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Motivation
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Current experiments at RHIC aim for a Quark-Gluon Plasma produced
in a transient, nonequilibrium state



~> Initial value problem with far-from-equilibrium initial conditions

~» Description of nonequilibrium dynamics/thermalization in quantum

field theory without relying on

- assumption of small departures from equilibrium?

- assumption of small fluctuations?

Prominent examples where strong departures from equilibrium with large
fluctuations become relevant:

1. “Color Glas Condensate” as initial condition for heavy-ion collisions
~» characterized by large densities ~ 1/a, with characteristic scale ()
2. “QCD critical point”

~» characterized by large correlation length /critical slowing down:

the long wavelength modes fall out of equilibrium once cooling
exceeds relaxation rate: T'(t)/T(t) < trelaxation(T) ol o



Similarly strong motivation from Early Universe/Condensed Matter
physics for far-from-equilibrium dynamics in QFT from ‘first principles’

Compare with 1.,2.:

1'. "Preheating” at the end of inflation in the Early Universe

~> nonperturbatively large particle number densities (~ 1/\) with a
characteristic momentum scale (we'll come to this in detail)

2'. "Bose-Einstein condensates” in the laboratory

~» characterized by diverging correlation length/critical slowing down

near second-order phase transition

~> | Required nonequilibrium techniques have most diverse applications




Few ingredients for far-from-equilibrium quantum fields:

Not small departures from equilibrium:

Initial density matrix D % D€ & e=BH or equivalently,
nonequilibrium initial one-point function Tr{D(tg)¢(to,x)},
two-point function Tr{D(tg)p(tg,x)0(to,¥)}, - -.

~» e.g. no (non-)linear response, no fluctuation-dissipation relation

No other dynamics than the one dictated by the underlying quantum
field theory:

~» Dynamics can be obtained from an effective action I'
(Legendre transform of the generating functional for

connected Green's functions)
~» powerful nonperturbative approximation schemes available

~» preserves in particular energy conservation, time reversibility
(here: no coupling to external heat-bath, no coarse-graining)



Two-particle irreducible generating functional

Quantum field theory with classical action S|p|. Consider first a real,

N—-component scalar field ¢, (a =1,...,N) with

m

Sl = [ (30" ¢a(@0upa(o) — "pedalods) - i (pdodede))’
([, = J,da® [ d% with z = (2°,x) and real (imaginary) time path C)

Generating functional W |.J, R| for Green's functions with two source
terms ~ J,(x) and ~ Rgp(x,y):

Z|J, R = exp (tW|J, R))

= [20 e (i [s11+ [ @1ento) 5 [Raeion@intv)]

Define the macroscopic field ¢, and connected two-point function G

SWJ, R] SWI[J,R 1
5Ja($) 5Rab(337 y) — 5 (¢a(x)¢b(y) T Gab(xa y))

= ¢a(T)



Effective action

~» Legendre transform of W|[J, R| with respect to source terms:

rlo.6) = Wit - [ Sl - [ e ey
=W = [ ou)u@) 5 [ o) Rt o) ~ TG R

One observes:

oL'[g, G _

Sha) Pl / Rap (. 9)66(y)
L, Gl 1
5Gab(x,y) o _iRab(x,y)

~» Equations of motion for ¢ and GG for J =0and R =0



Write the exact I'[¢, G| as ‘one-loop’ type expression + ‘rest’:

rwxn:5@}%gnmcf%+gnggm®G+rﬂ¢G]

(a) Consider first the ‘one-loop’ type expression, i.e. I's = 0:

0T'[¢, G]
0G

=N Gl = Gal—iR

j ; 1
= -G '+ =G;'=—-Z=R
2 +20 2

For R — 0 one recovers the ‘standard’ one-particle irreducible effective
action I'|¢] to one-loop order:

(] = (6, G(6)] = 5[] + 5 Trin Gy {(¢) + const

with Tr GalGo — Tr1 = const



(b) To get an understanding of the ‘rest’ term I'5[¢, G| vary w.r.t. G:

— Ga_Jbl <$, y) — G(;,éb (CE, Y, ¢) _ iRab<x7 y) T Eab (Qf, Y; QS? G)

This is the Schwinger-Dyson equation for the propagator with

5F2[¢7 G]
5Gab (CE, y)

Zab(xa Y, Qb, G) =2

~ Yap(x,y; ¢, G) corresponds to the proper self-energy, to which only
one-particle irreducible diagrams contribute

~» I's¢, G] can only contain contributions from two—particle
irreducible (2P1) diagrams

Check: Suppose a two—particle reducible contribution to I's exists,
schematically:

'y ~ TGGT’ ~ > ~ I'GITY

The latter is one-particle reducible and cannot occur for the proper self-energy!



Summary: 2PI generating functional
Scalar quantum field theory with classical action S.

2P| effective action:

Ilé, G| = S[¢] + %wm G+ %Tr G Y(6) G +Ts6, G

e Parametrized by macroscopic field: ¢(z) = (P(x)) and
e exact connected propagator: G(x,y) = (T'®(z)P(y)) — ¢(x)d(y)

e ['5|¢, G| contains only 2P| diagrams

| | 5T [0, G 5T [0, G
Equations of motion: (1 =0 , (2 =0
q W 5o 2 SGey
in absence of sources. Simple relation to 1P| effective action (R = 0):
ol o, G
Mol =Tlo.G0)). oo =0

0G(z,y) la=G(¢)



2P1 loop expansion

... proceeds along same lines as for 1Pl effective action. Only difference:

e full propagator G is associated to propagator lines of a diagram

e only 2P| graphs are kept

[s]p, G| = TP g, G + TP (6, G] + TSP (¢, G] + . ..

Example: Ap? /4! interaction for N =1, I'[¢ = 0, G] = T'[G]

Topologically distinct diagrams up to five loops: (only five graphs)

X~ OO O

A IA?
x ry

(—4) 3 (—iX/4l) (—i) 4! (1/2) (—ix/4)?



2P| effective action, I's|G]: Self-energy > ~ 6I'5/0G:

oC ol
0 o

Comparison with 1Pl effective action at stationary point,
ST[G)/6G =0= G ' =G, — %

G=Gy+GoXGop+GoXGoXGo+ ...

~» Infinite series for finite 2P| loop order: daisy, super-daisy, ladders, ...

G
1



Limitation for 2PI loop expansion: Even for small coupling the
expansion can become unreliable in the presence of large fluctuations

Prominent examples:

1. Phase transitions of the second order, with renormalized mass:

lim mR(T) =0
T—T,

~~» strong vertex corrections:

lim Ar(T)T — const
T—T. mpg(T)

E.g. high temperature ¢*-theory in 4d: 2Pl 2-loop approximation gives
continuous phase transition, however, not sensitive to universality class

(classical exponents, 3-loop seems not to improve this)

2. Large particle number densities n ~ 1/
~> all loop diagrams contribute at same order in A ! (we'll come to this)

Nonperturbative 2PI 1/N expansion can deal with 1., 2.!



2P1 1/N—expansion
Real scalar fields o, (z), a =1,..., N with A(p404)?/(4!N) interaction
~  S[¢] ~ N with tr (¢¢) = ¢ ~ N
2P| effective action I'|¢, G|:

e parametrized by two fields ¢, and G,
e ' is singlet under O(N) rotations — even number of ¢—fields
e irreducible O(N)—invariants: ((¢¢)ap = Pads)

tr(pp),  tr(G"), tr(ppG")
with 1 <n < N (no more independent invariants than fields)

~» each irreducible O(N)—invariant (trace over field indices)

contributes a factor of N

~> each vertex provides a factor of 1/N



I}zhﬁ’(;]:::Ij%C)Pﬁ7(;]-+—]?SH;C)Pﬁ,(;]-+—Ijgqu()hﬁ,(;]-+—...

~ N1 ~ NVY ~ N1

~> | Non-perturbative expansion of I'|¢, G] in powers of 1/N

Consider first I's[¢ = 0, G| = I'2|G]:

LO contribution (only one graph)

A
F%O[G] — _m Gaa(xax)be(xax)

a a a b a b
b b a b b a
LO : NLO

(trG)?/N ~ N trG*/N ~ N"



NLO contribution (infinite series, can be summed)

Y °lG) = %Trln[B(G)]
B(r,4:G) = 8 —y) +icx: Garle,y)Garlr,y).

OO @O

Trin[B(G)] = /QGLNGM,(:E :E)Gab(x,x)> trG°/N ~ N°

_ %/ (zG%Gab(w y)Glap (z ,y)>

A
(ZG—N G a’b’ (y, )Ga’b’ (y,x)) ,(’CI’GQ/AN)2 ~ NO

o  (trG? /N)" ~ N°



2PI 1/N expansion with ¢ # 0: ¢.(x) — ¢a(z) + pa(x)

Sualtdl = = | Fro@p@pn@an@ - [ 5 (c@pea@)

LO contribution (¢—independent)

[3%[¢, G = Iy°[G
NLO contribution (infinite series, can be summed)

Ly, Gl = Iy°[9=0,G]

)
+ v | (:1: y; G) ¢a(2) Gap(z,y) dp(y)  ~ N
A
I(z,y;G) = G_NGa,b(x Y)Gap(2,y)
—zi I(z,2;G)Gap(2,y)Gap(2,Y) ~ NV

=591 -



Nonequilibrium generating functional

Out of equilibrium:

e Given initial density matrix D(0) % DV < =0l

e or, equivalently, given nonequilibrium initial one-point function
Tr{D(0)®(0,x)}, two-point function Tr{D(0)P(0,x)P(0,y)},
three-point function etc.

Question of nonequilibrium QFT: n-point functions for ¢ > 0

Generating functional:

Z[J,R;D] = Tr {D(()) Tei([o T @2(@)+3 fmymw,y)@(x)cb(y))}

can be used to obtain nonequilibrium Green's functions, e.g.:

THD(0) TO(x)2(y); = < O(z)®(y))
27| J, R; D]
25J( )i0J (y )‘J:R:O




To find a path integral representation consider [ = [,dz? [d%
for a finite, closed real-time contour C:

[+

~> T' denotes contour time ordering: usual time ordering along the
forward piece C* and antitemporal ordering on the backward piece C .
(Note that any time on C'~ is considered later than any time on CT.)

1. Write the trace as

Z|J,R; D] = / dp™M (x)dp® (x) (o [D(0)] o)

(o2 |Te (T @P@+3 [, @) @@ew)) (1)

[
with ®(t = 0,x)[p(")) = oD (x)[p"), i = 1,2



2. For the source-dependent matrix element one has in complete
analogy to the vacuum /equilibrium case:

(0@ ([T @@+ [, REn@2W) | (1)

e
_ / Do (S T @@+ [, Rlaw)p@)e(w)

P07 3) =™ (x)
p(0™ %)= (x)

3. In contrast to the equilibrium case the density matrix, D(0) « e P#H
cannot be interpreted as an evolution operator in imaginary time!

Example: the most general Gaussian density matrix can be written as

(e [D(0)]p") =

] 2
\/;T?exp {iqbo(so(l) - 90(2))—% [(90(1) — 60)*+ (¥ — ¢0) }

21
Fige (60 = 00) = (6% —00)* | + Ty

e (p® = 60) (0™ — 60) }



... where we neglect the spatial dependencies for a moment. Proof:

a) The density matrix is equivalent to the set of initial conditions:

do = ¢(t)jt=0 = Tr {D(O)q’(t)}\t:o
Céo = a1&¢(t)|t:0

Fo = G(t,1)j=y=0 = [Tr{D(0)2(£)2(t')} — () A ()] }— 0
Qo = % 0:G(t, 1) + at’G(tvt/)ht:t’:O
K() — 8,58,5/G(t,t’)|t:t/:0

with Fy = &2, Qo = &n, Ko = n? + 02/(4€?)
b) Higher initial time derivatives are not independent since we obtain
from the field equation of motion:

(@70) = —m?(@) — (@)

with zero connected initial three-point function for Gaussian D(0)



c) The equivalence between initial density matrix and initial conditions
can be checked explicity:

TD(0) = / " de (e D(0)])

= dsoexp —i«o—qbo)?}:l

\/27‘(‘52 267

Tr{D(0)®(0)} = / dyp ¢ eXp ~ 5

v

1
5‘2

(o) g,

etc. (q.e.d.)

Similarly one finds
T D2(0) = / dy / d¢' (0 D(0) ') (¢ ID(0) ) = ~

~» for o > 1 the initial conditions with 7* + 2 e = = 0:0¢ G(t, 1) j1=r =0
describe a mixed state. For 0 =1 the mlxmg term in D(0) is absent
and one obtains a pure-state density matrix.



Generalizing the example, parametrize the most general density matrix:

(W D(0)]?)) = N eifele]

with  felp] = a0+/a1($)§0($)—|—%/ az(z,y)e(x)p(y)
tar [ aa(e,y 2)e(@)ew)e(:)
v [ au@yzw)e@eme)ew) + ...

TYzWw

Here (07, x) = oM (x), ¢(07,x) = ¢ (x) and, since D(0) is specified
at time zero, a;(x1,...x,) =0forz; #0,i=1,...n

~» | The «; represent initial-time sources

® (o Is irrelevant constant, a; can be absorbed in .J, and as In R
e for Gaussian D(0): initial-time sources a; = 0 for ¢ > 3

~» | For Gaussian initial density matrix: Z|J, R; D] — Z|J, R] (!)




Summary: Nonequilibrium generating functional

e Gaussian initial density matrix D(0):

Nonequilibrium 2P| effective action =
['|¢, G] with closed time path C

~» Previous loop or 1/N expansions remain unchanged except that
for nonequilibrium the time integrals involve a closed time path!

e Most general initial Gaussian D(0): Only one- (¢) and two-point
function (G) and derivatives need to be specified at initial time

Note: represents no approximation for the dynamics, i.e. it constrains
only the ‘experimental’ setup and higher irreducible correlations can build

up corresponding to a non-Gaussian density matrix for ¢ > 0

e Non-Gaussian initial density matrices pose no problems in principle

but require taking into account additional initial-time sources



Nonequilibrium evolution equations
Consider first I'|¢ = 0, G] = I'|G]. Equation of motion for G-

ST[G]

_ —1 — -1 Y :
3G y) 0 = G (2v,y) =Gy (v,y) — X(z,y;G)

Rewrite as partial differential equation suitable for initial value problems
by convolution with G:  (6(z — y) = dc(2® — y°)d(x —y))

[ Gt @2)Gy) = [ S 26y + -y

z z

For Gy ' (z —y) =i [0, + m?] d(x — y):

(Oz +m?) G(x,y) + i/Z(:z:,z; G)G(z,y) = —id(x — y)

=z




Very useful further rewriting: (~» simple physical interpretation)

1. Separate X in ‘local” and ‘nonlocal’ part:
S, y;G) = =%V (1 G)o(x — y) + Xz, y; G)
Time-dependent mass shift (0 V2 (2:G) = m? + 20 (2; Q)

2. Decompose into ‘statistical’ and ‘spectral’ components:

anti-commutator:  F(x,y) = %({@(m),@(y)ﬂ
commutator:  p(x,y) = i([P(x), P(y)])

Spectral function p encodes equal-time commutation relations:

p(T,y)|zo=yo =0 ,  Opop(z,y)|go—yo = d(x —y)

1 .
~ | G(z,y) = F(z,y) — =p(x,y)signe(z” — y°)
2

with signe (29 — 3°) = Oc¢(2° — y°) — Oc(y° — 2°)



G(z,y) = (2(2)2(y))Oc(z” —y") + (2(y)®(2))Oc(y’ — z7)
({2(2), 2(y)}) (Oc(z” —3") + Oc(y’ —z"))

([2(x), 2W)]) (Oc(=” = ") — Oc(y” — 27))

J/

1
2
1
2

v

signe (2 — y°)
e Equivalent decomposition for the self-energy:

_ ; |
Y(x,y) =35 (z,y) — 52 (,y) signe (2 — y)

e p(x,y)0(z" — ¢") is the retarded propagator, —p(z,7)0(y" — z)
the advanced one, etc. but out of equilibrium

there are only two independent two-point functions! (e.g. F' and p)

For real, scalar fields F' and p are real functions with symmetry
properties I'(x,y) = F(y,z) and p(z,y) = —p(y, x)



Detour: Consider for a moment thermal equilibrium (not employed)

~» two-point functions depend only on relative coordinates:

e dedp —iw (2’ =y +ip(x— e
N alt q)(%y):/(Qﬁ)dHe (2" =y )+ip(x=y) pled) (, p)

~> periodicity (“KMS™) condition in imaginary time, C = [0, —i(]:
G2 = y)lzo—0 = G(T = Y)|eo=—ip

= FCD(w, p) + %p(eq) (w,p) = P (F(eq) (w, ) — %p(eq) (w,p)>

Fluctuation-dissipation relation:

1

& | FCw,p) = —i(npp(w) + 5 ) o (@, p)

with npp(w) = (e’ — 1)~! (Bose-Einstein)

In contrast: Out of equilibrium F' and p are independent functions

(no fluctuation-dissipation relation!)
— back to nonequilibrium



3. Evaluation along the time contour C"

/Cdz Sz, 2 G)G(2,v) —z/dz {z (2, 2)F(z,9)

1

_52 (z, 2)p(z,y) signe (2° — y )—§Ep(x, 2)F(z,y)signg(z” — 2°)

1

— X7 (@,2)p(z, y) signe (z” — 2" )signe (2” - )

e [ he first term vanishes because of the closed time contour
e For the second term split the contour integral:
. 0 0 0
[.dz"signg (2 —y°) = [ d2°(—1) + fyodzo = -2 [V d2¥ , etc.
® For the last term consider:
(a) z° > y°:
. . 0 aco 0
fcdzo Slgnc(xo—zo)51gnc(z0—y0) — foy dzo(—l)—l—fy0 dzO—I—wadzO(—

(b) y° > 2
[.dz" signg (2" —2")signe (2° —y°) = [ dz —1 —I—fy dz’ +f dz"(

Note that (a) und (b) differ by a sign ~ sign, (2" — /")



Combining the integrals gives:

0

i/dzo Yz, 2;G)G(z,y) = —%signc(xo — yo)/ dz” ¥°(x, 2)p(z,y)
C 0
aco yyo
+ [ 4@ ey - [ S w2y
0 0

4. Finally, use that |
1 . .
DwG(xay) — DxF(QE,y)—§SlgHC(£CO o yO>D9€p(x7 y)—35($ o y)J

N~

cancels with 6 in EOM

Check:
L2 ) = S0 e~ )
—+2p(@,y)0c(@® —y°) | = —gsignc(e’ —y")op(x.y)
zero since p(z,y)|,0—,0 =0 —idc (2" — y°)dp0 p(z,y)
10(z —y)

since 0,0p(x,y)|0—y0 =d(xX—y)



~» Coupled evolution equations for spectral and statistical

components: (exact for known self-energies)

CCO

[Daﬁéac + Mc%c(x)} peb(T,y) = —/dz b, 2)pen(2,y)
yO

0
Y

0,600 + M2 (2)] Fplar,y) = /dzzf;(x,z)pcb(z,y)
0

CEO

—  [dz¥P (x,2) Fup(z,y)
0
e Causal equations with “memory” integrals (fyxoodz — fyxoodzofd?’z)
o For = 0: M2 = M2(F), 2F = 2F(p, F), 5 = 2P (p, F)
For ¢ # 0: M2 = M2(¢, F), XF = SF (¢, p, F), ©° = 3°(¢, p, F)



Similarly, for ¢ # 0 one finds for the field equation: 6I'|p, G|/d¢ = 0

= ([Dx + 6%¢2(x)] Sab + Mgy (3¢ = 0, F)) O ()

_ _/O dy X2, (z,y:6 = 0, F, p) du(y)

(qb2 = ¢o0s) at NLO in the 1/N expansion:

M? (x; 0, F) = m2+i Feo(z,z) + 0% (2)] ) 0 ~ O(N?)
6N

A

+ oy WFan(2,2) + da(2)0p ()] ~ O(1/N)

B¢, Fop) ~ O(1/N)

~ RHS=0at LO (N — o0): No memory terms at LO !



Nonequilibrium evolution from the
2PI 1/N expansion

Consider spacially homogeneous ensembles: ¢, (z°) = (®, (2", %)),
d .
Fab(xa y) — Fab(xoa y07 X = y) — f (C217T§)d ezp(x_y)Fab(an y07 p)

(Note that a homogeneous ensemble average contains all fluctuations from an

inhomogeneous ®(x) as well)

LO approximation: (Long history!)

(8752 + p2 5ac + Mc%c(t7 Cb, F))Fcb(tat,§ P) = 0
([07 +D?] Gac + M (t:0, F)) pes(t,t'sp) = 0

(107 + 6 (0]6as + My (t:6 = 0.F) )4 (t) = 0

e No memory integrals (neglects ‘direct scattering')

e Evolution of ¢, F' completely decoupled from spectral function p



Important consequence of the LO approximation:

Infinite number of additional conserved quantities ng(p)

which are not present in the fully interacting theory:

1 / / / %
no(p)+5 = (F(t,¢p) 0100 F(t,¢':p) — (0,F(t,¢';p))" )

t=t’

~» Details of nonthermal, initial ng(p) determine late-time behavior!

1. Example: ‘Quench’ from high temperature (7)) with sudden drop in

the effective mass: 4 Potertia

A T
M2(0) = 2M2 — M2(0F) = M2 i

Initial particle number distribution:

no(p) = 1/(exply/p? +2M§ /To]—1) T,
To = 2Mp, ¢o = ¢o =0

Should at late times approach thermal nq(p) with Ty < 7\, ~» Check!



Numerical solution of time evolution at LO in 1 + 1 dimensions:

15

Wide range of couplings: ol (LO)
Mo = {1,10,40}, |
Ao = 0.5M 13 i - (400

M°(t)

Renormalization condition:
M*(0T) = M; (= 1)

to absorb log divergence L1 WMWWW (100,)

. 2 ]

INtO M ) e | | e

0 0 100 200
t

~» M?(t) quickly approaches solution of static LO gap equation with
initial (conserved) particle number ng(p) ~ not thermal equilibrium:

lim M?(t) = {1.01,1.11,1.31} Mg ~ MZcap(no)

t—‘oo"

A [ d 1 1
Méap(no) = m”+ 5/ % (nO(p) T 5) VP + M2, (no)
GAP\"0

{1.01,1.10,1.29} M




Comparison LO/NLO evolution

Equal-time: Unequal-time:
(A\/6N = 0.17TMg, N = 4) (A/6N = 0.083M;, N = 10)
2~ T T T T T ‘ ‘
M?(X) —— NLO
I | N e T LO
5 o 1‘0
—— NLO
S LO"
0 | 2‘0 ;) 4‘0 | 60 0 | 1‘0 | 2‘0 | 3‘0 | 4(()') | 5‘0 | 6‘0 | 7‘0 | 80
X X

e At NLO modes quickly approach exponentially damped behavior
e NLO correlations with initial time F'(¢,0;p) are suppressed ~» effective
loss of details of initial conditions (prerequisite for thermalization!)



2. Example: “Tsunami’'-type initial condition, i.e.

A ndp)
high particle number density at a
characteristic momentum p = £pis
| Id
Pts
Comparison LO/NLO evolution:
N =10, A\/6N = 0.1M 2 1o
1l (Ipl—pea)2
no(p) = Ae 552 (IP|=pts) < \NLO
= N p=0
pts = DMy, 0 = 0.5My, A=10 & , — p=0.94p,
: Ll N\ e P=1.76 Py
®o =g =0 )
/NL
SLo T
e ‘Tsunami’ decays at NLO | | NLO
0 LO
0 200 |, 400 600



Strong qualitative difference between LO and NLO because spurious

conserved quantities are removed once scattering is taken into account!

Check: Derive evolution equation for (effective) particle number ny (%)
and show that 9;np(t) = 0 not true beyond LO !

Consider: (np(t) +1/2)* = F(t,t;p)K (¢, t;p) — Q*(t,t; p)
K(t,t';p) = 0:0.F(t,t';p),
QU,t5p) = 5 [0 (1, t'5p) + Oy F(1, ')
~ np(t =0) =ng(p) is the initial particle number introduced above
Since F(t,t';p) = F(t',t;p): O:F(t,t;p) = 20:F (t,t';p)|t=¢
=  (np+1/2)0mn, =0 [F(t,t';p)K(t,t';p) — Q°(t,t';p)] |1=v

RHS can be obtained from the exact evolution equation for F'(¢,t"; p)
(act with 9y, multiply with F'(¢,t';p), subtract/add 0;Q%*(t,t';p))



~ Exact (“quantum Boltzmann” :-) equation for ny(%):

(n0(t)+ 5 ) 0na) -
/tdt"{ SP(t " p)F(" 6 p) — 27 (6t p)pt” 6 p)] [0:F (t, 13 p)] [ =

— [2°(t,¢":p)0 F(t", t;p) — X" (t.t";p)Osp(t”, t; p)] F(t,t;p)}!t:y

with initial time ty. Since 277 ~ O(1/N):

~ at LO (N — o0): 27 =0 = 9ynp(t) =0 (strictly conserved!)

~» first non-zero contribution to %7 at NLO: 9;np(t) # 0 in general




Evolution of the effective particle number at NLO:
“Tsunami’ at pis = 2.5M with initial ‘thermal background’ 7\, = 4/

(A\/6N = 0.5M§ ,N = 4)

1.4

(NLO)

1.2

Log[ 1+ 1/n(x°; € )]
o o

o
~

0.2
|
5

M(0) 2.5 3 3.5 4
Ep

For Bose-Einstein n(e,) — 1/(e‘?/Tea —1): 1In[l 4+ 1/n(e,)] — €p/Teq

~ Inverse slope parameter at late time: T, >~ 4.7My > Tj



~» late-time evolution shows a Bose-Einstein distributed effective
particle number ny(t)

~» characteristic for a system of weakly interacting ‘quasiparticles’

Details: Average energy per mode for ‘quasiparticles’ (free-field form):

N
N—"

np(t) +1/2] ep(t) £ [K(1.t:p) + (OF (¢, 1:)]

and Q(t,t;p) =0, i.e. np(t)+1/2 = \/K(t,t§P)F(t>t5P)

= ep(t) = VK(t,t;p)/F(tt;p)

Plotted above is ny (%) as a function of the ‘quasiparticle’ energy ey ()

Characteristic time scales

Question: good quasiparticle description of nonequilibrium dynamics?

In particular: reliable description in terms of a Boltzmann equation?



To obtain a Boltzmann equation from the exact equation for O:n:

1. 2PI loop expansion of I'|G] to three-loop order

~~ self-energy corrections up to two loops: Q , @
2. quasiparticle ansatz (free-field form):
F({t",t;p) — (np+1/2)cos[wp(t” —1t)] /wp
p(t".t;p) — sinwp(t" —1)] /wp

OF(t",t;p) — (np+1/2)sin [wp (" —1)]
Orp(t",t;p) — —coswp(t” —1)]

3. consider time dependent n, — np(t) with ¢ the latest time,
equivalently wp — wp(t) = /p? + M?2(t)

4. send the initial time ¢y to the remote past: tg — —o0

Alternative derivation (standard): employs first-order gradient expansion in

Wigner coordinates and quasiparticle ansatz (d-form for spectral function p)



Assumptions 1. — 3. straightforwardly lead to “gain & loss” structure:

omo(t) — % [ (@m'p—a—k—s)5 5
{[(1 +1p) (1 4 ng) (1 + 1) (1 + 1) — npnqnins| (I)
/t dt” cos |(wp + wq + wk + ws)(t — t)]

+ 3[(1+ np)(1 + ng)(1+ m)ns — npngni(l +1e)] ()
/tt dt” cos |(wp + wq + wk — ws)(t — t)]

+ 3[(1+np)(1 4 ng)nKns — npng(l + ) (1 + ns)] (IIT)
/t dt” cos |(wp + wq — wk — ws)(t — t")]

+ [(1 +7np)ngnxns — np (1 4 nq) (1 + 7 ) (1 + ns)] (IV)

to

/ dt” cos |(wp — wq — wk — ws)(t — t")] }



Simple interpretation in the ‘quasiparticle’ limit:

(I) production and annihilation of four ‘quasiparticles’ (0 — 4, 4 — 0)
(I1) and (IV) describe 1 — 3 and 3 — 1 processes

(I11) describes 2 < 2 scattering processes (‘Boltzmann equation’)

e Only (IIl) leads to a non-zero contribution for the limit

lim /tdt”cos[w(t—t”)]: T Y ] Gl 1) R Y

t—to — OO t—to — OO w
o

~» energy d-functions for (1), (I1), (IV) cannot be fulfilled for on-shell
‘quasiparticles’

e for one spatial dimension the contribution (Ill) vanishes as well:

p+q—k—s=0
AN VPP M2 M2 - 2 M2~ /s2 - M2 =0

~> 'Ineffective’ two-to-two scattering with p =k, g =s



Conclude: The effective loss of nonequilibrium initial ng(p) leading to
late-time thermalization must be due to ‘off-shell’ processes in 1 + 1 d

~> | requires nontrivial (i.e. not ‘6'-) form of spectral function p

Consider the Fourier transform in Wigner coordinates X" = (¢t + ') /2,

s =t —t" (bounded integral by £2X° because of finite initial time)
2x9 -
p(XO;CU;p) — —i/ dSO ot p(XO 4 SO/Q,XO
—2X0
. 4.0 , , : ; ,
Spectral function: 0.008 |

0.006 -

(full 2PI three-loop,
‘tsunami’ with A\/m? = 4
mXY = 35.1 for p = 0)

0.004 -

0.002 +

0.000

3 35 4 45 5 55

e nonzero ‘width’
1.0

e small second peak at 3w

0.0 b====

(Dotted line: Breit-Wigner fit) ° . %tm S S 5 g



~» Characteristic time scales associated to

1. rapid oscillations of correlation functions with period ~ 1/¢,

2. damping of oscillations with inverse rate 1/~ #™P)
~+ described by nonzero ‘width’ T, = QVédamp) of p(w; p):

e [';, can be estimated by equilibrium “on-shell” width
[ (w = ¢,, p) with ‘on-shell’ energy €, where

20 (0, p) = ~S(D(w,p) ~ O(N2/N)

3. ‘late-time’ thermalization with inverse rate l/yl()therm)

~» because of ‘off-shell’ number changing processes:

Number changing processes require nonzero ‘width’ ~ \? /N effect
in O(A\?/N) evolution equation for ny(¢):
~» expected suppression by additional power of A2 /N (“slow!")



Overview:
1.7

Initial conditions

Propagator for (very) different
initial conditions with same (F)

p=20,3,5; all in
initial mass units

0 100 %@@ 300 (here: 3-loop, 1 4+ 1 dimensions, ¢

'Damping’ | 'Drifting’ 'Thermalization’

exponential suppression of | smooth, parametrically slow approach to quantum

correlations with initial ti me§ change of modes thermal equilibrium
Crate; y‘@am) ~ weak dependence of F(t,t) rate; yem™ = y(dam)
3 4 on t+t -

- F(t0)=( @(t) @0)) —=0" - F(Y) — FO-)

Effectiveloss of initial conditions

Y

early Intermediate late time




Summary: Far-from-equilibrium dynamics beyond LO

e T[hree characteristic regimes:
1. Rapid loss of details of initial conditions ~ 1/~(d2mP) (system
typically still far from equilibrium)

2. Smooth change of correlations wrt ¢ + t' (~» gradient expansion
relevant for kinetic descriptions!) at intermediate times

3. Late-time approach to thermal equilibrium
e 1.-3. not described by LO (or mean-field /Hartree) approximation

e Boltzmann equation may only be used for times ¢ > 1/7(damp).
In 1 + 1 dimensions (2 < 2 processes) fail to describe 2. and 3.

~» Small ‘off-shell’ contributions crucial for effective loss of initial
conditions, i.e. to reach thermal equilibrium

~» Small ‘off-shell’ contributions not crucial for certain aspects
in thermal equilibrium (good quasiparticle description for ¢*!)
(~ ‘initial’-value problem/nonequilibrium very different from

‘boundary’-value/equilibrium problem)



Implications for ‘realistic’ 3 + 1 dimensions:

e One finds qualitatively same three characteristic ranges asin 1+ 1 d

(Cf. also chiral ‘quark-meson’ model below)

e Important quant. difference: ‘on-shell’ 2 < 2 processes contribute
However: they do not change integrated ‘quasiparticle’ number

e Global ‘quasiparticle’ number changing ‘off-shell’ /‘on-shell’

processes required in general to reach thermal equilibrium

~» Question whether ‘off-shell’ at NLO 2P| dominante over ‘on-shell’

number changing processes appearing at NNLO. E.g. ¢*: lowest
order ‘on-shell’ (2 — 4) contribution at 2Pl five-loop/NNLO:

How important are NNLO and higher corrections?

~» Precision test!



Classical statistical field theory limit: Precision test

Classical equation of motion for N-component field ¢, (z):

O+ m? + Agn(2)6(2) /6N | 6 () = 0

Define classical ‘statistical’ two-point function:

Fup.at(@,9) = ($a(@)d0(y))e1 = / DrDé W, ¢)¢a(2)és(y)

W, ¢]: normalized probability functional at initial time with canonical
momentum 7, (%) = 0rpa (), da(0,X) = Po(X), 7, (0,X) = 74 (%)

N
Integration over classical phase-space: [DnD¢ = [ [] [[dma.(x)dda(x)

a=1 x

Similarly, define classical spectral function:

pab,cl(xay) — _< [¢a(x)a¢b(y)]PoissonBracket >cl

— Pab,cl (ZC, y)|x0:y0 — 07 axopab,cl (ZC7 y)‘xozyo — 56155(}( o Y)



A) The classical statistical field theory can be simulated “exactly”

- up to controlled statistical errors
- by numerical integration of the field equation and MC methods

~+ | Numerical computation of F, p. including “all orders in 1/N"

B) Analytical form of the exact classical evolution equations for F.; and
pcl1 1S identical to the respective quantum ones with replacements

P sh = 2F(F?2 s p?)
¥ X = SP(F?> p?)

~» | 2Pl 1/N expansion gives F¢), p. up to given order in 1/N

C) For same initial conditions direct comparison of nonequilibrium

classical and quantum evolution possible

Note: classical limit suffers from Rayleigh-Jeans divergences and has

to be regulated



To B): Proof either using resummed classical perturbation theory or
classical functional methods (cf. ref.)

Consider self-energies at three-loop order (equivalently for NLO 1/N):

)\2
2t tp) = —— [ F(t,t;p—a—k)
6 Jox
3
Pt F(,110- plt.5a)p(t. 110
)\2
¥t tsp) = ——& | pttip—a—k)
2 Jox
1
[F(t,t’;q)F(t Ui k)= p(t, 1 q)p(tjt’;k)]
)\2
ch(ttap) — _F/ F(ttap_q_k)F(ttaq)F(tt k)
k
)\2
Sattip) = —— [ pttip—a-K)F({5q)F(¢ k)



= sufficient condition for classical evolution:

3
Ft @) F k) > 2 et a)e(t, T k)

I.e. for all times and momenta

1. First estimate on required lower bound for effective particle number:

For ‘quasiparticles’ (in the sense used above to derive Boltzmann eq.)

t 2
— W (np(t) +1/2)
F2(t.t';p) = —p/ dt’ F4(t,t';p) — =2
2m t—27 /wp 2w12)(t)

and for time-averaged spectral function: p2(t,t';p) — 1/2w? (1)

2
1 3
> [np(t) —|— 5] >> Z or np(t) >> 037
Compare with Bose-Einstein: below npg(wp = T') ~ 0.58

deviations from classical thermal distribution become sizeable



2.

1.,2.

Thermal equilibrium: fluctuation-dissipation relation ensures
FED2(y p) > pleD2(w, p) for high temperature modes 7' > w:

1 w T
F©9)(w, p) = —i(nBEw + 5) peD(w,p) =7 —i — pl(w, p)
w

Expectation: F', p well approximated by F.j, p. for large initial

no(p) = np(t = 0) and not too late times (~ 1/(therm))
before the approach to quantum thermal equilibrium sets in



1. Damping (effective loss of details of initial conditions)

— NLOCclassica Mg

—————— exact classical

0.3

F(t,0;p=0)

-0.3

0.6 - ' - ' - '

Convergence of classical NLO and exact (MC) results

already for moderate values of N (!)




Parametric behavior/comparison with quantum theory:

0.5 ‘ ‘ ‘
~ ONLOcCclassical 0
O exact classical
0.4 - & NLO gquantum
@)
0.3 -
O
> O
L 4
0.2 -
2
g8
0.1 -
O e
L 4
O | | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5
1/N

e Inverse damping rate 1/ scales ~ N for large N
~» zero damping at LO (N — o0): LO breakdown for times ¢ ~ 1/~

e Damping enhanced if quantum corrections are neglected

1
Here: no(p) < 5

~» quantum corrections important!




2. “Late-time” (i.e. for quantum theory) behavior:

High initial particle number ng peaked around p = |pis| ~ 4 M
| N=4 (1)

1.5 1 —— NLOclassica

“Tsunami’:
——— exact classical 5
p=0 A=12M,

(1+1)d

—_—

F(t,t;p)

O . L |
0 50 100
t

e NLO quantum evolution well approximated by exact classical result!

1
> — and ng(p) 2 0.35 for p < 2pis

Here: ng(pis) 5
~» small quantum corrections for displayed modes



Quantum vs classical thermalization:

—— NLO quantum

12 - |; _
N NLO classical

=
o
T

Inverse slope T(t,p)
(o)) (00]

0 5‘0 160 150 260 2\"‘_)0
(
Inverse slope parameter*: T'(t,p) = —n(t,€,)[n(t, ¢,) + 1](dn/de,)

= constant for n(t,e,) = 1/[e?/Te@ — 1] (Bose-Einstein)  *cf. above

e (Classical theory does (of course) not reach Bose-Einstein distribution



Summary: Classical statistical limit/precision test

e 2P| 1/N expansion in classical statistical field theory:

~» Strong qualitative difference between LO and NLO

~> Quantitatively good agreement between NLO and exact results
already for moderate values of V

~> No indications for relevance of NNLO ‘on-shell’ number changing
processes though NLO ‘off-shell’ processes crucial in 1 + 1 d!

e NLO quantum theory well approximated by (NLO /exact) classical

~» for sufficiently high effective particle number per mode

~> not too late times (quantum vs ‘classical’ thermal equilibrium)

2PI 1/N expansion beyond leading order:

e provides powerful quantitative tool for nonequilibrium dynamics
from ‘first principles’ with a nonperturbative expansion parameter

~» can be used in particular to study far-from-equilibrium dynamics
with large fluctuations!



Application I: Parametric resonance in QFT

~ ‘paradigm’ for far-from-equilibrium dynamics with large fluctuations

e Remember classical mechanics: resonant amplitude amplification

of a ‘driven’ oscillator with time-dependent periodic frequency

periodie i+ W) =0, wt+T)=uw)
@ invariant under t — t 4+ 1"
~ x(t + T) = cx(t), ie.
r(t) = c/TI(t), H(t+T) =TII(t)
v v for real ¢ > 1:
Q instability with exponential growth!

e Cosmology: Preheating after inflation in the early universe

large coherent field amplitude ~»  large quantum fluctuations
( “particle production”)

e Operative in heavy—ion collisions?



In quantum field theory an oscillating macroscopic field ¢ = (®) can
trigger the resonant amplification of fluctuations G = (®®) — (P)?

(no external source!)

eff. Potential

‘End of inflation':
Large field: ¢ ~ O(1/VA), A< 1
Small fluctuations: G ~ O(1) < ¢

Parametric resonance:

~ 2 G~euntil G~ O(1/N)

Nonperturbatively large G ~ O(1/)\):

~> 2PI loop or coupling expansion not applicable!
(infinite number 2PI diagrams of O(A\Y) )

~» 2PI 1/N expansion beyond LO can provide controlled description!



Parametric resonance in the O(N) model:

Initial conditions: Pure—state density matrix (Gaussian), i.e. zero initial

particle number, ng =0

e Large homogeneous field amplitude (A < 1)

Ga(t) = Mo+\/6N/ X a1
with ¢(0) = o9 and 0t (t)|t=9 =0

e Initial propagator F,y, = diag{F), F'r,...,FL} ~ O(1)
with 0:F'(t,0;p)|t=0 = 0, (Pure-state density matrix:
~ OOy F(t, 1 P)|t=t'=0 = F_l(oa(); p)/4)

To set the scale we use the initial longitudinal mass®: Mg = M?(t = 0)

M2<t) = m +6%{3T||<t)+(N_1)TL(t)

A 3
Ty,.(t) = / (;Z)??,F,L(tat;l’)



NLO self-energies: (‘minimal’ approximation for an analytical description!)

Sh@Y) = o {Tr 1) [Ba @60 0) + Fas(,0)] = 115 ¥)pas (@)

P () Fan (2,9) = P o) pan (@)}, (1)
20,(0,9) =~ Lo 0) [Ba(@)00(9) + Fan (o, 9)] + T (2, 9)pas (2, 9)

+P, (2, y) Fap(z, y) +PF(w,y)pab(w,y)}, (2)

with ‘chain’ summation functions:

A

r(ey) = o (F2w) — 1ot@)

20

2 { [ 1,0, (F o L o)

0

0
—2 [ d2° Ip(z,2)Fab(2z,Y)pab(2z,Y) ¢ , (3)
/ |

20

(e,y) = -1 ab<x,y>pab<x,y>—3iN/dz/dzoIp<:c,z>Fab<z,y>pab<z,y> ()
0

Yy



PF(:Uv y)

P,(x,y)

with Ap(z,y) = —¢a(x)Far(z, y)dp(y) and A, (z,y) =

A
3N

_ /Om dz [A,(z, 2)IF(z,y) +1,(x, 2)AFr(2,y)]
20

_|_/ dz [Ap(x,2)I,(2,y) + Ir(z, 2)AL(2,v)]
0

:1:0 yO
_/ dz / dv Ip(w,Z)AF(ZaU)IP(Uay)
0 0

a:O ZO
+/ iz / dv 1, (z,2)A,(z,0)Ip(v,y)
0 0

yY yY
_|_/ dz / d,fUIF(:c,z)Ap(Z,U)Ip(U,y)}7
0 20

A
SN{A (z,y)

0
_/0 dz [Ap(z, 2)1p(2,y) +1,(x, 2)Ap(2,y)]

:1:0 ZO
-l—/ dz / dUIp(UU,Z)Ap(ZaU)Ip(Uvy)}’
y0 yY

_Qba (m)pab(ma y)¢b(y)

(5)

(6)



Overview:

nonperturbative regime:

nonlinear regime:

parametric resonance source induced amplification

linear regime:

time

quasistationary evolution

-——— -

(IV)  ~N,NO . ~NO

COMQ- BT -oo
tnonpert ~In ()\_1)/2 7’
F-OMNONY () -omo

D)
teoltect~ 2 tnonpert/3 + In(N)/67’O

F~ONY3X2) for Nx A™

% ~ O(NOA0)

rate: 6 7, for F (p # pp)

(1)

tsource ~ tnonpert /2

FJ_~ O(N O)\—l/Z)

i@i ~ O(N 0)\0)

rate: 4 -, for F (p < 2p)

(1
F (t.t;pg) ~ exp(2y,1)

rate: 2 %

t=0, F~O(NO)9)




Total energy Ei,; = const initially dominated by classical E(t = 0):

1 m? A
Ecl(t)/v — §at¢a<t)at¢a<t) + 7¢a(t)¢a(t) + M[¢a<t)¢a<t)]2
3N 1
= ——MZ 0,00 +m?*+ =MZc?(t)| o(t)o(t)
A 2 t=t/
~ O(NX Y > Egu./V
with Eﬂuc — Etot — Ecl ~ O(N)\O)
Classical field regime ‘particle production fluctuation dominated regime:
ItT -
nonpert
% ‘\ ’/’/’I/E/fluc tnonpert: Eﬂuc =~ Ecl
=05
L (N=4,2=10"°% 341 d)
~Eq
0.0 !

0 20 40 60 80 10C



(I) Early-time (linear) regime: Parametric resonance

O(A%) evolution equations: (Mo = 1)

1. Classical equation of motion for the field:
O7c(t) +o(t) +o0°(t) =0

Periodic solution with o(t + 7/wg) = —o(t),

(Jacobian cosine: o(t) = ogcnlt /1 + 02,00//2(1 + a?)],

period average o2(t) ~ 05 /2 )

~ | rapid oscillations with characteristic frequency wg ~ 2+/1 + o3

2. Free-field like equations with time—dependent mass terms for F) | :
[5‘3 +pi 41+ Uz(t)}ﬂ(t,t’; p) = 0

[af +p241+ 302(t)}FH(t,t’; p) = 0



~» at O(AY) F) | can be factorized using ‘mode functions’ fj ,, e.g.:

Fy(tthp) =5 [futp)fL(sp) + f1(tp) fL(t;p)]

1
2
= |92+ p o1 +02(t)}fl(t;p) — 0

~» problem equivalent to the one known from classical mechanics!

Analytical solution of Lamé—type equations:

e Exponential amplification of F') (¢,t"; p) for bounded momentum

range |0 <p*<0§/2| ~ pPaa+1+0%2(t) 21405 = (wo/2)°

e Separation of scales: wg > 7o, with maximum amplification rate:
Yo ~ 20wp for p2 = p2 ~ 02/4, (6§ <e ™ =10.043...)

e Much smaller growth in narrow momentum range for F)

Time-averaged over ~ wo_l, for t,t' > 70_1: Fi(t,t';pg) ~ Yo (t+t")




(IT) Source-induced (nonlinear) amplification regime:
Strongly enhanced particle production for longitudinal modes

O(AY) approximation for longitudinal modes breaks down at
t~t' = tsource - FJ_(ta t/; pO) ~ O(NO)\_l/Q)
Can be derived from O()) evolution equations: () X{)ﬁ

(07 +p? + M(1) + 30%(t) ) F) (&, ; p) =

2NN — 1
3N

) o(t) { /O dt" o (t")I1] (¢, ;) F (t",t'; p)

1t
—5/0 dt”a(t”)Hf(t,t”;p)p(t//,t/3p)}

I (t,t";p) = [da/(2m)° FL(t,t";p —a) AL(t,t";q), A= {F,p};
IT, > II; F'? > p5 (classical dom.)
For F| ~ O(N°XA7Y2) ~ RHS ~ O(1) cannot be neglected!



Evaluating the ‘memory integrals’:

Effective time locality (¢ < tnonpert)

Exponential growth ~» latest-time contributions dominate
1. Consider ‘time-average' over wy = < v '
Jodt" — fi ey, dt” (e~ D)
2. Taylor expand memory kernel(s) around latest time t (t'):
p,L(tt"ip) = Oppy L (" P)t=e (17 — 1) = (t — 1)
Fyo(t,t";p) ~ Fy L(ttp)

2 / 62 (N_ 1)
= RHS ~ Ao“(t) Fy(t,t;p) — T, (t) (mass term)
wg 3N
2 (N -1
+ Ao()ot) Z(Q) ( — 1P (t.+:p)  (source term)

with “tadpole” T (1) = [* 2 F\ (t,t; p)



Momentum integrals dominated by p >~ py ~ use saddle point app.:

FJ-(ta tla p) ~ F) (tv tlv pO) eXP[—W(’)”(t T t/)(p - p0)2/2]

P Fi (t,t;po)

) mass term: ~ AT (t) ~ A

2w [£) 172

To this order in \ it is correct to use F'| (,1/;pg) ~ e70(t+t)

~ AT} ~O(1) for tnonpert = (IN A1) /(2v0) (A< 1)

~~
x
~—

pg F1(t,t';po)

source term: )\Hlj(t,t’;()) ~ )\4

g )\Hi ~ O(l) for tsource =~ tnonpert/z

For tsource ,S t ,S tnonperh 0 5 p 5 2]90:

(w1 + )7

(earlier!)

Ey(t,t;p) ~ AF7 (t,t;po) ~ Ae*°t  (twice the rate 27y, !)

(*)



Comparison with numerical NLO solution (N =4, \ = 1079)

Longitudinal effective particle number:

~» very good agreement with analytical estimates for tsource and rates



(ITT) Collective amplification regime: Ezplosive particle

production in a broad momentum range for transverse modes

O(\) approximation breaks down at

t ~ t/ — tcollect , FL (t, t/; pO) ™~ O(Nl/g)‘_Q/S)

Similar analysis for the ((\?) evolution equations yields source terms:

X X A f. (1) N2
*<:>— A0 G o 2
} ~ )\_ 670t

N ~ A—2Fj
N o

~In(1/X)

tnonpert— 270

Sources of 0(1) N Leollect =2 2 tnonpert/g + (ln N)/(670)

~ For Leollect < tnonpert & N < 1/)\
Enhanced rate 69 in a momentum range 0 < p < 3pg, etc.



Comparison with numerical NLO solution (N =4, \ = 1079)

Transverse effective particle number:

~» very good agreement with analytical estimates for t.oject and rates



(IV) Nonperturbative, fluctuation dominated regime:

‘Saturated’ densities n | (P) ~ 1/, ‘quasistationary’ evolution

O()\?) evolution equations break down at
t ~t' = thonpert : Fy(t,t") ~ Fy(t,t') ~ O(N° A

~» all loop orders contribute at the same order in )\ !

Q a b
a b
a b — >< + >C< Vertex corrections!

~» 2Pl 1/N expansion crucial for a quantitative description




A [ d°q

Check: SEt, ¢ p) = {IF(t, tq)FL(t,t;p—q)

3N | (2n)d
1
— S L(L15@)p (P — @) + (terms with ¢ #0) |
I, resum “chain” graphs to infinite loop order:
)\ t A
Ip(t,t) = ——IIp(t,t dt" 1,(t,t") —IIp(t",t
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Higher loops not suppressed by additional powers of A,

1/N counting remains unchanged




Behavior of the distribution functions:

e Densities reach ‘maximum’: n) | (p) ~ 1/A monotonous in p

o Shortly after tyonpert cOmparably slow, ‘quasistationary’ evolution

sets in (all terms of the same order in \)

~> Approach to true thermal equilibrium exceedingly slow for small
coupling A = 107° (for N = 4 negligible parametric resonance

regime for A\ 2 10)

Behavior of the field:

o Around t < thonpert €arliest time when sizeable corrections to the

classical field equation appear:
t
OF + 1+ 0M7(1) +a*(t)] o(t) = / dt'E) (¢, 1 p = 0)]o=0 o (t')
0

For t — tnonpert: 0M2 ~ 2ZUT ~ O(NOXY), £ ~ O(NTIAY)



Before tyonpert Where memory expansion was valid we had:

LO: Perturbatively for ¢ = ¢(9 + §o, slowly varying small correction do
and small 6 M?:

o (t) ~ (1 - - +1308 Wg - 1)TL(t)) ) (1)

~» exponential decrease of field amplitude at LO since T'| (t) ~ e?70!

Dominant NLO correction:

/t dt' S0 (1,3 p = 0)]g—g o) = (8,;2‘)(16 t:p = 0)\020)\t:t, o (1)
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~> NLO correction of effective mass term with opposite sign than LO!



For { — thonpert all terms become of the same order in A:

~» cancellations may lead (temporarily) to reverse field decay

Numerical NLO solution: (N =4, = 107°)

After thonpert Strong nonlinearities appear: The field decay ‘overshoots’
and is shortly reversed by feedback from modes, overshoots again etc.
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Summary: Parametric resonance

Far-from equilibrium phenomenon with nonperturbatively large
fluctuations. 2Pl 1/N expansion at NLO:

~> Provides controlled, practicable approach in QFT including
“rescattering’ effects

~» Description equivalent to ‘two-loop’ self-energy with strong effective
vertex corrections relevant for large densities n

~» Four characteristic regimes:

(I) Early-time (linear) regime: Parametric resonance

(I1) Source-induced (nonlinear) amplification regime: Strongly enhanced

particle production for longitudinal modes

(I11) Collective amplification regime: Explosive particle production in a

broad momentum range for transverse modes (N < 1/))

(IV) Nonperturbative, fluctuation dominated regime:

‘Saturated’ densities n ~ O(A\™"), ‘quasistationary’ evolution

~> (1) = (IV) not accessible by LO or ‘Hartree'-type approximations



Application 1I: Chiral ‘Quark-Meson’ Model
SU(2), x SU(2)r ~ O(4) symmetric model involving
e two fermion flavors ( “quarks”) coupled to

e a scalar o—field and a triplet of pseudoscalar “pions” 7% (a = 1,2, 3)

Classical action:
_ 1
S = /d4x{¢i@ Y + 5 0,000 + 0, m*O" 1]
+g(o+iysTim)Y — V(e? + WQ)}

V(o? 4+ 72%) = smd(0? + m2) + Vit ; (7% = 77, Pauli matrices 7¢)

~> well-known “linear c—model” incorporating chiral symmetry of
massless two-flavor QCD

~» valuable toy-model: describes equilibrium phase diagram of the type
shown in the introduction (chiral phase transition, (tri-)critical point
at T', u # 0, ‘color’ superconductivity with add. global SUx(3))



2P1 effective action for fermions:

Consider first purely fermionic theory with classical action

Int
s — / dhadty u(2)ilg L (2, y)ds (y)

i(rﬂ) (y)), free inverse propagator:

iNg 1 (@,y) = (i@ —my)0(z —y) by

Construction of the 2Pl effective action for fermions proceeds along the

with ¢ =1,..., N¢, interaction term S

same lines as for bosons!

2P| effective action: (for (1) = (3p) = 0)

F[A] = —iTriIn A~ —iTr Ay ' A + T'o[A] + const



Only important difference compared to bosonic case:

e Anticommuting (Grassmann) behavior of the fermionic fields

~» different factor for ‘one-loop’ (I'y = 0) part: —% replaced by 1

_ o (f)
Fermions: —iln / DY Inp e’ = —iln (det Aal) —iTrin A"

. _1 '
Bosons: —iln/@gp e"?0 = —iIn (det Gal) 2 = %Trln Gy

e ['5|A] contains all 2PI diagrams with propagator lines associated to

Aj(z,y) = (Tewi(x)d;(y))

(diagrams get additional minus sign from each closed fermion loop)

e 'Tr includes integration over closed time path C, integration over
spatial coordinates, summation over flavor and Dirac indices



Equation of motion: JT'|A]/6A =0

- A7l (z,y) = A(ggj(x,y)—zgj)(x,y;A)

ST[A]
5Ajz'(yaﬂ7)

(f) . '
Zij (x7y7 A) —1

with proper self-energy »(f)

Convoluting with A gives time evolution equation:

(Z@x — Mf)Aij (:c,y) — ’i/zik(fﬁa 2 A)Akj (Zay) — Z.5(3j — y)éij

z

Separation into spectral and statistical components: (cf. bosons)

( :
Nij(x,y) = Ff (@) =5 o) (@,y)signe (e — )

! .
Zg)(fl%y) = Ajj(z,y) — 5 Cij(,y)signe (2’ — y°)

(8 oD wy) = i@, 5}, FP @y) = 5 (i), 35w)]))



Gives along very same lines as for bosons the exact evolution equations:

0

i, ~mped @y = | " dz Az, 2 (2.)

0

(i@, — mp)F (z,y) = / " Az Au(e, )Y (2,y)

0

’ (f)
- [ axCule.n]) )
0

e Form of RHS completely equivalent to the one for scalar fields
e First order differential equations:

~» fermion anticommutation relation

Vil (2, y) |0 yo = i6(x — y) 6y

uniquely specifies the initial condition for the spectral function!

~ specify nonequilibrium initial conditions for Figf)(:z:,y)



Initial conditions:

For simplicity consider spatially homogeneous, isotropic initial conditions
(P, C'P invariant). For the chirally symmetric case the most general
(Gaussian) initial conditions are then given by :  (p = |p|)

1 p'At 1
Fy(t,t;p)li=r=0 = 7t F(t,t';p)li=rr—=0 = 5 — 1} (p)
p 2
0 /. — 1 0 /. _
FV(tvtap)‘t:t’:O — Ztrﬁy F(tvtap)‘t:t’:O—O
Note that:
o IV ~ tr(1)y°1)) counts the net charge density ~ n — 7 =l 0, while

o Iy ~ Ttr(ypy1p) counts particle number (n 4+ 71)/2 = n! at initial time

e In particular a mass term my is absent because of chiral symmetry

~» If Sint respects the symmetries of the initial conditions all other
components of F(t,t";p) (p(t,t’;p)) vanish in the symmetric case



Effective action for fermions and bosons: ‘quark-meson’ model
G, A = %Trln Gl + %TrGglG —iTrin A~ —§Tr A 1A
+ T'5|G, A] 4 const

Consider the following 2-loop approximation for I'y: (cf. NLO 1/Ny)

solid: fermion propagator A
dashed: scalar propagator G

~+ lowest order which contributes to scalar/fermion self-energies:
ZF, Ep, A, C of 0(92)
~» without this contribution the ‘free-field’ evolution for fermions:

Fu(t.tsp) = (5 =) coslp(t — )

strictly conserves particle number ~ Fy, (¢, t;p)



Effective loss of details of initial conditions:

e Two different initial conditions (A), (B) with same energy density

Fermions 0.3
B initial fermlogéjlstributions p=0.16, A -
B - _
0.25 ¢ A qnf B | p=0.48, A — (8
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Here: 1/~; (p=0) =15(1)m~", 1/, = 95(5)m

In units of the renormalized scalar thermal mass m.



Scalars

20 initial scalar distributions p=0.16, A -----
16
A M
1 8
15 + ]
| | | | 0
— . 1.4 p[m] 2
— b
+— Vo
+— 10 )
| ‘ B HR
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N PN}
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Here: 1/4(damP)(p =0) = 50(5)m =1, 1/~therm) — 90(5)m !



~» Characteristic ‘two-stage’ loss of initial conditions: (cf. O(N)-model)

o t> 1/7((??mp)(p) details about initial (A) vs. (B) effectively lost

(still far from equilibrium)

ot > 1/7((;]31erm) approach to thermal equilibrium

herm erm dam am
o frhern) o (therm) (o (damp) oy (damp)

~» Damping rate well described by equilibrium width T'(¢® (w = €., p):

-1.6 - r/2=0.03(1)m 60
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Quantum thermal equilibrium: Bose-Einstein vs. Fermi-Dirac
o At late times F'(t,t";p) ~ F(t —t';p), p(t,t';p) ~ p(t —t';p)
~» direct measurement of Bose-Einstein/Fermi-Dirac distribution
possible in frequency space: (no effective particle number involved)

Fy(w,p)  gp

. Fy(w
fermion: »n” 7 (w) , scalar: s(w:P) . nPE (W)
pV(wap) ,qu(w,p)
1 . . . .
Fv(w,p)/py(wp) ——
0.8 | nPw) -
’g_  Fy(@p)pgwp)
0.6 :
\E n®Ew)
04t
EL'/ \\‘Fi—t\\x%\\\%\\\ | X Xxx
0.2 t SR S oo %%
0 | | | | | |
04 06 08 1 12 14 16 18
@ [m]

Note: T = Ty = Ty = 0.94m not fitted here (inverse slope parameter)



Conclusions

2P| loop / 2Pl 1/N expansion of the effective action:

~> Powerful quantitative tool for nonequilibrium dynamics

from ‘first principles’

Practical means to go beyond leading order:

~> Includes scattering, memory and ‘off-shell’ effects
(nonzero width of the spectral function!)

~> Quantitative description of far-from-equilibrium dynamics and
subsequent approach to quantum thermal equilibrium
( Bose—Einstein / Fermi—Dirac)

e Controlled dynamics for nonperturbatively large fluctuations
(large densities/critical phenomena from 2P1 1/N)

Most pressing: Extension to gauge theories (gauge-fixing dependence!)



Selected further reading:

e A recent short review with a list of references is given in:

Progress in nonequilibrium quantum field theory, J. Berges and
J. Serreau, http://arXiv:hep-ph /0302210

e The 2Pl 1/N expansion is discussed in:

Controlled nonperturbative dynamics of quantum fields out of equilibrium,
J. Berges, Nucl. Phys. A699 (2002) 847; Far-from-equilibrium dynamics
with broken symmetries from the 1/N expansion of the 2P| effective
action, G. Aarts, D. Ahrensmeier, R. Baier, J. Berges and J. Serreau,
Phys. Rev. D66 (2002) 045008; Quantum dynamics of phase transitions
in broken symmetry ¢* field theory, F. Cooper, J. F. Dawson and

B. Mihaila, Phys. Rev. D67 (2003) 056003, and applied to the question
of thermalization in the first and third reference

e The quantum theory is compared to the 2Pl 1/N expansion in the
classical statistical field theory limit and to exact results in: Classical

aspects of quantum fields far from equilibrium, G. Aarts and J. Berges,
Phys. Rev. Lett. 88 (2002) 0416039



Far-from-equilibrium quantum fields with large fluctuations are discussed

in: Parametric resonance in quantum field theory, J. Berges and
J. Serreau, Phys. Rev. Lett. 91 (2003) 111601

Nonequilibrium dynamics/thermalization of a chiral ‘quark-meson’ model

is discussed in: Thermalization of fermionic quantum fields, J. Berges,
Sz. Borsanyi and J. Serreau, Nucl. Phys. B660 (2003) 52

The renormalization of 2P| approximation schemes is discussed in (see

also the talk by U. Reinosa, this school): Renormalizability of ®-derivable
approximation schemes in scalar ¢*-theory, J.-P. Blaizot, E. lancu and

U. Reinosa, Phys. Lett. B568 (2003) 160; Renormalization in
self-consistent approximations schemes at finite temperature. I: Theory,
H. van Hees and J. Knoll, Phys. Rev. D 65 (2002) 025010

Gauge-fixing dependence of 2Pl approximation schemes is discussed in:

Gauge-fixing dependence of ®-derivable approximations, A. Arrizabalaga
and J. Smit, Phys. Rev. D66 (2002) 065014



Appendix A
Secularity: An illustrative example

Consider a damped anharmonic oscillator described by

ity = —eg—(ey)’ —(ey)° —(ey)" —... , e<1
for y(0) =1, (0) = —€/2 (t > 0), Y-~ s(ey)™ = (ey)® /(1 — €*y?).
Numerical solution: 1y
(e=0.1) 0. 75!
0.5

0. 25 /\/\A/\Aﬂf\f\ et
o v\/2WVV4Uv 60 80

-0.5
-0.75

Question: Accurate description of full y if contributions from higher

powers of € are neglected?



I. Consider perturbative expansion of y in €:

Ypert (t) = yo(t) + ey1(t) + ;yz (t) + O(e”)
—  Go(t) +yo(t) =0 , Gi(t)+yi(t) = -9 ,

lterative solution:
1 .

1 .
Yo(t) = §€Zt +cc. , yi(t) = —Ze’tt +cc
Up to second order in € one finds:
1, € e 5
ypert(t) — 56 t (1—§t + g [t — Zﬂ) -+ C.C.

Contains secular terms that grow with powers of ¢ (!)

= Expansion only valid for et < 1




II. “2PI" type: Classify the contributions to the evolution equation
according to powers of €

without expanding the dynamical variable y ~ O(€?)

L owest order: (same as for perturbation theory)

1 .
(0 0 0 i
yg}))I + yéP)I — = yép)l(t) = 56 "+cc

Up to second order in e:

(2 2 (2 2 I o A .
yéP)I + yéP)I — _GZU;P)I = yéﬁl(t) — 56 by 1—e/d—et/2 + c.c.

Both the lowest order approximation and yg))l(t) do not exceed

O(€Y) for all times, as required by the classification scheme

e Simple reason for success: “self-consistency” (note that the
presence of “external” oscillating source terms in the perturbative

hierarchy, such as ~ 1 driving 31, leads to secular behavior)



Comparison of approximation I (perturbative) and II ( “2PI"):

Yop1

(2) (t) = %6%\/1—62/4—675/2_'_(:.(:_

Lot (1- Sy < 7 —it] | + O(e’) + c.c
2 2 8 -

VN
o —
N—

Ypert (1) + O(€?) + c.c.

= The "2PI" result corresponds to the perturbative one up to the
order of approximation (here: ~ €?).

= They differ for higher order terms since ysp1(t) sums terms up to

infinite order in €

Infinite summation is required (necessary, but not sufficient in

general) to obtain a uniform approximation to the exact solution,

I.e. that the error stays of a given order at all times




