral
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advantages:The bilayersare fully �e xible, and they aresurroundedby a �uid. The fact
that the �uid is composedof large beadsasopposedto small watermoleculesis slightly
problematic,sincethe solvent structuremay introducecorrelations,e.g., in simulations
with periodicboundaryconditions.However, thecorrelationsdisappearif themembranes
or their periodicimagesareseparatedby a largeamountof solvent.

On the otherhand,explicit solvent modelsalsohave a disadvantage:The simulation
time dependslinearly on thetotal numberof beads.A largeamountof computingtime is
thereforespenton the uninterestingsolventparticles.Therefore,effort hasbeenspenton
designingmembranemodelswithoutexplicit solventparticles.

One early idea hasbeento force the amphiphilesinto sheetsby tetheringthe head
groupsto two-dimensionalopposingsurfaces,e.g.,by a harmonicpotential,or by rigid
constraints41;42;43;44;45 (Fig. 5 b)). This model,which we call “sandwichmodel”, is sim-
ple, extremely ef�cient, and the con�gurationsare easyto analyze,sincethe bilayer is
alwayswell-de�ned. On theotherhand,thebilayerhasno �e xibility, i.e.,undulationsand
protrusions46 aresupressedandimportantphysicsis lost.

A secondapproachis to eliminate the solvent, and representits effect on the am-
phiphilesby appropriateeffective interactionsbetweenmonomers(Fig. 5 c)). This way
of modelingsolvent is commonin polymersimulations.Nevertheless,producingsome-
thingascomplex asmembraneself-assemblyis anon-trivial task.The�rst implicit solvent
modelwasproposedonly ratherrecently, in 2001,by NoguchiandTakasu47. They mim-
ick the effect of the solvent by a multibody “hydrophobicpotential”, which dependson
thelocal densityof hydrophobicparticles.Froma physicalpoint of view, theintroduction
of multibodypotentialsin an implicit solventmodelis reasonable– multibodypotentials
emergeautomaticallywheneverdegreesof freedomareintegratedoutsystematically. Nev-
ertheless,peopleusuallytendto favor pair potentials.Farago48 andCooke et al. 49 have
shown that it is possibleto stabilize�uid bilayerswith purely pairwiseinteractionsin a
solvent-freemodel.Thecrucial requirementseemsto bethattheinteractionsbetweenhy-
drophobicbeadshaveasmoothattractivepartof relatively long range49.

Theclearbene�t of implicit solventmodelsis their high ef�ciency. They areverywell
suitedto studylargescaleproblemslike vesicleformation47;49, vesiclefusion50, vesicles
subjectto externalforces51, phaseseparationon vesicles49 etc.On theotherhand,they

(a) (b) (c) (d)

Fig. 5. Schematicpictureof bead-springmodelsfor self-assemblingmembranes.(a) Explicit solventmodel(b)
Sandwichmodel(c) Solventfreemodel(d) Phantomsolventmodel.
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alsohave limitations:They requiretricky potentials;thepressureis essentiallyzero(since
themembranesaresurroundedby emptyspace);also,they cannotbeusedfor dynamical
studieswherethehydrodynamicalcouplingwith thesolventbecomesimportant.

A third approachwas recently put forward by ourselves: the “phantom solvent”
model45 (Fig. 5d)).We introduceexplicit solventparticles,whichdonot interactwith one
another, only with theamphiphiles.Theamphiphilesperceivethemasrepulsivesoftbeads.
In thebulk, they simplyform anidealgas.They havethesimplephysicalinterpretationthat
they probethefreevolumewhich is still accessibleto thesolvent,oncethemembranehas
self-assembled.Thustheself-assemblyis to a largeextentdrivenentropically.

In MonteCarlosimulations,this modelis just asef�cient assolvent-freemodels,be-
causeMonteCarlomovesof phantombeadsthatarenot in contactwith a membraneare
practically free of (computational)charge. It is robust, we do not needto tune the lipid
potentialsin orderto achieveself-assembly. Pressurecanbeappliedif necessary, andwith
a suitabledynamicalmodel for the solvent (e.g.,dissipative particle dynamics),we can
alsostudy(hydro)dynamicalphenomena.Comparedwith Smit-typemodels,thephantom
solventmodelhastheadvantagethat thesolvent is structurelessandcannotinducearti�-
cial correlations.On theotherhand,the fact that it is compressiblelike a gas,maycause
problemsin certaindynamicalstudies.

To summarize,we have presentedseveralpossiblewaysto modelthesolventenviron-
mentof aself-assembledmembrane,anddiscussedtheadvantagesanddisadvantages.The
differentmodelsaresketchedschematicallyin Fig. 5.

We shallnow illustratethepotentialof molecularcoarse-grainedmodelswith two ex-
amples.

2.2.3. First applicationexample:Theripple phase

Our �rst exampleshows how coarse-grainedsimulationscanhelp to understandthe inner
structureof membranes.Wehaveintroducedearliertheliquid andgelphasesin membranes
(Fig. 4). However, onerathermysteriousphasewasmissingin our list: The ripple phase
(P� 0). It emergesasanintermediatestatebetweenthetilted gel phase(L � 0) andtheliquid
phase(L � ), andaccordingto freeze-etchmicrographs,AFM pictures,andX-ray diffrac-
tion studies,it is characterizedby periodicwavy membraneundulations.More precisely,
one observes two different rippled structures:Figure 6 shows electrondensitymapsof
thesetwo states,ascalculatedfrom X-ray databy Senguptaet al 52. Themorecommonly
reportedphaseis theasymmetricripple phase,which is characterizedby sawtoothpro�le
andhasa wavelengthof about150Angstrom.Thesymmetricrippledphasetendsto form
uponcoolingfrom theliquid L � phaseandhasa periodtwice aslong. It is believedto be
metastable.Themolecularstructureof bothrippledstateshasremainedunclearuntil very
recently.

Atomisticsimulationsof deVriesetal, have�nally shedlight onthemicroscopicstruc-
tureof theasymmetricripple phase53. Theseauthorsobservedanasymmetricripple in a
Lecithin bilayer, which hada structurethat wasvery different from the numerousstruc-
turesproposedearlier. Most strikingly, the rippledmembraneis not a continuousbilayer.
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Fig. 6. Electrondensitymapsof (top) an asymmetricrippled state(DMPC at 18.2 degrees)and (bottom) a
symmetricrippledstate(DPPCat39.20C). Reprintedwith permissionfrom Sengupta,Raghunathan,Katsaras52
(rescaled).Copyright 2003by theAmericanPhysicalSociety.

Theripple is a membranedefectwherea singlelayerspansthemembrane,connectingthe
two opposingsides(Fig. 7).

Thesimulationsof deVrieset al seemto clarify thestructureof theasymmetricripple
phase,at leastfor thecaseof Lecithin.Still thequestionremainswhethertheir resultcanbe
generalizedto otherlipid layers,or whetherit is relatedto thespeci�c propertiesof Lecithin
headgroups.Thisquestioncanbeaddressedwith idealizedcoarse-grainedmodels.

Rippledphaseshadalsobeenobserved in simulationsof coarse-grainedmodels.Kra-
nenburg et al have reportedtheexistenceof a rippledstatein a Smit modelwith soft DPD
interactions54;55. Thestructureof their ripple is differentfrom thatof Fig. 7. Judgingfrom
thisresult,oneis temptedto concludethatthestructureof deVriesetal maynotbegeneric.

However, we recentlyfound rippleswith a structurevery similar to that of Fig. 7 in

Fig. 7. Asymmetricripple in a LecithinBilayer, asobservedin anatomisticsimulation.FromdeVrieset al 53 .
Copyright 2005NationalAcademyof Sciences,U.S.A.
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Fig. 8. Ripplesfrom simulationsof acoarse-grainedmodel.(a) Asymmetricripple (b) Symmetricripple.

simulationsof a simple bead-springmodel by (Lenz and Schmid 56;57). Our lipids are
representedby linear chainswith six tail beads(size � ) andoneheadbead(size1:1� ),
whichareconnectedby springsof size0:7� . Tail beadsattractoneanotherwith atruncated
andshiftedLennard-Jonespotential.Headbeadsareslightly larger andpurely repulsive.
The solvent environmentis modelledby a �uid of phantombeadsof size� . The system
wasstudiedwith MonteCarlosimulationsat constantpressure,usinga simulationbox of
�uctuating sizeandshapein orderto ensurethatthepressuretensoris diagonal.

Membraneswere found to self-assemblespontaneouslyat suf�ciently low tempera-
tures,they exhibit a �uid L � -phaseaswell asa tilted gel L � 0-phase.The two phasesare
separatedby a temperatureregionwhereripplesform spontaneously. In smallsystems,the
ripplesarealwaysasymmetric.In larger systems,asymmetricripplesform uponheating
from theL � 0-phase.Uponcoolingfrom theL � -phase,a second,symmetric,typeof ripple
forms, which hastwice the period thanthe asymmetricripple andsomestructuralsimi-
larity, exceptthat thebilayerremainscontinuous(seeFig. 8). Thesideview of this second
ripplehasstrikingsimilarity with thedensitymapsof Fig. 6 b).

The coarse-grainedsimulationsof Lenz thusnot only demonstratethat the asymmet-
ric ripple structurefoundby de Vries is generic,andcanbe observed in highly idealized
membranemodelsas well. They also suggesta structuralmodel for the yet unresolved
symmetricripple.

2.2.4. Secondapplicationexample:Membranestacks

In our secondexample,we considerthe �uctuations anddefectsin stacksof membranes.
We shall show how simulationsof coarse-grainedmembranemodelscanbe usedto test
andverify mesoscopicmodels,andhow they canbridgebetweencoarse-graininglevels.

At the mesoscopiclevel, membranesareoften representedby randominterfaces(see
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alsoSection2.3).Oneof thesimplesttheoriesfor thermal�uctuationsin membranestacks
is the“discreteharmonicmodel” 58. It describesmembraneswithout surfacetension,and
assumesthatthe�uctuationsaregovernedby two factors:ThebendingstiffnessK c of sin-
glemembranes,andapenaltyfor compressingor swellingthestack,whichis characterized
by acompressibilitymodulusB . Thefreeenergy is givenin harmonicapproximation

F DH =
X

n

Z

A
dx dy

n K c

2
(
@2hn

@x2 +
@2hn

@y2 )2 +
B
2

(hn � hn +1 + �d)2
o

; (1)

where �d is the averagedistancebetweenlayers.The �rst part describesthe elasticityof
singlemembranes,andthesecondpartaccountsfor the interactionsbetweenmembranes.
Being quadratic,the free energy functional (1) is simpleenoughthat statisticalaverages
canbecalculatedexactly.

Wehave testedthis theoryin detailwith coarse-grainedmolecularsimulations(C. Loi-
sonetal 59) of abinarymixtureof amphiphilesandsolvent,within aSmit-typemodelorig-
inally introducedby Soddemannetal 60. Theelementaryunitsaresphereswith ahardcore
radius� , which mayhave two types:“hydrophilic” or “hydrophobic”.Beadsof thesame
type attracteachotherat distanceslessthan1:5� . “Amphiphiles” aretetramersmadeof
two hydrophilicandtwo hydrophobicbeads,and“solvent” particlesaresinglehydrophilic
beads.We studiedsystemsof up to 153600beadswith constantpressuremoleculardy-
namics,usingasimulationboxof �uctuating sizeandshape,andaLangevin thermostatto
maintainconstanttemperature.

At suitablepressuresandtemperatures,thesystemassumesa �uid lamellarphase.Our
con�gurationscontainedup to 15 stacked bilayers,which contained20 volume percent
solvent.A con�guration snapshotis shown in Fig. 9 (left). In orderto testthe theory(1),
onemust�rst determinethelocal positionsof themembranesin thestack.This wasdone
asfollows:

(1) Thesimulationboxwasdividedinto Nx Ny Nz cells.(Nx = Ny = 32). Thesizeof the
cells�uctuatesbecausethedimensionsof thebox �uctuate.

(2) In eachcell, the relative densityof tail beads� tail(x; y; z) wascalculated.It is de�ned
astheratioof thenumberof tail beadsandthetotalnumberof beads.

(3) Thehydrophobicspacewasde�nedasthespacewheretherelativedensityof tail beads
is higherthana given threshold� 0. (Thevalueof the thresholdwasroughly0.7, i.e.,
80% of themaximumvalueof � tail).

(4) Cellsbelongingto thehydrophobicspaceareconnectedto clusters.Two hydrophobic
cellsthatshareatleastonevortex areattributedto thesamecluster. Eachclusterde�nes
amembrane.

(5) Foreachmembranen andeachposition(x; y), thetwo heightshmin
n (x; y) andhmax

n (x; y),
wherethe density� tail(x; y; z) passesthroughthe threshold� 0, are determined.The
meanpositionis de�ned astheaveragehn (x; y) = (hmin

n + hmax
n )=2:

Thealgorithmidenti�es membraneseven if they have pores.At thepresenceof otherde-
fects,suchasnecksor passages(connectionsbetweenmembranes),additionalstepsmust
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Fig. 9. Left: Snapshotof a bilayerstack(30720amphiphilesand30720solventbeads).The“hydrophobic”tail
beadsaredark,the“hydrophilic” headbeadsandthesolventbeadsarelight; Right:Snapshotof asinglemembrane
positionhn (x; y).

be taken, which are not describedhere.A typical membraneconformationhn (x; y) is
shown in Fig. 9 (right).

Thestatisticaldistribution of hn (x; y) canbeanalyzedandcomparedwith theoretical
predictions.For example,thetransmembranestructurefactor, whichdescribescorrelations
betweenmembranepositionsin differentmembranesis givenby 59

sn (q) = hhm (q) � hm + n (q)i = s0(q)
h
1 +

X
2

�
1
2

p
X (X + 4)

i n
; (2)

wherehn (q) is the Fourier transformof hn (x; y) in the (x; y)-planeandX = q4K c=B
is a dimensionlessparameter. Thefunctions0(q) canalsobecalculatedexplicitly 59. The
prediction(2) canbe testedby simply plotting the ratio sn =s0 vs. q for differentn. The
functional form of the curvesshouldbe given by the expressionin the squarebrackets,

Fig. 10. Ratiosof transmembranestructurefactorss1=s0 ands2=s0 vs. in-planewavevectorq in unitsof � � 1 .
Thesolid linescorrespondto a theoretical�t to Eq.(2) with one(common)�t parameterK c=B. After Ref.59.
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Fig. 11. Snapshotof asinglebilayer(topview. Only hydrophobicbeadsareshown).

with only one�t parameterK c=B. Figure10 shows the simulationdata.The agreement
with thetheoryis verygoodover thewholerangeof wavevectorsq.

Thus the molecularsimulationscon�rm the validity of the mesoscopicmodel (1).
Moreover, theanalysisdescribedaboveyieldsavaluefor thephenomenologicalparameter
K c=B. By analyzingotherquantities,onecanalsodetermineK c andB separately. This
givestheelasticparametersof membranesandtheir effective interactions,andestablishes
a link betweenthemolecularandthemesoscopicdescription.

Many importantcharacteristicsof membranesnot only dependon their elasticity, but
alsoon their defects.For example,thepermeabilityis crucially in�uenced by thenumber
andpropertiesof membranepores.A numberof atomisticandcoarsegrainedsimulation
studieshave thereforeaddressedporeformation61;62;63;64;65 , mostly in membranesunder
tension.In contrast,themembranesin thesimulationsof Loisonetal havealmostzerosur-
facetension.Thisturnsoutto affectthecharacteristicsof theporesquitedramatically66;67.

Figure11 shows a snapshotof a hydrophobiclayerwhich containsa numberof pores.
Theporeshavenucleatedspontaneously. They “li ve” for a while, grow andshrinkwithout
diffusing too much,until they �nally disappear. Most poresclosevery quickly, but a few
large onesstayopenfor a long time. A closeranalysisshows that poresarehydrophilic,
i.e., theamphiphilesrearrangethemselvesat theporeedge,suchthatsolventbeadsin the
porecenteraremainly exposedto headbeads.Thetotal numberof poresis ratherhigh in
oursystem.This is becausetheamphiphilesareshortandthemembranesarethin.

The analysisalgorithmpresentedabove not only localizesmembranes,but alsoiden-
ti�es pores,their position and their shape.Thereforeone can again test the appropriate
mesoscopictheoriesfor poreformation.ThesimplestAnsatzfor thefreeenergy of a pore
with theareaA andthecontourlengthc hastheform 68

E = E0 + � c � 
 A; (3)

whereE0 is acoreenergy, � amaterialparametercalledline tension,and
 thesurfaceten-
sion.Thesecondtermdescribestheenergy penaltyat theporerim. Thelasttermaccounts
for thereductionof energy dueto thereleaseof surfacetensionin astretchedmembrane.In
ourcase,thesurfacetensionis closeto zero(
 � 0), becausethesimulationwasconducted
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Fig. 12. Distribution of porecontoursin a semi-logarithmicplot. Left: Raw data,Right: Dividedby thedegen-
eracy functiong(c). After Ref.66.

suchthatthepressuretensoris isotropic.Thusthelasttermvanishes.
In this simplefreeenergy model,theporeshapesshouldbedistributedaccordingto a

Boltzmanndistribution,P(c) / exp(� �c ). Figure12 (left) shows a histogramof contour
lengthsP(c). Thebaredatadonot re�ect theexpectedexponentialbehavior. Somethingis
missing.Indeed,a closerlook revealsthat thenaive exponentialAnsatzdisregardsan im-
portanteffect: The“free energy” (3) givesonly local freeenergy contributions,i.e., those
stemmingfrom local interactionsand local amphiphilerearrangements.In addition,one
mustalsoaccountfor theglobal entropy of possiblecontourlengthconformations.There-
fore,wehave to evaluatethe“degeneracy” of contourlengthsg(c), andtesttherelation

P(c) / g(c) exp(� �c ): (4)

Figure12 (right) demonstratesthat this secondAnsatzdescribesthedatavery well. From
thelinear�t to thedata,onecanextractavaluefor theline tension� .

Themodel(3) makesasecondimportantprediction:Sincethefreeenergy only depends
on the contourlength,poreswith the samecontourlengthareequivalent,andthe shapes
of theseporesshouldbedistributedlike thoseof two-dimensionalself-avoiding ring poly-
mers.In otherwords,they arenot round,but haveafractalstructure.Frompolymertheory,
oneknows thatthesizeRg of a two dimensionalself-avoidingpolymerscalesroughlylike
Rg / N 3=4 with thepolymerlengthN . In our case,the “polymer length” is thecontour
lengthc. ThustheareaA of a poreshouldscalelike

A / R2
g / (C3=4)2 = C3=2: (5)

Figure13shows thatthis is indeedthecase.
Otherpropertiesof poreshave beeninvestigated,e.g.,dynamicalproperties,porelife-

times,porecorrelationsetc. 66. All resultswerein goodagreementwith the line tension
model(3). In sum,we �nd thatthe�uctuationsand(pore)defectsin membranestackscan
bedescribedvery well by a combinationof two simplemesoscopictheories:An effective
interfacemodelfor membraneundulations(Eq.(1)), anda line tensionmodelfor thepores
(Eq.(3) 67.

The simulationsof Loison et al thus demonstratenicely that simulationsof coarse-
grainedmolecularmodelscanbeusedto testmesoscopictheories,andto bridgebetween
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Fig. 13. Poreareavs.contourlength(arbitraryunits).After Ref.66.

themicroscopicandthemesoscopiclevel.

2.3. Mesoscopicmembranemodels

Whenit comesto large scalestructuresandlong time dynamics,simulationsof molecu-
lar modelsbecometoo cumbersome.It thenprovesusefulto drop the notion of particles
altogetherandwork directly with continuousmesoscopictheories.In general,continuum
theoriesaremostlyformulatedin termsof continuous�elds, whichstandfor local,coarse-
grainedaveragesof someappropriatemicroscopicquantities.In the caseof membranes
systems,it is oftenmoreadequateto keepthemembranesasseparateobjects,despitetheir
microscopicthickness,andtreatthemasinterfacesin space.This leadsto random-interface
theories.

2.3.1. Randominterfacemodels

In random-interface models,membranesare representedby two-dimensionalsheetsin
space,whoseconformationsaredistributedaccordingto aneffective interfacefreeenergy
functional.An exampleof suchafunctionalhasalreadybeengivenin Eq.(1).However, the
freeenergy (1) canonly be usedto describeslightly �uctuating planarmembranesin the
(xy)-plane.In orderto treatmembranesof arbitraryshape(vesiclesetc.),onemustresort
to theformalismof differentialgeometry12.

Oneof the simplestapproachesof this kind is the spontaneouscurvaturemodel.The
elasticfreeenergy of a membraneis givenby 70

F el =
Z

dA
� �

2
(2H � H0)2 + ��K );

�
(6)

where
R
dS� integratesover the surfaceof the membrane,and H and K are the mean

and Gaussiancurvature,which are relatedto the local curvature radii R1 and R2 via
H = (1=R1 + 1=R2)=2, K = 1=(R1R2) 69. Theparameters� , �� (thebendingstiffnesses)
andH0 (thespontaneouscurvature)dependonthespeci�c materialpropertiesof themem-
brane.ThetotalmembranesurfaceA =

R
dS is takento beconstant.

In thecaseH0 = 0 and� > 0; �� > 0, the freeenergy (6) describesmembranesthat
wantto be�at, andimposesabendingpenaltyonall local curvatures.H 0 6= 0 impliesthat
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Fig. 14. Connectivity updatein thedynamictriangulationalgorithm

the membranehasa favorite meancurvature.It is worth noting that the integral over the
Gaussiancurvature,

R
K dS, dependssolely on the topologyof the interfaces.For mem-

braneswithout rims, theGauss-Bonnettheoremstatesthat
Z

dS K = 2� � E ; (7)

wherethe Euler characteristics� E = 2(c � g) countsthe numberof closedsurfacesc
(includingcavities)minusthenumberof handlesg.

Other free energy expressionshave beenproposed,which allow for an asymmetric
distributionof lipids betweenbothsidesof themembrane,and/orfor �uctuationsof A 71;72.
Here,weshallonly discussthespontaneouscurvaturemodel.Ourmembranesshallbeself-
avoiding, i.e., they haveexcludedvolumeinteractionsandcannotcrossoneanother.

Our taskis to formulatea simulationmodelthatmimicksthecontinuousspacetheory
ascloselyaspossible.More precisely, we �rst needa methodthat samplesrandomself-
avoiding surfaces,andseconda way to discretizethe free energy functional(6) on those
surfaces.

A widely usedmethodto generateself-avoiding surfacesis thedynamictriangulation
algorithm73;74;75;76;77;78 . Surfacesaremodeledby triangularnetworksof sphericalbeads,
which arelinkedby tethersof somegivenmaximumlengthl0 (tethered-beadmodel).The
tethersde�ne theneighborrelationson thesurface.In orderto enforceself-avoidance,the
beadsareequippedwith hardcores(diameter� ), andthe maximumtetherlengthis cho-
senin the range� < l0 <

p
3� . The surfacesaresampledwith Monte Carlo,with two

basictypesof moves:Moves that changethe position of beads,andmoves that change
the connectivityof the network, i.e., redistribute the tethersbetweenthe chains.The lat-
ter is doneby randomlycuttingtethersand�ipping thembetweentwo possiblediagonals
of neighboringtriangles(Fig. 14). Updatesof beadpositionsaresubjectto theconstraint
thatthemaximumtetherlengthmustnot exceedl0. In addition,connectivity updateshave
to comply with the requirementthat at leastthreetethersareattachedto onebead,and
thattwo beadscannotbeconnectedto oneanotherby morethanonetether. Otherwise,at-
temptedupdatesareacceptedor rejectedaccordingto thestandardMetropolisprescription.
Of course,additional,moresophisticatedMonteCarlomovescanbeintroducedaswell.

Next, thefreeenergy functional(6) mustbeadaptedfor thetriangulatedsurface.If no
rims arepresent,we only needanexpressionfor the�rst term.Sincetheintegral over the
GaussiancurvatureK is thenessentiallygivenby theEuler-characteristic,it is muchmore
convenientandaccurateto evaluatethe latter directly (i.e., countclosedsurfacesminus
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handles)thanto attemptadiscretizationof K .
Thequestionhow to discretizethebendingfreeenergy in anoptimalwayis highly non-

trivial, andseveralapproximationshave beenproposedover theyears78. Herewe give a
relatively recentexpressiondueto Kumaret al in 2001 79: The surfaceintegral

R
dS is

replacedby a sumover all trianglest with areaA t . For eachtrianglet, oneconsidersthe
threeneighbortrianglest0anddeterminesthelengthL tt 0 of thecommonsideaswell asthe
angle� tt 0 betweenthe two trianglenormalvectors.The freeenergy is thenapproximated
by

F el =
�
2

Z
dA(2H � H0)2 �

�
2

X

t

A t
�

P
t 0 L tt 0� tt 0

2A t
� H0

� 2
: (8)

This completesthe tethered-beadrepresentationfor randominterfaces.We have pre-
sentedoneof themostsimplevariants.Themodelscanbeextendedin variousdirections,
e.g.,to representmixedmembranes80, membranesthatundergo liquid/gel transitions81,
membraneswith �uctuating geometry82 or pores83 etc. They have even beenusedto
studyvesicledynamics,e.g.,vesiclesin shear�o w 84;85. Thedynamicscanbemademore
realisticby usinghybrid algorithms,wherethe beadsaremoved accordingto molecular
dynamicsor Brownian dynamics,andthe tethersare�ipped with Monte Carlo.Unfortu-
nately, thetether�ips cannoteasilybeintegratedin apuremoleculardynamicssimulation.
This is aslightdrawbackof thetethered-beadapproach.

An interestingalternative has recentlybeenproposedby Noguchi et al 86. He de-
velopeda speci�c type of potential,which forces(single) beadsto self-assembleinto a
two-dimensionalmembranewithout beingconnectedby tethers.Themembraneis coarse-
grainedasacurvedsurfaceasin tethered-beadmodels,but tethersareno longernecessary.
Thisopensthewayfor a fully consistenttreatmentof dynamicsin membranesystemswith
frequenttopologychanges.

2.3.2. Applicationexample:passageof vesiclesthroughpores

As anexamplefor anapplicationof atethered-beadmodel,weshalldiscussaproblemfrom
thephysicsof vesicles.Linke,Lipowsky andGruhnhaverecentlyinvestigatedthequestion
whetheravesiclecanbeforcedto crossanarrow poreby osmoticpressuregradients87;88.
Vesiclepassagethroughporesplaysa key role in many strategies for drug delivery. On
passingthroughthepore,thevesicleundergoesa conformationalchange,which is expen-
sive andcreatesa barrier. On theotherhand,thevesiclecanreduceits energy, if it crosses
into a region with lower osmoticpressure.Linke et al studiedthe question,whetherthe
barrierheightcanbereducedby asuf�cient amountthattheporeis crossedspontaneously.

To this end,they considereda vesicle�lled with N osmoticallyactive particles.The
concentrationof theseparticlesoutsidethevesicleis givenby c1;2 on thetwo sidesof the
pore.For a vesiclein the processof crossingthe pore from side1 to side2, the vesicle
areaon bothsidesof themembraneis denotedA1;2, andthevolumesareV1;2. Hencethe
osmoticcontribution to thefreeenergy is

F osm = (� N ln(( V1 + V2)=V0) + c1V1 + c2V2); (9)



August23,2006 17:22 WSPC/Trim Size:9.75inx 6.5infor Review Volume c�erice

18 F. Schmid

Fig. 15. Osmoticallydrivenvesicletranslocationthroughapore.Con�gurationsnapshots.FromG. T. Linke 87 .

whereV0 is somereferencevolume.In theMonteCarlosimulations,a seriesof different
crossingstageswassampled(seeFig. 15). This wasdoneby introducingan appropriate
reweightingfactor, which kepttheareaA2 within a certain,pre-determinedrange.Several
simulationsweredonewith differentwindows for A2. The procedurehassimilarity with
umbrellasampling,exceptthatthewindowsdidnotoverlap.Nevertheless,theextrapolation
of thehistogramsallowedto evaluatethefreeenergy quiteaccurately, asa functionof A 2.

Theresultingfreeenergy landscapeis shown in Fig. 16, for differentosmolaritiesc1 at
the sidewherethe vesiclestarts.As expected,one�nds a free energy barrierfor low c1.
On increasingc1, theheightof thebarrierdecreases,until it �nally disappears.Hencethe
vesiclecanbe forcedto crosstheporespontaneously, if c1 is chosensuf�ciently high. In
contrast,changingthebendingrigidity hashardlyany effect on theheightof thepotential
barrier.

This applicationshows how mesoscopicmodelsof membranesystemscanbeusedto
study the physical basisof a potentially technologicallyrelevant process.A comparable

A 2

F

Fig.16. Freeenergy landscapeoncrossingtheporefor differentosmolaritiesc1 startingfrom c1 = 2700(open
circles)to c1 = 3100 (plus) in stepsof 100.All unitsarearbitrary. Theosmolarityc2 is kept �x ed.Seetext for
moreexplanation.FromG. Linke etal87;88 .
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studywith a particle-basedmodelwould have beenmuchmoreexpensive, andboth the
setupandtheanalysiswould have beenmoredif�cult: Onehasno well-de�ned interface,
onehasonly indirect informationon the bendingstiffnessetc.The simpli�cations in the
modelclearlyhelpnot only to getresultsmorequickly, but alsoto understandthemmore
systematically.

2.4. Summary

In this section,we have introducedanddiscussedtwo importantclassesof coarse-grained
modelsfor membranesystems:Bead-springmodelsfor simulationson thecoarse-grained
molecularlevel, andrandominterfacemodelsfor thecoarse-grainedmesoscopiclevel. We
have shown that suchstudiescangive insight into genericpropertiesof membranesand
into basicphysicalmechanismson differentscales.We have alsoshown that it is possible
to bridgebetweendifferent levels, and that simulationsof particle-basedmodelscanbe
usedto testmesoscopictheories.

3. Liquid crystalsand surfactant layersunder shear

So far, we have talked aboutequilibrium simulations.The specialpropertiesof complex
�uids leadto particularlypeculiarbehavior at nonequilibrium.In this section,we will dis-
cusscoarse-grainedsimulationsof complex �uids undershear. As in theprevioussection,
we will move from thecoarse-grainedmolecularlevel to themesoscopiclevel. However,
wewill now focuson thesimulationmethodsratherthanon theconstructionof simulation
models.As examplesystems,wewill considersurfactantlayersandliquid crystals.

3.1. Introduction

3.1.1. Strain rateandshearstress

We begin with recallingsomebasic�uid mechanics89. In thecontinuumdescription,the
�uid is thoughtto be divided into �uid elements,which arebig enoughthat microscopic
detailsarewashedout, but small enoughthat eachelementcanstill be consideredto be
homogoneous.On a macroscopicscale,the �uid is describedby spatiallyvarying �elds,
e.g.,thevelocity or �o w �eld ~u(~r ; t). Thevelocity gradientin thedirectionperpendicular
to the�o w is calledthelocal strainrate.

Oneof thecentralquantitiesin �uid mechanicsis thestresstensor� . It describesthe
forcesthat the surrounding�uid exertson the surfacesof a �uid element:For a surface
with orientation ~N (j ~N j = 1), the force per areais Fi =A =

P
j � ij N j . The diagonal

componentsof � give the longitudinalstressandcorrespondto normal forces.The off-
diagonalcomponentsgive theshearstressandcorrespondto tangentialforces.

A �uid elementwith thevelocity~u is thusacceleratedaccordingto

�
d
dt

uj =
X

i

@i � ij ; (10)
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where� is thelocalmassdensity. Thestresstensor� ij is oftendividedin threeparts.

� ij = � p � ij + � elastic
ij + � 0

ij (11)

The �rst term describesthe effect of the local pressure.It is alwayspresent,even in an
equilibrium �uid at rest.The secondterm, � elastic

ij , accountsfor elasticrestoringforces,if
applicable.The last term, � 0

ij , givesthe contribution of viscousforcesandis commonly
called the viscousstresstensor. It vanishesin the absenceof velocity gradients,i.e., if
@i vj � 0. The concreterelation betweenthe stresstensorand the local �elds is called
constitutiveequationandcharacterizesthespeci�c �uid material.

In standardhydrodynamics,oneconsidersso-calledNewtonian�uids, which have no
elasticity(� elastic

ij � 0) anda linear, instantaneousrelationbetweentheviscousstresstensor
andthevelocitygradient,

� 0
ij =

X

k l

L ij k l @k ul : (12)

In thecaseof anincompressible,isotropic,Newtonian�uid, onehasonly oneindependent
materialparameter, thekinematicviscosity� , andtheconstitutiveequationreads

� ij = � p � ij + � (@i uj + @j ui ); (13)

wherethevalueof thelocalpressurep(~r ) is determinedby therequirementthattheincom-
pressibilitycondition

r ~u � 0: (14)

is alwaysful�lled. Equations(10) in combinationwith (13) arethe famousNavier-stokes
equations(withoutexternalforces).

Complex �uids have internaldegreesof freedom,andlarge characteristiclengthand
time scales.Therefore,they becomenon-Newtonianalreadyat low shearstress,andstan-
dardhydrodynamicsdoesnotapply. Therelationbetweenthestresstensorandthevelocity
gradientis commonlynot linear, sometimesonehasno uniquerelationat all. If thechar-
acteristictime scalesare large, one encountersmemoryeffects,e.g., the viscosity may
decreasewith timeundershearstress2;4;89.

Thesephenomenaareoftenconsideredin planarCouettegeometry:The�o w ~u points
in the x-direction,a velocity gradientin the y-direction is imposed,andthe relationbe-
tweenthestrainrate _
 = @ux =@y andtheshearstress� xy is investigated.For Newtonian
�uids, thetwo areproportional.In complex �uids, thedifferentialviscosity@� xy =@_
 may
decreasewith increasingstrainrate(shearthinning),or increase(shearthickening).In some
materials,thestress-strain�o w curve mayevenbenonmonotonic.Sincesuch�o w curves
aremechanicallyunstablein macroscopicsystems,this leadsto phaseseparation,andthe
systembecomesinhomogeneous(Fig. 17) 90;91;92;93;94;95;96;97;98;99;103;104 . The separa-
tion of a �uid into two stateswith distinctly differentstrainratesis calledshearbanding.
As in equilibrium phasetransitions,the signatureof the coexistenceregion is a plateau
region in the resultingstress-strain�o w curve of the inhomogeneoussystems.However,
onehastwo importantdifferencesto theequilibriumcase:First, thelocationof theplateau
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Shear thinning

Shear

Strain rate

thickeningShear
Newtonian

stress

Shear

Strain rate

stress

Fig. 17. Sketchesof nonlinearstress-strain�o w curvesLeft: Shearthickeningandshearthinning;Right: Non-
monotonicstress-strainrelationleadingto phaseseparation.Thehorizontaldottedlinesconnectthetwocoexisting
phasesfor threeselectedglobalstrainrates.

cannotbedeterminedby a Maxwell construction,but hasto be calculatedby solving the
full dynamicalequations.Second,the plateauis not necessarilyhorizontal.Even though
mechanicalstability requiresthat two coexisting phasesmusthave the sameshearstress,
the“plateau”mayhave a slopeor evenbecurvedbecausedifferentcoexistingphasesmay
beselectedfor differentshearrates100;105 (seeFig. 17).

3.1.2. Nematicliquid crystals

Next we recapitulatesomebasicfactson liquid crystals.Thebuilding blocksof thesema-
terials are anisotropicparticles,e.g.,elongatedmolecules,associatedstructuressuchas
wormlike micelles,or evenrodlike virusses.A liquid crystalphaseis anintermediatestate
betweenisotropicliquid andcrystallinesolid, which is anisotropic(particlesareorienta-
tionally ordered),but in somesensestill �uid (particlesarespatiallydisorderedin at least
onedirection).Somesuchstructuresaresketchedin Fig. 18. Thephasetransitionsarein
somecasestriggeredby the temperature(thermotropicliquid crystals),andin othercases
by theconcentrationof theanisotropicparticles(lyotropic liquid crystals).Lamellarmem-
branestacks(seeprevioussection)areexamplesof smecticliquid crystallinestructures.In
this section,we shallmainly beconcernedwith nematics,wheretheparticlesarealigned
alongonecommondirection,but otherwise�uid.

For symmetryreasons,the transitionbetweenthe isotropic�uid andthenematic�uid
mustbe�rst order. Thenematicorderis commonlycharacterizedby thesymmetrictrace-
lessordertensor

Qij = h
1
2

(3di dj � 1)i ; (15)

where ~d is a unit vectorcharacterizingthe orientationof a particle.In an isotropic �uid,
Q is zero.Otherwise,the largesteigenvaluegivesthenematicorderparameterS, andthe
correspondingeigenvector is the directionof preferredalignment,the “director” ~n. Note
that only the direction of ~n matters,not the orientation,i.e., the vectors~n and � ~n are
equivalent.

Sincethe orderednematicstateis degeneratewith respectto a continuoussymmetry
(thedirectionof thedirector),it exhibits elasticity:Thefreeenergy costsof spatialdirec-
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tor variationsmustvanishif thewavelengthof themodulationstendsto in�nity . At �nite
wavelength,thesystemrespondsto suchdistortionswith elasticrestoringforces.Symme-
try argumentsshow thatthesedependonly on threeindependentmaterialconstants16, the
FrankconstantsK 11; K 22, andK 33. Theelasticfreeenergy is givenby 14

F elastic =
Z

d~r
�

K 11(r ~n)2 + K 22(~n � (r � ~n)) 2 + K 33(~n � (r � ~n)) 2	
: (16)

Figure 19 illustratesthe correspondingfundamentaldistortions,the splay (K 11), twist
(K 22), andbendmode(K 33).

How doesshearaffecta liquid crystalline�uid? In theisotropicphaseandat low strain
rate, thesituationis still comparablysimple.Thevelocity gradientimposesa background
angularvelocity

~
 =
1
2

(r � ~u) (17)

on the�uid, which theparticlespick up 106. Sincethey rotatefasterwhile perpendicularto
the�o w, they alsoacquireaveryslighteffectiveorientationat theangle� =4 relative to the
�o w direction.At higherstrainrate,theorderparameterincreases,andthealignmentangle
decreases107. This sometimeseven leadsto a shear-inducedtransitioninto the nematic
phase108;109;110;111;112;113;114 .

BHex
Isotropic I NNematic (Smectic B               )

Sm C
Sm F

Smectic C
(Smectic F          ) 

Sm A

Sm
Smectic A

Fig. 18. Examplesof liquid crystallinephases.In thenematicphase(N), theparticlesareoriented,but transla-
tionally disordered.In thesmecticphases,they form layersin onedirection,but remain�uid within the layers.
In thesmecticBHex andsmecticF phase,thestructurewithin thelayersis not entirelydisordered,but hasa type
of ordercalledhexatic. SeeRefs.14, 15 for explanation.The isotropicphase(I) is entirely disordered(regular
isotropicliquid).

Splay BendTwist

Fig. 19. Elasticmodesin nematicliquid crystals.
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Deepin thenematicphase,thenematic�uid canbedescribedby the�o w �eld ~u(~r ; t)
andthedirector�eld ~n(~r ; t) (j~nj � 1). We shallnow assumeincompressibility(r ~u = 0)
andalinear, instantaneousrelationstress-strainrelationasin Eq.(12).Comparedto simple
�uids, thereareseveralcomplications.

First,nematic�uids areelastic,hencethestresstensor� ij (11)hasanelasticcontribu-
tion

� elastic
ij = �

� F elastic

� (@i nk )
@j nk : (18)

Thefreeenergy F elastic is givenby Eq.(16).
Second,the �uid is locally anisotropic,thereforetheconstitutive equationfor thevis-

cousstresstensorcontainsmoreindependenttermsthanin simple�uids. Thestructureof
� 0

ij which is compatiblewith all symmetryrequirementsreads15

� 0
ij = � 1

X

k l

ni nj nk nl Ak l + � 2 ni N j + � 3 N i nj (19)

+ � 4 A ij + � 5

X

k

ni nk A j k + � 6

X

k

nj nk A ik ;

whereA is thesymmetric�o w deformationtensor, A ij = 1
2 (@i uj + @j ui ), andthevector

~N gives the rate of changeof the director relative to the angularvelocity of the �uid,
~N = d~n

dt � ~
 � ~n. Theparameters� i aretheso-calledLesliecoef�cients. They arelinked
by onerelation15,

� 2 + � 3 = � 6 � � 5 (20)

henceonehas� ve independentmaterialconstants.
Third, the�o w �eld andthedirector�eld arecoupled.Thusonemusttake into account

thedynamicalevolutionof thedirector�eld,

� 1•n j = gj + @i � ij ; (21)

which is drivenby theintrinsic bodyforce~g, andthedirectorstresstensor� ij . Here� 1 is
themomentof inertiaperunit volume.As for thestresstensor, onecanderive thegeneral
form of the constitutive equationsfor ~g and� with symmetryarguments.The individual
expressionscanbefoundin the literature15. Here,we only give the �nal total dynamical
equationfor ~n,

� 1 •n j = �n j +
X

i

@i
� � F el

� (@i nj )

�
�

@F el

@n j
� 
 1N j � 
 2

X

i

ni A ij ; (22)

where
 1 = � 3 � � 2, 
 2 = � 6 � � 5, and � is a Lagrangeparameterwhich keepsj~nj
constant.

To summarize,the dynamicalequationsof nematohydrodynamicsfor incompressible
nematic�uids are given by Eqs. (10) and (22) togetherwith (11), (16), (18), and (19).
ThesearetheLeslie-Ericksenequationsof nemato-hydrodynamics15. Thetheorydepends
on � ve independentviscosity coef�cients � i and on threeindependentelasticconstants
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K ii . Not surprisingly, it predictsa rich spectrumof phenomena.For example,in the ab-
senceof directorgradients,steadyshear�o w is foundto have two opposingeffectson the
director:It rotatesthemolecules,andit alignsthem.Therelativestrengthof thesetwo ten-
denciesdependson thematerialparameters.As a result,onemayeitherencounterstable
�o w alignmentor a rotating“tumbling” state115;116;117;118 .

TheEricksen-Leslietheorydescribesincompressibleandfully orderednematic�uids.
Thebasicversionpresentedheredoesnot accountfor thepossibilityof disclinationlines
andothertopologicaldefects,andit doesnot includethecouplingwith a variabledensity
and/ororderparameter�eld. Thesituationis evenmorecomplicatedin thevicinity of stable
or metastable(hidden)thermodynamicphasetransitions.Thermodynamicforcesmaycon-
tribute to a nonmonotonicstress-strainrelationship,which eventuallyleadto mechanical
phaseseparation98.

Figure 20 shows an experimentalexampleof a nonequilibriumphasediagramfor a
systemof rodlike virusses102.

3.2. Simulatingshearon theparticle level: NEMD

In the linear responseregime, i.e., in the low-shearlimit, many rheologicalpropertiesof
materialscanbedeterminedfrom equilibriumsimulations.For example,theviscosityco-
ef�cients introducedin theprevioussectioncanberelatedto equilibrium�uctuationswith
Green-Kuborelations119;120 .

However, the non-Newtonian characterof most complex �uids and their result-
ing uniquepropertiesmanifestthemselves only beyond the linear responseregime. To
studythese,non-equilibriumsimulationsarenecessary. We will now brie�y review non-
equilibriummoleculardynamics(NEMD) methodsfor thesimulationof molecularmodel

Fig.20. Nonequilibriumphasediagramof alyotropic liquid crystalundershearasafunctionof strainrate _
 and
particledensityC. (Cnem is thedensityof theequilibriumisotropic/nematictransition).Thesystemis a mixture
of rodlike virusses(fd virus)andpolymers(dextran).FromRef.102.



August23,2006 17:22 WSPC/Trim Size:9.75inx 6.5infor Review Volume c�erice

Coarse-grainedmodelsof complex �uids at equilibriumanduntershear 25

systemsundershear. Someof themethodsarecoveredin muchmoredetail in Refs.121,
122,123.

In NEMD simulations,onefacestwo challenges.First,onemustmechanicallyimpose
shear. Second,mostmethodsthat enforceshearconstantlypumpenergy into the system.
Henceonemustgetrid of thatheat,i.e., applyanappropriatethermostat.We will address
thesetwo issuesseparately.

The mostdirect way of imposingshearis to con�ne the systembetweentwo rough
walls, andeithermove oneof them(for Couette�o w), or apply a pressuregradient(for
Poiseuille�o w). Varnik andBinder have shown that this approachcanbe usedto mea-
suretheshearviscosityin polymermelts124. It hasthemerit of beingphysical:Strainis
enforcedphysically, andtheheatcanberemovedin a physicalway by couplinga thermo-
statto the walls. On the otherhand,the systemcontainstwo surfaces,anddependingon
thematerialunderconsideration,onemayencounterstrongsurfaceeffects.Thiscancause
problems.

An alternative straightforward way to generateplanarCouette�o w is to usemoving
periodic boundaryconditionsas illustrated in Fig. 21 (Lees-Edwards boundarycondi-
tions 121;125): In order to enforceshear�o w ~u = (ux ; 0; 0) with an averagestrain rate
_
 = @ux =@y, oneproceedsasfollows:Onereplicatestheparticlesin thex andz direction
like in regularperiodicboundaryconditions,

r x ! r x � L x

r y;z ! r y;z

~v ! ~v

r x;y ! r x;y

r z ! r z � L z

~v ! ~v
: (23)

In they-direction,thereplicatedparticlesacquireanadditionalvelocity U = _
 L y andan
offsetUt in thex-direction,

r x ! r x � (Ut modL x )
r y ! r y � L y

r z ! r z

~v ! ~v � U~ex

(24)

Here L x;y ;z are the dimensionsof the simulationbox, and~ex the unit vector in the x-
direction.

U

-U

Fig. 21. Lees-Edwardsboundaryconditions.
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Lees-Edwardsboundaryconditionsareperfectlysuf�cient to enforceplanarCouette
�o w. In someapplications,it hasneverthelessprovenusefulto supplementthemwith �c-
titious bulk forcesthat favor a linear �o w pro�le. Oneparticularlypopularalgorithmof
this kind is theSLLOD algorithm122;126 . For theimposed�o w ~u(~r ) = _
 y~ex , theSLLOD
equationsof motionfor particlesi read

d~r i

dt
=

~p0
i

mi
+ _
 yi ~ex (25)

d~p0
i

dt
= ~Fi � _
 p0

yi ~ex ; (26)

where~p0
i = m i (~vi � ~u(~r i )) is the momentumof particle i in a referenceframe mov-

ing with the local �o w velocity ~u(~r i ), and ~Fi is the regular force actingon the particle
i . The equationsof motion canbe integratedwith standardtechniques,or with specially
devisedoperator-split algorithms128;129 . It is alsopossibleto formulateSLLOD variants
for arbitrarysteady�o w 127. The SLLOD algorithmis very useful for the determination
of viscositiesin complex �uids 130;119;131;132;133;134 . It hastheadvantagethat thesystem
relaxesfastertowardsasteadystate,andthattheanalysisof thedatais simpli�ed 122.

A fourthmethodto enforceshearhasrecentlybeenproposedby Müller-Plathe135. One
usesregularperiodicboundaryconditions,anddividesthesysteminto slabsin thedesired
directionof �o w gradient.In periodic intervals, the particle in the centralslab (y = 0)
with thelargestvelocity componentin thex direction,andtheparticlein thetopmostslab
(y = L y =2) with thelargestvelocity componentin the(� x)-directionis determined,and
the momentumcomponentspx of the two particlesareswapped.This leadsto a zigzag-
shapedshearpro�le (Fig. 135).

The Müller-Plathealgorithmcanbe implementedvery easily. Justonesmall change
turnsa moleculardynamicsprogramfor thermalequilibrium into a NEMD programthat

y

x

Fig. 22. Schematicsketchof theMüller-Plathemethodfor imposingshear. In periodicalintervals, theparticle
in the middleslabthatmovesfastestin the x-directionandtheparticlein the top slabthatmovesfastestin the
(� x)-directionexchangetheirmomentumcomponentspx . After Ref.135.
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producesshear�o w. Furthermore,the algorithmconservesmomentumandenergy: Con-
trary to thealgorithmsdiscussedbefore,it doesnotpumpheatinto thesystem.Instead,the
heatis constantlyredistributed.It is drainedout of thesystemat y = 0 andy = L y =2 by
the momentumswaps,but it is alsoproducedin the bulk throughthe energy dissipation
associatedwith theshear�o w. As a result,thezigzagshearpro�le is accompaniedwith a
W-shapedtemperaturepro�le. Sincethis is notalwayswanted,thealgorithmis sometimes
usedin combinationwith athermostat.A slightdrawbackof thealgorithmis thefactthatit
producesintrinsically inhomogeneouspro�les, dueto thepresenceof thetwo specialslabs
aty = 0 andy = L y =2. Thismaycauseproblemsin smallsystems.

Having introducedthesefour methodsto imposeshear, we now turn to theproblemof
thermostatting.All shearingmethodsexcept for the Müller-Plathemethodproduceheat,
thereforethethermostatis anessentialpartof thesimulationalgorithm.

A thermostatis apieceof algorithmthatmanipulatestheparticlevelocitiessuchthatthe
temperatureis adjustedto its desiredvalue.This is commonlydoneby adjustingthekinetic
energy. In a�o wing �uid with �o w velocity~u(~r ), thekineticenergy hasa�o w contribution
anda thermalcontribution. Therefore,it is importantto de�ne the thermostatin a frame
that moveswith the �uid, i.e., to coupleit to the “peculiar” velocities~v0

i = ~vi � ~u(~r i ),
ratherthanto theabsolutevelocities~vi . Unfortunately, mostthermostatsdon't accountfor
thisautomatically, andonehasto put in the�o w pro�le by hand.Theonly exceptionis the
dissipativeparticledynamics(DPD) thermostat(seebelow).

This raisesthequestionhow to determinethe�o w ~u(~r ). In a homogeneoussystem,at
low strainrates,it canbe acceptableto usethepre-imposedpro�le (~u(~r ) = _
 y~ex in our
earlierexamples).Thermostatsthat usethe pre-imposed�o w pro�le arecalled “pro�le-
biasedthermostats”.At highstrainrates,andin inhomogeneoussystems,theuseof pro�le-
biasedthermostatsis dangerousandmaytwist theresults122;133 . In thatcase,thepro�les
~u(~r ) mustbe calculateddirectly from thesimulations,“on the �y”. Suchthermostatsare
called“pro�le-unbiasedthermostats”.

Onecandistinguishbetweendeterministicandstochasticthermostattingmethods.The
simplestdeterministicthermostatsimply rescalesthe peculiarvelocitiesof all particles
after every time stepsuchthat the total thermalkinetic energy remainsconstant.Among
themoresophisticateddeterministicthermostats,theonesthathavebeenusedmostwidely
in NEMD simulationsare the so-calledGaussianthermostats122, and the Nośe Hoover
thermostats121;136 .

Theideaof Gaussianthermostatsis very simple:For a systemof particlesj subjectto
forces~f j , oneminimizesthequantityC =

P
j ( _~p0

j � ~f j )2=(2m j ) with respectto _~pj , with
the constraintthat either the time derivative of the total energy, or the time derivative of
thetotalkineticenergy bezero(GaussianisoenergeticandGaussianisothermalthermostat,
respectively). In theabsenceof constraints,theminimizationprocedurewould yield New-
ton's law. Theconstraintsmodify theequationsof motionin a way thatcanbeconsidered
in somesenseminimal.Oneobtains

_~p0
j = ~f j � � ~pj ; (27)

where� is aLagrangemultiplier, whichhasto bechosensuchthatthedesiredconstraint–
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constantenergy or constantkineticenergy – is ful�lled.
The Nośe Hoover thermostatsarewell-known from equilibrium moleculardynamics

andshallnotbediscussedin detailhere.Weonly notethatin NEMD simulations,oneuses
notonly thestandardisothermalNośe-Hoover thermostats,but alsoisoenergeticvariants.

Deterministicthermostatshave theslightly disturbingfeaturethat they changethedy-
namicalequationsin a ratherunphysicalway. It is sometimeshardto sayhow thatmight
affect thesystem.At equilibrium,Nośe-Hoover thermostatsrestona well-establishedthe-
oreticalbasis:They canbederivedfrom extendedHamiltonians,they producethecorrect
thermalaveragesfor static quantitiesetc. Outsideof equilibrium, the situationis much
morevague.For thecaseof steadystates,someresultson theequivalenceof thermostats
arefortunatelyavailable.EvansandSarmanhaveshown thatsteadystateaveragesandtime
correlationfunctionsareidenticalfor Gaussianisothermalandisoenergeticthermostatsand
for Nośe-Hoover thermostats123;137 . RuellehasrecentlyprovedthattheGaussianisother-
mal andtheGaussianisoenergeticthermostatareequivalentin anin�nite systemwhich is
ergodicunderspacetranslations138.

An alternative approachto thermostattingare the stochasticmethods,such as the
Langevin thermostat139 andthe DPD thermostat140. They maintainthe desiredtemper-
atureby introducingfriction andstochasticforces.This approachhasthe virtue of being
physically motivated.The dissipative andstochastictermsstandfor microscopicdegrees
of freedom,which have beenintegratedout in thecoarse-grainedmodel,but canstill ab-
sorbandcarryheat.From the theoryof coarse-graining,it is well-known that integrating
out degreesof freedomeffectively turnsdeterministicequationsof motion into stochastic
equationsof motion141;142;143 .

TheLangevin thermostatis thesimpleststochasticdynamicalmodel.Onemodi�es the
equationof motion for thepeculiarmomentaby introducinga dissipative friction � anda
randomforce~� j ,

_~p0
j = ~f j � � ~v0

j + ~� j ; (28)

where~� j ful�lls

h~� k i = 0 (29)

h� i� (t)� j � (t0)i = 2� kB T � ij � �� � (t � t0); (30)

i.e., the noiseis delta-correlatedand Gaussiandistributed with meanzero and variance
2� kB T (�uctuation-dissipationtheorem).In practice,this canbedoneby adding(� � v0

j � )
and a randomnumberto eachforce componentf i� in eachtime step� t. The random
numbermustbe distributedwith meanzeroandvariance

p
2kB T� =� t. Becauseof the

centrallimit theorem,thedistribution doesnotnecessarilyhave to beGaussian,if thetime
stepis suf�ciently small144.

TheDPDthermostatisanapplicationof thedissipativeparticledynamicsalgorithm140.
The ideais similar to that of the Langevin algorithm,but insteadof couplingto absolute
velocities,thethermostatcouplesto velocitydifferencesbetweenneighborparticles.There-
fore, thealgorithmis Galileaninvariant,andaccountsautomaticallyfor thedifferencebe-
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tween�o w velocity andthermalvelocity. We refer to B. Dünweg's lecture(this book) for
anintroductioninto theDPDmethod(seealso136).

Thiscompletesourbrief introductioninto NEMD methodsfor systemsundershear. We
closewith ageneralcomment:Thestrainrate _
 hasthedimensionof inversetime.It intro-
ducesatimescale1=_
 in thesystem,whichdivergesin thelimit _
 ! 0. Therefore,systems
at low strainratesconverge very slowly towardstheir �nal steadystate,andthe studyof
systemsat low strainratesis very time-consuming.In fact,evenin coarse-grainedmolec-
ularmodels,simulatedstrainratesareusuallymuchhigherthanexperimentallyaccessible
strainrates.

We now give two examplesof recentlarge-scaleNEMD studiesof inhomogeneous
complex systemsundershear.

3.2.1. First applicationexample:Nematic-Isotropic Interfacesundershear

Our �rst exampleis a studyof the behavior of a Nematic-Isotropicinterfaceundershear
(GermanoandSchmid145;146). Interfacesplay a centralrole for shearbanding,andun-
derstandingtheir structureshouldprovide a key to theunderstandingof phaseseparation
undershear. Ourstudyis a�rst stepin thisdirection.Wewill discussthequestionswhether
thestructureof anequilibriuminterfaceis affectedby shear, whetherthephasetransition
is shifted,andwhethershearbandingcanbeobserved.

Themodelsystemwasa �uid of soft repulsive ellipsoidswith theaspectratio 15:1,in
a simulationbox of size(150:300:150)(in unitsof theellipsoiddiameter� ). Thedensity
waschosenin thecoexistenceregionbetweenthenematicandisotropicphase,suchthatthe
systemphaseseparatesat equilibrium.Theinitial con�gurationwasa relaxedequilibrium
con�gurationwith anematicslabandanisotropicslab,separatedby two interfaces.Thelat-
teralign thedirectorof thenematicphasesuchthatit is parallelto theinterface147;148;149 .

Shearwas imposedwith Lees-Edwardsboundaryconditionsin combinationwith a
pro�le unbiasedNośe Hoover thermostat,in thedirectionnormalto theinterface.Thetwo
coexisting phasesthus sharethe sameshearstress.Two setupsare possiblewithin this
“commonstress”geometry. In the �o w-alignedsetup,the directorpointsin the direction
of �o w ~u (thex direction);in thelog-rolling setup,it pointsin thedirectionof “vorticity”
r � ~u (thez direction).Only the�o w-alignedsetupturnedout to bestablein our system.
We consideredmainly thestrainrate _
 = 0:001� � 1. Here� is thenaturaltime unit, � =
�

p
m=kB T, with the particle massm, the particle diameter� , and the temperatureT.

Thisstrainrateis smallenoughthattheinterfaceis still stable.A con�gurationsnapshotis
shown in Fig. 23.

To analyzethe system,it wassplit into columnsof sizeB � L y � B . The columns
werefurthersplit into bins,which containedenoughparticlesthata local orderparameter
could be determined.In this manner, oneobtainslocal orderparameterpro�les for each
columnin eachcon�guration.Fromthepro�le S(y), we determinedthelocal positionsof
thetwo interfacesasfollows:Wecomputedat leasttwo coarse-grainedpro�les �S(y; � i ) by
convolutingthepro�le S(y) with asymmetricalbox-likecoarse-grainingfunctionof width
� i . The coarse-grainingwidth must be chosensuchthat the coarse-grainedpro�les still
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x
(flow)(vorticity)z

Fig.23. Snapshotof ashearednematic-isotropicinterface(115200particles)atstrainrate _
 = 0:001� � 1 . Also
shown is thecoordinatesystemusedthroughoutthissection.FromRef.145.

re�ect theinterfaces,but shortranged�uctuationsareaveragedout.Theintersectionof two
averagedpro�les locatesa “dividing surface”,wherethenegative orderparameterexcess
on thenematicsidebalancesthepositive orderparameterexcesson theparanematicside.
We de�ne this to be the “local position” of the interface.Due to �uctuations, it depends
slightly on the particularchoiceof the � i . Nevertheless,the proceduregivesremarkably
unambiguousvaluesevenfor strongly�uctuating pro�les 149. Theprocedureis illustrated
in Fig. 24.

OncethepositionshN I ; hI N of thetwo interfaceshave beendetermined,we calculate

Fig. 24. Illustrationof block analysisto obtainlocalpro�les.



August23,2006 17:22 WSPC/Trim Size:9.75inx 6.5infor Review Volume c�erice

Coarse-grainedmodelsof complex �uids at equilibriumanduntershear 31

-30 -20 -10 0 10 20 30
y/s 0

0.1

0.3

0.5

0.7

S(y)

sheared 
equilibrium

-0.01

0

0.01

DS(y)

Fig. 25. Interfacial orderparameterpro�le at strainrate _
 = 0:001� � 1 (�o w alignedsetup).Insetshows the
differencebetweenpro�les with andwithoutshear. FromRef.146.

pro�les for all quantitiesof interestandshift themby theamounthN I or hI N , respectively.
This allows to performaveragesover local pro�les. Furthermore,the interfacepositions
hI N andhN I themselvescanbeusedto analyzethe �uctuation spectrumof the interface
positions.

Unexpectedly, theshearturnedout to have almostno in�uence at all on theinterfacial
structure.Undershear, the interfacesareslightly broadened,indicatingthat the interfacial
tensionmight beslightly reduced(Fig. 25). But theeffect is barelynoticeable.Likewise,
thedensitypro�le andthecapillarywavespectrumarealmostundistinguishablefrom those
of theequilibriuminterface,within theerror. Thevelocitypro�les, however, aremuchmore
interesting.The�o w pro�le exhibitsadistinctkink attheinterfaceposition(Fig.26).Hence
weclearlyobserveshearbanding– thetotalstrainis distributednonuniformlybetweenthe
two phases.At thesameshearstress,thenematicphasesupportsahigherstrainratethanthe
isotropicphase.Secondandsurprisingly, theinterfaceapparentlyalsoinducesastreaming
velocity gradientin the vorticity direction (the z-direction).As a consequence,vorticity
�o w is generatedin oppositedirectionsin the isotropic and in the nematicphase.This
�o w is symmetrybreaking,andasyet,we have no explanationfor it. We hopethat future
theoreticalandsimulationstudieswill clarify thisphenomenon.

At high strain rates,the interfacegetsdestroyed. Figure27 shows a nonequilibrium
phasediagram,which hasbeenobtainedfrom interfacesimulationsof smallsystems.The
local strain rate is always higher in the nematicphasethan in the isotropic phase.It is
remarkablethat thecoexistenceregion doesnot closeup. Instead,theinterfacedisappears
abruptlyataveragestrainratesabove _
 � 0:006=� .

3.2.2. Secondapplicationexample:Shear-inducedphenomenain surfactantlayers

As asecondexample,we discusstheeffectof shearon lamellarstacksof surfactants.This
hasbeenstudiedin coarse-grainedmolecularsimulationsby Soddemann,Guo,Kremeret
al 150;151. The modelsystemwasvery similar to that usedin Section2.2.4,except that
it doesnot containsolvent particles60. Shearwas inducedwith the Müller-Plathealgo-
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rithm 135 in combinationwith aDPD thermostat60.
The �rst seriesof simulationsby Guo et al 150 addressedthe question,whetherthe

surfactantlayerscanbe forcedto reorientundershear. Threedifferentorientationsof the
layerswith respectto the sheargeometrywereconsidered:In the transverseorientation,
the layersarenormalto the �o w direction,in the parallelorientation,they arenormalto
thedirectionof thevelocity gradient,andin theperpendicularorientation,they lie in the
planeof the �o w andthe velocity gradient.The transverseorientationis unstableunder
shear�o w. Experimentally, botha transitionfrom thetransverseto theparallelorientation
andfrom thetransverseto theperpendicularorientationhavebeenobserved152;153 .

Guoetal havestudiedthisby simulationsof asystemof dimeramphiphiles.Figures28
and29 show a seriesof snapshotsfor different timesat two different strain rates.Both
systemsweresetup in the transversestate.At low strainrate,thesheargeneratesdefects
in the transverselamellae.Mediatedby thesedefects,the lamellaegraduallyreorientinto
theparallelstate.At high strainrate,the lamellaeare�rst completelydestroyedandthen
reorganizein theperpendicularstate.

The �nal stateis not necessarilythe most favorablesteadystate.In fact, Guo et al
found that the strain energy dissipationwas always smallestin the perpendicularstate,
regardlessof thestrainrate.Whenstartingfrom thetransversestateat low strainrates,the
parallel stateformedneverthelessfor kinetic reasons.At intermediatestrain rates,shear
may induceundulationsin theparallelstate.This hasbeenpredictedby Auernhammeret
al 154;155 andstudiedby Soddemannet al by computersimulationof a systemof layered
tetramers151. The phenomenonresultsfrom the couplingbetweenthe layer normal,the
tilt of themolecules,andtheshear�o w. It is triggeredby the fact thatshear�o w induces
tilt. The tilted surfactantlayer dilatesandusesmore area,which eventually leadsto an
undulationinstability. Thiscouldindeedbeobservedin thesimulations.Figure30showsa
snapshotof anundulatedcon�guration,andaplot of theundulationamplitudeasafunction
of strainrate.Theundulationssetin ata well-de�ned strain-rate.

Our two examplesshow that coarse-grainedmolecularsimulationsof complex, inho-
mogeneous�uids undershearare now becomingpossible.A wealth of new, intriguing
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Fig. 26. Velocity pro�le in the �o w direction (left), and in the vorticity direction (right), at strain rate _
 =
0:001� � 1 . FromRef.146.
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Fig. 27. Phasediagramof the�o w-alignedsystem.Thedashedtie linesconnectcoexisting states.I denotesthe
isotropicregion,andN thenematicregion.FromRef.146.
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Fig. 28. Reorientationof surfactantlayersundershearfrom an initial transversestateat low strainrate, _
 =
0:001=� . Reprintedwith permissionfrom Ref.150. Copyright 2002by theAmericanPhysicalSociety.
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Fig. 29. Reorientationof surfactantlayersundershearfrom an initial transversestateat high strainrate, _
 =
0:03=� . Reprintedwith permissionfrom Ref.150. Copyright 2002by theAmericanPhysicalSociety.

physicscanbeexpectedfrom this �eld in thefuture.

3.3. Simulationsat theMesoscopicLevel

We will only touchvery brie�y on thewide �eld of mesoscopicsimulationsfor complex
�uids undershear.

The challengeof mesoscopicsimulationsis to �nd and/orformulatethe appropriate
mesoscopicmodel,andthenput it on the computer. For liquid crystals,we have already
discussedonecandidate,the Leslie-Ericksentheory. However, this is by far not the only
availablemesoscopictheoryfor liquid crystals.A popularalternative for thedescriptionof
lyotropic liquid crystalsis theDoi theory, which is basedon a Smoluchowski equationfor
thedistribution functionfor rods.Numerousvariantsandextensionsof theDoi modelhave
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beenproposed.A relatively recentreview on both theLeslie-EricksenandtheDoi theory
canbefoundin Ref.156.

Thephenomenologicalequationscanbesolvedwith traditionalmethodsof computa-
tional �uid dynamics.An alternativeapproachwhich is particularlywell suitedto simulate
�o ws in complex and�uctuating geometriesis theLatticeBoltzmannmethod,which has
beendiscussedby B. Dünweg in his lecture.Yeomansandcoworkershave recentlypro-
poseda Lattice Boltzmannalgorithmfor liquid-crystal hydrodynamics,which allows to
simulateliquid crystal �o w 157;158 . The startingpoint is the Beris-Edwardstheory159, a
dynamicalmodelfor liquid crystalsthat consistsof coupleddynamicalequationsfor the
velocity pro�les andthe ordertensorQ (Eq. (15). The Lattice-Boltzmannschemeworks
with the usualdiscretevelocitiesi anddistributionsf i (~r n ) for the �uid �o w �eld on the
latticesite~r n . In addition,a seconddistribution Gi (~r n ) is introduced,which describesthe
�o w of the order tensor�eld. The time evolution includesfree streamingand collision
steps.Theexactequationsarequitecomplicatedandshall not begivenhere,they canbe
foundin Refs.158.

As an applicationexampleof this method,we discussa recentsimulationby Maren-
duzzoetal of ashearedhybrid alignednematic(HAN) cell 160;161 . Thesurfacesin aHAN
cell imposecon�icting orientationson the directorof an adjacentnematic�uid, i.e., one
surfaceorients(“anchors”) the �uid in a parallelway (“planar”), andthe other in a per-

flow

gradient

Fig. 30. Shearinducedundulations.Left: con�gurationsnapshotatstrainrate _
 = 0:015=� . Right:Undulation
amplitudeasa functionof strainrate.Undulationssetin ata strainrateof _
 � 0:01. FromRef.151.

Fig.31. Snapshotsfrom aLattice-Boltzmannsimulationof ashearedhybrid alignednematiccell.Whiteregions
areordered,andblackregionsaredisordered.Thenumbersgive time in milliseconds.FromRef.160.
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pendicularway (“homeotropic”).In thesystemunderconsideration,theparameterswere
chosensuchthatthe�uid is in theisotropicphase,but verycloseto thenematicphase.The
�uid is at restat time t > 0. At timest > 0, thesurfacesaremovedrelative to eachother,
anddragthe �uid with them(no-slip boundaryconditions).Figure 31 shows snapshots
of the cell for differenttimes.The evolution of the structureinsidethe cell is quite com-
plex. First, two orderedbandsform closeto thesurface,dueto the fact that the �o w �eld
still builds up andstrainratesarequite high in the vicinity of the surfaces.The director
in thesebandsis �o w-aligned,andin the lower band,its directioncompeteswith thean-
choringenergy of thehomeotropicsurface.As aresult,thelowerbandunbindsandcrosses
the systemto join the otherband.Finally, the top bandalsounbindsandmovestowards
the centerof the cell. This simulationshows nicely how a complex dynamicalprocess,
which resultsfrom aninterplayof shear�o w andelasticdeformations,canbestudiedwith
amesoscopicsimulationmethod.Wenotethatthetimescaleof thissimulationis seconds,
i.e., inaccessiblefor molecularsimulations.

3.4. Summary

Undershear, complex �uids exhibit a wealthof new, interesting,andpracticallyrelevant
phenomena.To studythese,varioussimulationapproachesfor different levels of coarse-
graining have beendeveloped.In this section,we have presentedand discussedseveral
variantsof non-equilibriummoleculardynamics(NEMD), and illustratedtheir usewith
examplesof largescaleNEMD simulationsof inhomogeneousliquid crystalsandsurfac-
tant layers.Furthermore,we have brie�y touchedon mesoscopicsimulationmethodsfor
liquid crystalsundershear.

4. Conclusions

Due to the rapidly improving performanceof moderncomputers,complex �uids canbe
studiedon a muchhigher level todaythanjust ten yearsago.A large numberof coarse-
grainedmodelsandmethodshave beendesigned,which allow to investigatedifferentas-
pectsof thesematerials,at equilibriumaswell asfar from equilibrium.Thenew computa-
tionalpossibilitieshavevitally contributedto thecurrentboostof softmatterscience.

In thetwo centralsectionsof thislecture,wehavegivenanintroductioninto two impor-
tantchaptersof computationalsoft matter:In Section2, we have givena roughoverview
over idealizedcoarse-grainedsimulationmodelsfor membranes,andhopefullyconveyed
anideaof thepotentialof suchmodels.In Section3, we have discussedsimulationmeth-
odsfor complex �uids undershear. Generally, nonequilibriumstudiesof complex �uids are
still muchmorescarcethanequilibriumstudies.Much remainsto bedone,both from the
point of view of methoddevelopmentandapplications,andmany exciting developments
canbeexpectedfor thenearfuture.
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URN: urn:nbn:de:kobv:517-opus-5835
URL: http://opus.kobv.de/ubp/volltexte/2005/583/.

88. G. T. Linke, R. Lipowsky, and T. Gruhn (2006) Osmotically inducedpassageof vesicles
throughnarrow pores,Europhys.Lett.74, p. 916

89. E. Guyon,J.-P. Hulin, L. Petit, andC. D. Mitescu (2001)PhysicalHydrodynamics. Oxford
UniversityPress,Oxford

90. E. B. Bagley, I. M. Cabott,andD. C. West(1958)Discontinuityin the�o w curveof polyethy-
lene.J. Appl.Phys.29, p. 109

91. T. C. B. McLeishandR. C. Ball (1986)A molecularapproachto thespurteffect in polymer
melt �o w. J .Polym.Sci.24, p. 1735

92. M. E. Cates,T. C. B. McLeish,andG. Marrucci(1993)Therheologyof entangledpolymersat
veryhighshearrates.Europhys.Lett.21, p. 451

93. D. C. Roux, J.-F. Berret,G. Porte,E. Peuvrel-Disdier, andP. Lindner (1995)Shear-induced
orientationsandtexturesof nematicwormlikemicelles.Macromolecules28, p. 1681

94. J.-F. Berret,G. Porte,andJ.-P. Decruppe(1996)Inhomogeneousshearrows of wormlike mi-
celles:A masterdynamicphasediagram.Phys.Rev. E 55, p. 1668

95. M. M. Britton andP. T. Callaghan(1999)Shearbandinginstability in wormlikemicellarsolu-
tionsEur. Phys.J. B 7, p. 237

96. E. FischerandP. T. Callaghan(2001)Shearbandingandtheisotropic-to-nematictransitionin
wormlikemicelles.Phys.Rev. E 64, p. 011501



August23,2006 17:22 WSPC/Trim Size:9.75inx 6.5infor Review Volume c�erice

40 F. Schmid

97. M. R.Lopez-Gonzalex, W. M. Holmes,P. T. Callaghan,andP. J.Photinos(2004)Shearbanding
�uctuationsandnematicorderin wormlikemicelles.Phys.Rev. Lett.93, p. 268302

98. P. D. OlmstedandP. M. Goldbart(1992)Isotropic-nematictransitionin shear�o w: Statese-
lection,coexistence,phasetransitions,andcritical behavior. Phys.Rev. A 46, p. 4966

99. G. Porte,J.-F. Berret,andJ. L. Harden(1997)Inhomogeneous�o ws of complex �uids: Me-
chanicalinstability versusnon-equilibriumphasetransition.J. dePhysiqueII 7, p. 459

100. V. Schmitt,C. M. Marques,andF. Lequeux(1995)Shear-inducedphaseseparationof complex
�uids - theroleof �o w-concentrationcoupling.Phys.Rev. E 52, p. 4009

101. P. D. OlmstedandC. Y. D. Lu (1997)Coexistenceandphaseseparationin shearedcomplex
�uids. Phys.Rev. E 56, p. R55

102. M. P. LettingaandJ.K. G. Dhont(2004)Non-equilibriumphasebehaviour of rod-likeviruses
undershear�o w. J. Phys.:Cond.Matter16, p. S3929

103. P. D. OlmstedandC. Y. D. Lu (1999)Phaseseparationof rigid-rod suspensionsin shear�o w.
Phys.Rev. E 60, p. 4397

104. P. D. Olmsted(1999)Two-statesheardiagramsfor complex �uids in shear�o w. Europhys.
Lett.48, p. 339

105. S.M. FieldingandP. D. Olmsted(2003)Flow phasediagramsfor concentration-coupledshear
banding.Europ.Phys.J. E 11, p. 65

106. N. K. Ailawadi, B. J. Berne,and D. Forster(1971) Hydrodynamicsand collective angular-
momentum�uctuationsin molecular�uids. Phys.Rev. A 3, p. 1462

107. X. F. Yuan,M. P. Allen (1997)Non-linearresponsesof the hard-spheroid�uid undershear
�o w. PhysicaA 240, p. 145

108. H. See,M. Doi, andR. Larson(1990)Theeffect of steady�o w �elds on theisotropic-nematic
phasetransitionof rigid rod-likepolymers.J. Chem.Phys.92, p. 792

109. P. D. OlmstedandP. Goldbart(1990)Theoryof thenonequilibriumphasetransitionfor nematic
liquid crystalsundershear�o w. Phys.Rev. A 41, p. 4578

110. J. F. Berret,D. C. Roux,andG. Porte(1994)Isotropic-to-nematictransitionin wormlike mi-
cellesundershear. J. dePhysiqueII 4, p. 1261

111. J. F. Berret,D. C. Roux,G. Porte,andP. Lindner (1994)Shear-inducedisotropic-to-nematic
phasetransitionin equilibriumpolymers.Europhys.Lett.25, p. 521

112. E. Cappelaere,J.-F. Berret,J.P. Decruppe,R. Cressely, andP. Lindner(1997)Rheology, bire-
fringence,andsmall-angleneutronscatteringin achargedmicellarsystem:Evidenceof ashear-
inducedphasetransition.Phys.Rev. E 56, p. 1869

113. J.-F. Berret,D. C. Roux,andP. Lindner(1998)Structureandrheologyof concentratedworm-
likemicellesat theshear-inducedisotropic-to-nematictransition.Eur. Phys.J. B 5, p. 67

114. P. T. Mather, A .Romo-Uribe,C. D. Han, andS. S. Kim (1997)Rheo-opticalevidenceof a
�o w-inducedisotropic-nematictransitionin a thermotropicliquid-crystallinepolymer. Macro-
molecules30, p. 7977

115. R. G. LarsonandD. W. Mead(1993)TheEricksennumberandDeborahnumbercascadesin
shearedpolymericnematics.Liquid Crystals15, p. 151

116. J.F. Berret,D. C. Roux,G. Porte,andP. Lindner(1995)Tumblingbehavior of nematicworm-
likemicellesundershear-�o w Europhys.Lett.32, p. 137

117. A. V. Zakharov, A. A. Vakulenko, andJ. Thoen(2003)Tumbling instability in a shearingne-
maticliquid crystal:Analysisof broadbanddielectricresultsandtheoreticaltreatment.J. Chem.
Phys.118, p. 4253
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