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Lagrangian and path integral

Classical action of O(N) linear sigma model in 341 dimensions
S[cp]:/da:z[cp]:/dx §8M<I>-8”<I>—Z(<I>-<I>—v>

where & = (P, Po,...,PnN)

Generating functional (now of O(1) model for simplicity) with local source J(x)
and bilocal source K (x, y)

Z[J, K] = /@cb exp (% /d% {z[cb] + J® +% d'y ®(z) K(m,y)@(y)})

Schwinger’s generating functional

h
(4
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2P| Effective Action

e Decompose quantum field (operator)
(x) = p(x) + '’ o(2)

e ¢(x) is expectation value of a single field operator

4%
570 = (2@) = 6(@)

e G(x,y) is (part of) the expectation value of the bilocal composite operator ®(x)P(y)

, SW
SK(x,y)

= (®(z) ®(y)) = ¢(z) ¢(y) + A G(z,y)

e Double Legendre transform of W[J, K] yields 2P/ (CJT) effective action T'**![¢, G]

"¢, G] = S[¢] + Il 10,6, Gl + 157 [¢, G
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Graphical representation of 2P| effective action

here a line represents the Green function G(x, y) with a 2PR non-local self-energy 32

6T?"1 /§G = 0 yields Dyson-Schwinger equation (resummation of 2PR graphs)
iG™' =iD '[¢] 4+ i%[¢, G

with self energy defined by

. 51-\2131 G
E[¢,G]:21 2 [¢7 ]
h 0G

= () + { ¥+ @+@
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2PPI Effective Action
H. Verschelde et al.

e Make bilocal source local K(x,y) — K(x,x) = K(x)

e Expectation values

oW

STy = (@)= 6@

SW )
2k = (@) =@ + G, 2)

e Define (connected part of) expectation value of local composite operator ®*(x)
A(z) = G(x, x)

e Double Legendre transform of W[J, K] yields 2-particle point-irreducible (2PPI) effective
action T*"P1[¢p, A]

", A] = S[¢] + Do [A] + T2 9, A

class
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e Graphical representation of 2PPI effective action «— subset of 2PI

= (O + {3+ 5+ D)

e here a line represents a Green function G with a 2PPR /ocal self-energy or an effective mass
G (k) = [+ M|, M= 230" — ) +3RAA

= T'[¢, A] — T'[¢p, M?] more practical
o 5F2PPI/5M2 yields explicit form of A as a function of ¢ and M?

51—12PPI[¢ MQ]
A =21 ’

A=)+ @ + @+ @ +Q 0




Effective potential

2PPI[¢,

Gap equation

HV2PP!
OM?

2PPI Effective Potential

solution of this equation is M? = M?(¢)

— Later we plot 1P| effective potential

Vg 9] =

] 2PPI
- Class

[p, M?] + V¢, M7

=0 = M’ =X3¢" -0

) + 3RAA(p, M?)

V2 e, MP(9)]

Vacuum expectation value by tadpole condition

Ve [¢] _

V2PPI [¢ M2]

O

d¢o

2PPI
_ Ve

OVer - OM(9)

¢

oM?

¢

=0
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O(N) linear sigma model

e Explicit form of 2PPI effective action

A
1-\2PPI[¢, ij] = S[Qb] + Zh(AiiAjj + 2 Aiinj) + FgPPI[qb, M23]

(3

e For convenience define O(N)-symmetric effective mass ./\/lfj and self-energy A;;

M = ¢;fj M2 4 (5@- - Zf‘j ) M?

e Sigma and pion mass parameters follow immediately

M2 = X[3¢% — v+ 3RA, + (N — 1)hA7T]

M2 = Al¢? —v®+hA, + (N + 1)hA7r]



class
Vet

1—loop
Ver

Stefan Michalski

2PPIl 2-loop approximation

SRS

2—1
Fq °P = “In det” + I'sunset

Vclass + Vl loop + Vsunset

M2 - Zot - M2+ (N = )M

! 4 2 ) 42 2 4
_8)\(N +2) (N + 1M+ 3(N = DM; = 2(N = DMIME + 2NN %]

h

(2 )4 {log(k + M2 )—I—(N—l)log(k + M )}

—i—ﬁT/ (2 )3 {log [1 — e_E(’(k)/T] + (N — 1) log [1 — e_E”(k)/T] }
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Graphical representation of graphs in V"' at finite temperature

Propagator consists of a zero-temperature part (solid line) and a thermal part (interrupted line)

3 + (N-1) -

o o ‘
@ + 2(N-1) - @ -+ (N-D) - @

\\\\//
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2PPI 2-loop effective potential

Fix ¢ and find the maximum of Veg(M,, M; ¢) with parameters N = 4 and /,L2 — v

—> effective potential now exhibits a second-order phase transition
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Hartree approximation
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Temperature-dependent behavior of VEV

v(T) = minimum of the effective potential for varying T, N = 4 and pu* = v*
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Variational mass parameters
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e Both mass parameters are the same in the (restored) symmetric phase
e Pion mass (parameter) is never equal to zero

e Mass parameters M . # physical masses

14
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Physical pion mass

e The physical pion mass is always zero if the potential is O(N)-symmetric

2  Qij o Pid; 2
Mij,phys — ¢2 Ma,phys T (51.7 o ¢2 > Mﬂ,phys
e But also
, V(¢

!, 72
ehys = B0 g =20;; V(¢ )‘

L Tt 4o, VH(Q;Q)‘
»=oq

b=¢0 b=d0

e Since 50 = {v(T),0,...,0} and Miphys is obtained by derivatives perpendicular to 50

= M. . =2V'(¢5) =0

=> No violation of Nambu—Goldstone theorem
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Physical sigma mass

82 V;ZilcfPI (¢)
8¢2 p=v(T)

Calculated numerically (by interpolation) of the effective potential

2
M ,phys (T) —

o
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Sketch of renormalization procedure

H. Verschelde et al.

e Counter term Lagrangian (again for N = 1)
B 1 5 1 5 9 Ay 2 2
0. = 5520 (8M¢) -+ (SZQ §m Qb -+ 52)\ ZQZS -+ 5Evac y m°- = —A\v

e Renormalize equations T'/5¢ = 0 and T /6 M?* = 0 on 1Pl level

0
F2P131[q57 M?]

o 0
FlPI[qb] F2PPI[ M3 + 616 T

%q :8_¢q

2PPR part  2PPI rest (earmarked)

\\\\// 17
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¢ @ 2
3ANSZITR o + 622" N m? + 30623 TR hA

e In a mass—independent renormalization scheme (MS, e.g.)

573" = 57,
e (Bubble—)renormalized effective mass
ME = Z7m® + 325N (¢ + hA)
e Renormalized composite operator

2
m

A = (D) eonnr = Zo A + 82y p> + 6228 o

e Divergences left in 2PPI remainder

0 1PI 0 2PPI 2 2PPI 2
Ty prld] = =Ty o, ME] + 6A¢ ry lo, M7
5 TBR o¢ " OMZ 1

\\\‘.//
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mass renormalization (subgraph ) by
0Z2() %m2¢2
Subgraphs v = ~ Py
Zy () gx\(qﬁz + AR)o’
Using 5Z>2\PPR = 04>
522(7) S M

Rest of 2PPI remainder renormalized by wavefunction counterterm 6 Z

Since

or gld, m* O3 [d, ME]OME,

om? 8/\/1% om?

and from the path integral one obtains

ory'[e,m? _ 1,

om?2 2 om?2 vae
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® it shows that in a mass—independent scheme d
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m25¢ and ¢ = 5Z2FFR /A

4
= 0Fyae = — 6251
12\
e and hence
8F2PPI[¢ M2] 1 m2 A

q,R ? R 2 2PPR R

= — | ZoA + 67 0z | ===

OM?Z, A A Y 2

—> gap equation is renormalized

20
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Concluding remarks

e 2PPI effective action
— is a subset of 2Pl CJT formalism
— resums local (bubble—shaped) graphs
— self—energy corrections only local
— less complicated than 2Pl but fewer graphs resummed
e Effective potential (real part) of O(N) model at finite temperature

— first-order phase transition in Hartree (1-loop 2PPI) approximation
— phase transition of second order in 2-loop approximation
— physical sigma mass obtained by derivative of 1P| effective potential

e Renormalization with standard counterterms 6 Zy, 6 Zo m? = dm? and S\ is possible
— in practice: counter term for effective mass § M?
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