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ABSTRACT

In this paper, we study the averaging principle for distribution dependent stochastic differential
equations with drift in localized LP spaces. Using Zvonkin’s transformation and estimates for
solutions to Kolmogorov equations, we prove that the solutions of the original system strongly and
weakly converge to the solution of the averaged system as the time scale € goes to zero. Moreover,
we obtain rates of the strong and weak convergence that depend on p respectively.
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1. INTRODUCTION
Consider the following distribution dependent stochastic differential equation (in short, DDSDE):
dXt = b(t,Xt,,U/t)dt+Z<t,Xt7/,Lt)th, (11)

where b: R. x RY x P(R?) = R? and ¥ : R, x R x P(R?) — R? ® R? are measurable functions
and gy := L£(X;) is the time marginal law of X;. Here P(R?) denotes the space of all probability
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measures over R and (W;)¢>o is a d-dimensional standard Brownian motion on some stochastic
basis (Q2,.Z,P; (%;)i>0). The Kolmogorov operator of (1.1) is given by

ft@(x) = Aij (tv Z, Nt)aiaj(p(x) + b(ta €, :U't) : V@(x)ﬂ
where A;;(t, x, uy) := %Eiijk(t, x, i¢). Here and below we use the usual Einstein convention for
summation.
Note that DDSDE (1.1) is also called mean-field SDE or McKean-Vlasov SDE in the literature
if
)= [ tmutdy). St = [ Sty (12)

for all (t,z,p) € Ry x R x P(RY), where b: Ry x R2? — R% and & : Ry x R2 — R? @ R? are
measurable functions. It naturally appears in the studies on the limiting behavior of interacting
particle systems and mean-field games. Roughly speaking, DDSDE (or McKean-Vlasov SDE)
describe stochastic systems whose evolution is determined not only by the microcosmic location
of the particle, but also by the macrocosmic distribution. So it has attracted wide attention (see
[7, 8,9, 23, 34, 44] and references therein).

When b and ¥ satisfy some continuity assumptions, there are numerous results devoted to
studying the existence and uniqueness of this type of DDSDE (1.1) (see [21, 46] for examples). For
the case that b is only measurable, of at most linear growth and Lipschitz continuous with respect
to p, when ¥ does not depend on p, is uniformly non-degenerate and Lipschitz continuous, by using
the classical Krylov estimates, Mishura and Veretenikov [35] obtained the strong well-posedness
of (1.1). After that, the strong well-posedness was extended to local LILE drift by Rockner and
Zhang in [40]. Moreover, by the relative entropy method and Girsanov’s theorem, Lacker [31] also
obtained some well-posedness results for linear growth cases (see also [30]). Then, in the special
case (1.2), Han obtained the well-posedness for L] LP drift based on the relative entropy method
in [22]. In [50], by some heat kernel estimates and Schauder-Tychonoff fixed point theorem, Zhao
established the well-posedness results for DDSDE in a more general case (1.1) when b satisfies some
L}L? condition and the derivatives of ¥ with respect to p are Holder continuous. It should be
noted that by Zvonkin’s transformation of [53] (see also [48] and [49]) and entropy method, the last
two authors together with Zhang in [24] obtained the strong well-posedness for (1.1), where X does
not dependent on p and b is in mixed L{L? space. For existence and uniqueness results on weak
solutions to Nemytskii-type (=density dependent) DDSDE with merely measurable coefficients we
refer to [2, 3, 4, 5].

In this work, we are interested in investigating the averaging principle of the following DDSDE
with highly oscillating time component

t
dXs=b <E,Xf,u§> dt + o(X;)dW,, X§=¢ € F, (1.3)

where o : R — R? ® R? is a measurable function, u§ := £(X{) is the time marginal law of X§
and the time scale 0 < e < 1.

Usually, solving the original system (1.3) is relatively difficult because of the highly oscillating
time component. Therefore, it is desirable to find a simplified system which simulates and predicts
the evolution of the original system over a long time scale. As is well known, the highly oscillating
time component can be “averaged” out to produce such a simplified system under some suitable
conditions, which is called averaging principle.

More exactly, let

T
b(x, ) ;= lim %/0 b(t, x, u)dt. (1.4)

T—o0

If b is independent of p, b is called a KBM-vector feld (KBM stands for Krylov, Bogolyubov and
Mitropolsky) if the convergence (1.4) is uniformly with respect to  on bounded subsets of R? (see
e.g. [41]). The averaging principle states, as the time scale € goes to zero, that the solution of
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the original equation (1.3) converges to that of the following averaged equation on any finite time
interval

dX; = b(Xy, ue)dt + o (X, ) AW, Xo =&, (1.5)

where p; stands for the distribution of Xj;.

The averaging principle was firstly established for deterministic systems by Krylov, Bogolyubov
and Mitropolsky [6, 28]. Then it was extended to stochastic differential equations by Khasminskii
[26]. After that, extensive work on the averaging principle for finite and infinite dimensional
stochastic differential equations was done; see e.g. [1, 10, 11, 12, 15, 18, 19, 20, 27, 33, 36, 45, 47
and the references therein.

Recall that the strong convergence rate of the averaging principle for slow-fast McKean-Vlasov
SDE was established by the techniques of time discretization and Poisson equation in [38]. Fur-
thermore, as discussed in [25], the strong convergence rate of the averaging principle for slow-fast
McKean-Vlasov SPDE was studied, based on the variational approach and the technique of time
discretization. Note that the coefficients of the slow equation with fast variables were globally
Lipschitz continuous with respect to the slow variable in the above results. Recently, the strong
convergence without a rate for DDSDE with highly oscillating time component driven by fractional
Brownian motion and standard Brownian motion was shown in [43], which requires that the drift
term is continuous in the slow variable.

Obviously, Lipschitz or continuity assumptions on b are too strong for some applications. There
are a lot of interesting models from physics, only having bounded measurable or even singular
L? interaction kernels b and b. For example, the rank-based interaction studied in [30] has an
indicator kernel, which is discontinuous; the Biot-Savart law appearing in the vortex description of
2-dimensional incompressible Navier-Stokes equations has a singular kernel like z+/|z|? (see e.g.
[52]). However, to the best of our knowledge, there is no result concerning the averaging principle
both of DDSDE and SDE with LP drift.

Following the above motivations, we consider the strong and weak convergence of the averaging
principle for DDSDE with LP drift in the present paper. Moreover, we obtain the rate of the
strong and weak convergence, which is important for functional limit theorems in probability and
homogenization in PDEs. Throughout this paper we need the following conditions.

(H}) Let po € (dV 2,00) and assume that there is a nonnegative constant ro such that for all
t >0 and u,v € P(R?)

|||b(t7 Kl N) B b(tv E V)mpo

b(t, -, + < Ko,
e H)|||po I = vllvar 0

where ||p — V||var := sup |u(A) —v(A)] is total variation.
AcB(R4)

(H?) There are functions b : R? x P(RY) — R?, w : Ry — Ry and H : R? x P(R?) — R, such
that for all (T,¢,z, ) € R2 x R? x P(R?)

1 T+t _
?il (b(s, 2, 1) — B, w))dls| < w(T)H (1), (16)

where thm w(t) =0 and sup ||H (-, 1) |lp, < Ko. Here pg and kg are as in (H}).
n

— 00
(H,) There are constants p > d V 2, k; > 1 and 8 € (0,1) such that for all z,y,¢ € R?,
1 < o (@)E] < malél, Vo, < k1,
and
lo(@) = o(y)|lms < ralz —yl?,
where || - |gs is the Hilbert-Schmidt norm.

Please see the definition of the localized LP norm || - ||, in Section 2.1.
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Remark 1.1. We Note that

_ 1 [T 1 [T _
[l < 7 [ sl U [ (000 = B )8
0 0

< ko +w(DHC )llpos
provided conditions (H}) and (H?) hold. Taking 7' — oo, we have
I5(, 1)l < Ko
Similarly, we have
I5(-, 12) = b(s ) llpy < Kol = ¥llvar-
Thus, the coefficient b satisfies the condition (H}) with the same constant ry.

Under assumptions (H}) and (H,), for any initial value £ € Z, it is well-known that there is
a unique strong solution to DDSDE (1.3) (respectively, (1.5) ); see [50] and [24]. The aim of this
work is to show the following strong and weak convergence of the averaging principle for DDSDE
and SDE with LP drift.

Theorem 1.2. Under (H}), (H?) and (H,), for any T > 0 and ¢ € (0,1), there is a constant C,
depending only on ko, k1,T,d, B, po,p, L, such that for any e >0

1 d h
e _ < : 27 2pg — .
S ke = pellvar < € inf (h 0 Fw (5) ) (1.7)
and
14
E( sup [XF— X, | < Cint ((w(h/s))2 + hl—%) . (1.8)
te[0,T) h>0

When the drift b is independent of the distribution, we have the following results, where the
convergence rate is independent of pg.

Theorem 1.3. Assume that
b(t,x, u) = b(t, z).

Under (H}), (H?) and (Hy), for anyT >0, § > 0 and £ € (0,1), there is a constant C, depending
only on ko, k1,T,d,po,p,0,¢, such that for any e > 0

¢
A\ 2
E| sup |Xfth|2€ < Cinf <w <)> + R0
te[0,T) h>0 g

Remark 1.4. (i) Since we use the Zvonkin transformation using the parabolic equation, when
b= b(t) = b(-, ;) depends on the time variable ¢, the time regularity for solutions to this
parabolic equation affects the convergence rate (see (5.2) and Lemma 3.15 for more details).
When b is independent of time, we can construct the Zvonkin transformation using the
elliptic equation. Hence, the convergence rates in Theorems 1.2 and 1.3 are different.

(ii) Noting that || f]lp, S |1flleo for all po € (1, 00), all results in our paper are valid for py = oo,
in which case the rate of convergence in (1.8) is

e (o (2)) o)

for any § > 0. In particular, we obtain the convergence rate £379 for a large number of
examples (see e.g. Example 1.7 below), which is faster than e& in [25].
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Remark 1.5. These averaging principle results are also applicable to the following system
dX, = eb (t, Xy, L(Xy)) dt + Veo (Xy)dW,. (1.9)
Define Z§ := Xy/. and W¢ := /W, for all t € R,. We rewrite (1.9) as
dZ; =b(t/e, Z;, L(Z7)) dt + o (Z7)dW .
Then we can consider the following system
dXe =b (t/s, X, E(f(f)) dt + o(X5)dW,.

Note that since the drift of both the DDSDE and SDE in this paper is locally L integrable, we
cannot use Gronwall’s lemma or the generalized Gronwall lemma directly to prove the convergence
of X¢ to X as in [25, 43]. On the other hand, our system (1.3) can be rewritten in the following
slow-fast system:

AXE = b (YF, X5, p5) dt + o(X5)dW,,
1

dyy = —dt.
g

Since the Kolmogorov operator of the fast process Y;® = é, t > 0, does not have a second order
elliptic part, we cannot use the technique based on the Poisson equation as in [38]. To overcome
these difficulties, we use Zvonkin’s transformation to remove the drift b and employ the classical
technique of time discretization.

More precisely, consider the following backward PDE for ¢ € [0, T related to (1.5)

O+ a;;0;0ju —Au+B-Vu+B =0, uT)=0,
where B(t,z) := b(x, ), A > 0, is the dissipative term. Under (H,) and (H}), Xia et al [48]
proved that for a sufficiently large number A, there is a solution u such that

1
[Vu(t, z)] < 2 te[0,T],z € R%

Hence, if we define ®;(z) := = + u(t, ), then x — ®;(x) is a C! diffeomorphism of R¢. By Itd’s
formula, Y := ®,(X{) and Y; := ®;(X;) solve the following new SDEs:

dYE =Xu(t, @71 (Y{))dt + (0" V(@7 (V7)) dW,
and

AY; = u(t, @, 1(Y2))dt + (0" V®,) (P, H(Y;))dWs,
where ¢* is the transpose of o and ®; ! is the inverse of z — ®;(z). Since these new systems have
differentiable diffusion coefficients and the drifts are Lipshitz continuous, we can use the stochastic
Gronwall inequality. Please see the complete formulation in Section 5.

The remaining part of the proof is about how to use the technique of time discretization to
estimate the following crucial term

t - 2
E[ sup ( / (b(2, X, %) — B(XE, ) ~V<I>S(X§)ds‘ ] (1.10)
tefo,7] ' Jo €
In particular, we need to estimate

e = g llvar (1.11)

and the following difference for B(t) = b(s/e) - V®; and B(t) = b- Vd:

¢ 2
E| /0 (Bls, X5 15) = Bls, X5, (015, ()] (1.12)
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where 73, (s) is defined by 7, (s) = s for s € [0,h) and

7h(s) :=kh, s¢€lkh,(k+1)h), Vk € N.
Since b is not continuous, it is not an easy problem to give an estimate for (1.12). Thanks to
the important observation in [17, Lemma 2.1], we deal with this problem by considering the time
regularity for the semi-group generated by the solutions to (1.3). Basically, if X§f = W; is a
standard Brownian motion and f is a discontinuous function, we have

E| /0 t (f(Ws) = f(We, () ds

9k / / (FWa) = F (W) (FOW2) = f(Wi, () drds

9% / (FW3) = F(W, ) (E™ / (FOV,) = (W, ) )ds,

where .7, := o(W,,r < s) and EZ* is the conditional expectation with respect to .%,. We note
that by the Markov property,

E / (F(W,) = F(Wi, (o)) dr

s+h
=E” / (f(Wr) - f(th(r)))dr + / (PT—Sf(WS) - PTrh(r)—sf(WS))drv

+h
where P, f(z) := Ef(x + W}) is the semi-group of Brownian motion. Note that as h — 0 the first
term converges to zero. And the second term also converges to zero as h — 0 since s — Py f is
continuous. Please see Section 3 below for more details. We mention that similar estimates are
obtained in [32] by the stochastic sewing techniques.

To estimate (1.11), we employ a method based on the Kolmogorov equation which is also used
in [37]. Then, again by time discretization, we estimate the difference (1.11) and obtain (1.7) (see
Section 4).

Now we illustrate our results by some examples. Firstly, the following example shows that the
function w(t) can be of the form =% with any power « € (0, 1], which can also be used in some
systems with singular interactions.

Example 1.6. Consider the following DDSDE in R¢

dX: = [1 t)e)—on XP 7V etay) ) dt +aw,
= |@+t/e)7* +1 Rdmﬂt( y) | dt +dW;
£

= b(t/{:‘, Xtev Mi)dt + thv

where ag >0, 1 <ag <2A(1+ %) and p; is the distribution of X;. It is clear that the averaged

equation is
Xe—y
dX; = ——u(d dt 4+ dW;
t (/Rd |thy|°‘2'ut( y)) + dW;

= b()(t7 /,(,t)dt + th,
where p; is the distribution of X;, and

4T
%/t (b(s,z, ) — b(w, p)) ds

<om-a) | =yl )

Rra |7 —y|*
for all (T,t,x, ) € R? x R x P(R?), where

t=(@AD for oy € (0,1) U (1, 00)
wlt) =19 _,
t—Int for ay = 1.
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Then we have for any § > 0
e o(2-a3) ¢
sup [|p; — pielloar < Ce?F20—02
te[0,T

and
1
[
do—20ay ¢
g Ce2F2a—ay

E| sup |Xf—X*
t€[0,T)
for any 0 < ¢ < 1, where a = a3 A 1 for a1 € (0, 00).

Next we give a more general example, where the function w(t) < t~1, i.e. there exists a constant
C such that C~1t7! < w(t) < Ct~ 1.

Example 1.7. Let pg € (dV 2,00). Consider the following DDSDE

axi = | [ 7 (snter/), [ o0z mmican ) viae)| -+ awm, (113
R R4
where p$ is the time marginal law of Xy, F : [~1,1] x R™ — R? is measurable and satisfies for
some constant Lz > 0
|F(t,0)| < LFa |F(t,:17) - F(ta y)| < LF|1' - y‘ for all (t,:r,y) € [*17 1] X Rva (114)

v is some finite measure on R satisfying

/ ly(df) < oo
r\{0} &

and ¢ : R — R™ is measurable and satisfies

Sup 9, )llpo < oo
Set
bt = [ F (sinien). [ otenuian ) viae)

and
- 1

b =y [ (sn [ otentan)) v 0ar
w1 (0. oleuian ) vio)

We claim that

_ 4mL d
(b, b) satisfies conditions (H}) and (H?) with w(T) := el / U 5), (1.15)
T Jegoy €l
which is proved in the Appendix.
Hence, based on Theorem 1.2 and Lemma A.1, we have
1 2d
sup ||ug — pitllvar < Ce® 99034
te[0,T]
and
1
2\ | < oo (-52)
E| sup |X; — X < Ce3\" 3po—d (1.16)
te[0,T]

for any 0 < £ < 1 and T > 0, where X} is the solution of
dXt = B(Xh /Jt)dt + th
Here pu; is the distribution of X; for all ¢ > 0.



8 MENGYU CHENG, ZIMO HAO, MICHAEL ROCKNER

Remark 1.8. In this paper, we only consider the case where ¢ does not depend on time ¢ and
the measure p. We hope that in future work we can use our framework here to study the time-
inhomogeneous case 0 = o(t,z) or the even more general case o = o(t,x, 1) under the following
standard condition on o

(H,) There are functions w, and H, such that

1 [T+
T [ ot — ot wlFsdt < wolT)Ho (o)
t
for all (T,t,z) € (RZ x R?), where tlim wo(t) = 0 and sup [[Ho (-, p)[lza < o0.
—00 P

Structure of the paper.

In Section 2, we first introduce the localized Bessel potential space, the embedding lemma and
the local Hardy-Littlewood maximal function. Then we show some well-posedness results and
priori estimates about parabolic and elliptic PDEs for later establishing the time regularity of
solutions in Section 3 and performing Zvonkin’s transformation in Section 5.

In Section 3, we study the time regularity of solutions to both SDE and PDE in the LP frame-
work. As usual, we use the technique of time discretization to obtain the convergence for the
averaging principle. That is we need to show a time discretization’s type estimate of (1.12), and
then estimate (1.10) by condition (H?) (see Section 3.2). For (1.12), we first asume that Z7 is a
solution to the SDE (1.3) without drift, that is to say b = 0. By the semi-group property from
condition (H,) and heat kernel estimates we estimate (1.12) for any localized LP integrable B with
p > (dV2). Then it follows from the Girsanov transform that (1.12) holds for X5, where X7 is the
solution to (1.3) (see Section 3.1). We also prove the time regularity of the gradient of solutions
for parabolic PDEs in Section 3.3, which is used in Section 4 and Section 5 respectively.

In Section 4, after realizing that (4.8) holds, we prove the weak convergence rate of (1.11), where
the key point is the estimates for time regularity obtained in Section 3.3.

In Section 5, we give the proofs to our main results Theorems 1.2 and 1.3 by Zvonkin’s trans-
formation.

Notations.

Throughout this paper, | - | denotes the Euclidean norm on R? d € N. For j € NU {0}, we
use the notation V7 to denote the jth order derivative. Moreover, let C§° denote the function
space of all smooth functions with compact support. We write C’f (respectively, Cg°) to mean the
space of all smooth functions with bounded jth derivatives for all integer j € [0, k] (respectively,
j € NU{0}). Let [a] be the largest integer which is smaller than « for any constant o > 0. We
use C' with or without subscripts to denote an unimportant constant, whose value may change
from line to line. Writing “ :=” we mean equal by definition. By A < B we mean that for some
unimportant constant C' > 1,

A< CB.

2. PRELIMINARIES

In this section we show some auxiliary results for later use.
2.1. Localized Bessel potential space. For any (a,p) € R x (1,00), we write
HYP = (I A)~*/2 (LP(R))

for the usual Bessel potential space with the norm given by || f|la.p := |[(I— A)*/2f||,, where | - |,
is the usual LP-norm. Here (I — A)*/2f is defined through Fourier’s transform

(= A)2f = F7L (4 |- )22 ).
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We note that if « =n € N and p € (1,00), an equivalent norm in H™? is given by

[ fllnp = £ llp + 1" Fllp-

Let x € C5°(R?) such that x(z) = 1 for |z| < 1, x(z) = 0 for || > 2 and |x(z)| < 1,Vx € R™
Define

Xr(2) = x(z/r), X7(x) :=xr(z - 2)
for all » > 0 and z € R?. Given r > 0, we introduce the following localized H®P-space:

"™ = {f € HyPRY) < [ flayp = sup X} fllap < OO}~
z
Clearly, this space does not depend on r and the corresponding norms are equivalent. When o = 0,
we simply write
LP:=H" and ||flly = I/llo.-
It follows from Holder’s inequality that for any 1 < ps < p1 < 00

Pt C zpl C zpz.

For T >0, p,q € (1,00) and a € R, we set
LA(T) := LI([0,T); L), HP(T) := LI([0,T]; H*?).
Now we introduce the localized space
HgP(T) := {f € B (T Wl = 390, G gy < OO} :

By a finite covering technique, it can be verified that also the definition of ﬁg’p does not depend
on the choice of r (see [48, Section 2]). We note that all these spaces are Banach spaces and that
L9([0, T); H*P) ¢ HYP(T).

For ao = 0, set
T .— 170,
LA(T) := HP(T).
If ¢ = oo, for simplicity, we define
HO?(T) := L®([0,T); H*?), LP(T):=LE(T), and L5 := L>([0,T] x RY).
Let C'* denote the Holder space of order «, which consists of all functions g for which the norm

lgllca := Z ”vﬁgHL‘x’JF Z [leg]Cm—[a]

18I<[a] |Bl=[a]

is finite, where

[9lca—ta1 := sup w

eerd |7 =yl
Ay
Lemma 2.1 (Embedding lemma). Let 1 < p < co. Then we have
few ¢ gy
and
(1) < £ ([0, 7] ¢~/

provided o > d/p.
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Proof. Tt follows from Sobolev’s embedding theorem that H*? c C*~%/P if ¢ > d/p. Note that

lgllca-are < sup lIxigllca-asw
z

for all g € C*~%4/? and r > 0. Therefore, we have

lgllca-are <sup [IX59llca-ae S sup IX5gllHar = 9]l Fow-
z z

Moreover, for all f € H*? one sees that

sup |[|f()[[ca-are < sup sup [X7f(D)lca-arn S sup sup X7 f (Ol ger = [ fllgo..-
t€[0,T] tel0,T] =z tel0,T] =z

Now we introduce the local Hardy-Littlewood maximal function, which is defined by
1
M@= swp o [ fa )y,
re(.1) |Brl JB,

The following result is taken from Lemma 2.1 in [48] (see also [16, Appendix A]).

Lemma 2.2. (i) There is a constant C = C(d) > 0, such that for any f € L>®(RY) with
Vf e Li (RY) and for Lebesgue-almost all x,y € RY,

loc
[f(2) = ()] < Clz = y|(MIV£I(z) + MIVfI(y) + [ flloo)- (2.1)
(ii) For any p € (1,00), there is a constant C' = C(d,p) > 0 such that for all f € EP,
IMFllp < Cllfllp- (2.2)

2.2. Parabolic equation. In order to study DDSDE, we consider the following second order
parabolic PDE in R, x R¢:

8tu = aijﬁiaju —Au+b-Vu—+ f, U(O) = ©, (23)
where A > 0, a = (a;;) : R - RY @ R? is a symmetric matrix-valued Borel measurable function
satisfying (H,), i.e.,

(H,) there exist constants co > 0 and 6 € (0, 1) such that

co €l <la(@)é] < colél,  lla(z) —a(y)llms < cola —y|®
for all ¢ € R? and z,y € R?,

and b : R x R — R? is a vector-valued Borel measurable function. Firstly, we introduce the
definition of a solution to PDE (2.3).

Definition 2.3. Let T > 0, p,q € (1,00), A 20,0, f € ng(T) and ¢ € Cg°. We call a function
u with dyu € IEZ’(T) and u € ]ﬁlg’p(T) a solution of PDE (2.3) if for Lebesgue almost all (¢,z) €
R, x RY,

u(t,z) = /0 (aij0;0;u(s, ) — Au(s,z) + b- Vu(s,z) + f(s,z))ds + ¢(z).

Remark 2.4. For any xy € C5°(R?) and f € ﬁ-v]lf;’p(T), by the definition of the localized spaces
IFPV]IgJ’(T)7 we have x f € Hg"P(T). Hence for any solution u of PDE (2.3) in the sense of Definition
2.3, xu is Hélder continuous on [0, T]xR? if d/p+2/q < 2 according to [29, Lemma 10.2]. Moreover,
V(xu) is Hélder continuous on [0,7] x R? if d/p +2/q < 1. In view of the arbitrariness of the
cut-off function x, u (respectively, Vu) are locally Holder continuous on [0, 7] x R® if d/p+2/q < 2
(respectively, d/p +2/q < 1).

The following property of the solution u comes from [48, Theorem 3.2].
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Lemma 2.5. Let T > 0, p,q € (1,00) with 2/q+d/p <1, A >0, b € LE(T). Set
0 := (d7 T7p7Q7 ||bHEg(T)aCOa0)'

Then there is a constant \g = Ao(©) such that for all A = Ao and f € IE{I’(T) and ¢ € H2?,
there is a unique solution u to PDE (2.3) on [0,T] in the sense of Definition 2.3 such that for any
a€[0,2), p’ €[p,o0], ¢ € [g,00] with

2 d 2 d
B:ZQ_OZ'F*,‘F*,—(*'F* > 0,
q p q P
there is a constant C = C(©,a,p’,q") > 0 such that for all A

)
(

2)- (2.4)

Remark 2.6. By Lemma 2.1, we have u € L*°([0,T]; C7) for any v € (1,2 — 2/q — d/p).

B
N2l gy + D0etllzy ) + 19%ullzy ) < C |||f\||ﬁg(T) + llel
q

Proof. We note that u is a solution to PDE (2.3) with «(0) = ¢ in the sense of Definition 2.3 if
and only if @ := u — ¢ is a solution to PDE (2.3) with @(0) = 0 and f = f+a;;0;0;0 — Ap —b- V.
Based on Lemma 2.1, we have

If + ai;0:850 = Mo = b-Vollpry S Wllgpry + Bellza + Iollzp oy | Vel
Wy + O+ Dbllzp ) el
and complete the proof by [48, Theorem 3.2]. O

With the help of a priori estimate (2.4), we obtain the well-posedness of PDE (2.3) for any
A= 0.

Proposition 2.7. Let T > 0, p,q € (1,00) with 2/q+d/p < 1, A > 0, b € ]Ijg(T). Then for

all f € EE(T) and ¢ € H2P there is a unique solution u to PDE (2.3) on [0,T] in the sense of
Definition 2.3 such that

IVallz + W0eullzy ey + ez iy < C (Wflggry + Ul 2. ) - (2.5)
where C' = C (O, \).

Proof. By the standard continuity method, it suffices to show a priori estimate (2.5) for (2.3). To
this end, we rewrite (2.3) as

815’11, = aij&v@ju — ()\ —+ )\O)u —+ b . Vu —+ f —+ )\Ou,
where )\ is as in Lemma 2.5. In view of Lemma 2.5, we have
8
20 s + D00l ) + I92ullgg oy < € (I gy + Molluliyry + lzp) « (26)

where C' = C(©,a,¢) >0, =2—a+ % — % > 0. Taking ¢’ = oo in (2.6), then we have

1

T q
B
(A+20)2 sup Jlu(®)ll, < C | I fllge ) + Ao </O flu(t )Ilth> + llellzp

te[0,T7]
Now it follows from Gronwall’s Lemma that
o 1Ol < € (I lgzery + Belken). (2.7)
where C' depends on O, o, \. Combining (2.6) and (2.7), we obtain for 1 < a < 2 —2/qg

llie.r + D9ctllzgry + Wollgzscry < © (Mg oy + Nl -

and complete the proof by Lemma 2.1. O
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2.3. Elliptic equation. Now we consider the following second order elliptic PDE in R¢:
aijaiaju —Au+b-Vu=f (28)

where A > 0, a = (a;5) : R - R? ® R? is a symmetric matrix-valued Borel measurable function
satisfying (H,) and b : R? — R? is a vector-valued Borel measurable function. Firstly, we introduce
the definition of a solution to PDE (2.8).

Definition 2.8. Let p € (1,00), \,T > 0 and b, f € LP. We call u € H2? a solution of PDE (2.8)
if for Lebesgue almost all € R?,

a;;0;0;u(x) — Au(x) + b(z) - Vu(z) = f(x).
As a corollary of Lemma 2.5, we have the following results.

Lemma 2.9. Assume b € LP for some p > d. Then there are constants Ao = Ao(d, lIoll», p, co, 0)

and C = C(d, ||bllp, p,P’, co, 0) such that for any X = Ao and f € LP, there exists a unique solution
u to PDE (2.8) in the sense of Definition 2.8 such that

B
A ull o + 1Vl < ClE D, (2.9)
where o € [052)717 € [pa OO],p' € [p7 OO] with f:=2—a+ ﬁ — % > 0.

Proof. As usual, it suffices to show the a priori estimate (2.9). Let T > 0, u be a solution to
(2.8) and ¢ be a nonnegative and nonzero smooth function on [0,00) with ¢(0) = 0. Define
(t,z) := ¢(t)u(x). Then, one sees that @ is a solution to the following parabolic equation in the
sense of Definition 2.3:

&gﬂ = aijﬁiﬁjﬂ — A\ + b-Viu— ¢f + ¢/U, ’&(0) =0.

By (2.4), we have for any « € [0,2),p’ € [p,o0] with §:=2 —a+ % - % >0,

B~ ~
Az |||“|”f§1a,p’(T) + H|V2U|H§]:,,(T) <Cll¢'u - ¢f|||ﬁ]:p(T)a
which implies that

8 _
A2 full gopr + 1V2ully < ClISIS (16 loolully + 1l lF 1)

where [|@]| oo := sup,c(o, 17 |¢(t)]. Noting that [[ull, < |lull,, we obtain (2.9) and complete the proof.
O

3. ANALYSIS OF TIME REGULARITY
In this section, letting T' > 0, we assume that
B e LP(T) and o : R? — R @ R? satisfy (H,) for some po > d. (3.1)
and consider the following SDE on a probability space (Q, Z, (%#1)i>0, P):

t t
X%, =a+ / B(r, X7 )dr + / o (X7,)dW,, (3.2)

where W, is a standard d-dimensional Brownian motion. Furthermore, consider the PDE on
[0, 7] x RY

O = a;;0;0;u — Au+ B -Vu+ f,  u(0) = ¢, (3.3)
- d
where A > 0, f € L?(T), ¢ € C;° and a;; := § > 0i,0j%. Under condition (3.1), by [48] there is
k=1

a unique strong solution X7 to (3.2) for any (s,z) € Ry x R%. The purpose of this section is to
obtain some moment estimates for the following functionals of X§;

T T
| X s and [ [0 ) (5, X 002, 0)]
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where i is the distribution of X§, and f € LE(T) for some 2/q + d/p < 2. The first integral is
estimated by Krylov’s type estimates. Compared to the case of smooth coefficients in [43], f in the
second integral has no regularity. To overcome this obstacle, we use the observation mentioned in
the introduction to replace f(X§,) — f(Xth(t)) by Po)ftf - ngﬂh(s)f, where PX is the transition
semi-group of X. Hence, we only need to obtain some time regularity results for the semigroup.

In Subsection 3.1, we consider the time-homogeneous case with B = 0. By Girsanov’s Theorem,
we extend the results in Subsection 3.1 to X, in Subsection 3.2. Moreover, we obtain additional
time regularity estimates for PX by Duhamel’s formula which can not be gotten from Girsanov’s
theorem. In the light of Duhamel’s formula again, we also have two time regularity estimates for
Vu in Subsection 3.3, where w is the solution to (3.3).

For simplicity, throughout this section we set

== (d7 T, po, |||B”|Epo(T)a K1, B)

3.1. Time regularity for solutions to SDE with no drift. First of all, we recall the following
generalized It6 formula from [48, Lemma 4.1-iii)] (see also [29, Theorem 3.7] for the original one).

Lemma 3.1 (Generalized It6 formula). Let p,q € [2,00) with 2/q+ d/p < 1. For any T > 0 and
any u € H2P(T) with Oyu € LA(T), we have for any t € [s,T] and z € R,

t
u(t, Xf,t) =u(s,z)+ / (Oru + a;;0;0;u + B - Vu)(r, X, »(z))dr

. (3.4)
+/ Vu(r, Xsr(x))dW,.
In this subsection, we consider the following case where B = 0:
t
Z7 == +/ o(Z2)dWs. (3.5)
0

Define P7 f(x) := Ef(ZF). By Proposition 2.7, there is a unique solution to the following second
order parabolic PDE on [0, 7] x R%:

Btu = aijaﬁju, Uy = @. (36)

Lemma 3.2. Assume (H,) holds. Let 0 < s < t, ¢ € C°(RY), u and ZF be the solution to (3.6)
and (3.5) respectively. Then we have P-a.s.

Elp(Z8)| 7] = ult — s, Z7). 3.7)
In particular,
Ble(ZE)| 7] = P7p(Z7) P—as. (3.8)
Moreover, for anyt >0 and f € CZ,

t
Pef-f= [ Prlasoi0sfar (3.9)
0
Proof. For all t > 0, applying the generalized It6 formula (3.4) to s — u(t — s, Z7), we have
t t
w(0, Z8) = ult — 5, Z%) + / (—Oyult — r, Z7) + ayddu(t — 1, Z7)) dr + / Vult — r, Z7)dW,.

Noting that u(t — s, Z?) is .#s-measurable, and taking conditional expectation with respect to 7
on both sides, we have
E[p(Z0)| Zi = ult - 5,2) P as.
which for s = 0 implies that
Py o(x) = Ep(Z]) = ult, z).
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Then (3.8) is straightforward from (3.7). For (3.9), since f € C?, we use the classical It6 formula
and have

t t
125 = @)+ [ ago0iszar+ [ vizmaw,.
0 0
Then, we have (3.9) by taking expectation and complete the proof. O

Based on Lemma 3.2 and the uniqueness of (3.6), we have the following Chapman-Kolmogorov
equations

PP = P7,,. (3.10)

Set
pi(z) 1= (2mt) =2 l2l?/21),

Then the following lemma is from [13, Theorem 2.3].

Lemma 3.3. Assume (H,) holds. Then there is a unique function p?(-,-) : Ry x R?¢ — R such
that for any 7 =0,1,2 ‘

IVipg (2,y)] < et 2 pese(z — ) (3.11)
and

P 1@ = [t @y (312)
for any f € C(R?), where ¢; and cy are positive constants depending on =.
For any h € (0,1), recall that 7 (t) := ¢t for ¢ € [0, h) and
7 (t) :=kh, te€[kh,(k+1)h), k> 1.

Remark 3.4. The reason why we define mp(t) =t for t € [0,h) is that the function space here is
LP. If the initial data don’t have an L% density, Ef(Z,, 1)) = Ef(Zo), f € LP, will blow up for all
t<h.

Now we give the following Krylov estimate and Khasminskii estimate.

Lemma 3.5. Assume (H,) holds. For anyT >0,k =0,1,2, p € [1,00] and q € [p, 0], there is a
constant C = C(Z,p, q) such that for all0 < s <t < T, x € R? and nonnegative functions f € LP

IV* P fllg < Ct=*/2=dGora/Cay g, (3.13)
and for 2/q+d/p < 2, h > 0 and nonnegative functions f € ig(T)
t t
_1_4a
B [ 10200+ B [ 125, )dr < Ol = 9 H gy, (3.14)

Moreover, for any f € f[:{]’(T) with d/p+2/q < 2,

sup Eexp </T f(t,Zf)dt) < o0. (3.15)
0

z€eR4

Proof. Without loss of generality we assume that ¢ = 1 in (3.11). Combining Lemma 3.3 and
Young’s convolution inequality, one sees that

IV*P7 fllg S /Rd F@)VERT (-, y)dyllg
StER2pyx fllg ST sup |1 i< /Rd FC=y)pe(y)dyllq

_ 1
<t k/QSup||1|.,w‘<1‘?/ / 1y <1 f( = y)ly—z<1pe(y)dydz|l,
w 1| R4 JR4
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S tk/2 sup || / / 1y wgz<2f (= y)1|y72|<1pt(y)dydzllq
w R4 JRd

Stk sup/ | / Lmy—wrzi<2f (= 9)ly—z<ape(y)dyllgdz
w JRA R4

N tk/2 /]Rd sup ||1\~—w+z\<2f(')Hp”ll'—ZKlpt(')HrdZ

1/r
St—k/2/ (/ |pt(y)|rdy> dz| fllp,
RE A\ J]y—zI<1

where 1 +1/g = 1/r 4+ 1/p. Next, one sees that

/RL‘ </Iy—z<1(pt(y))rdy> : dz < [lpellr + /z>2 </|y—z<1(pt(y))rdy> : dz.

We note that

z
el > 2y~ <1 [yl > Jo| — y — 2l > .

which implies that p;(y) < pi(2/2), and ||py|, S t=/2+4/(27) = $=d/2p)+d/(29) e have

/]Rd (/y_zl<1(f’t(y))rdy> Hr dz S [lpellr + /Z>2 (/y_zgl(pt(z/Q))rdy> 1/r N

< /@) 20) 4 / pu(2/2)dz < 1= @D+ 20) 4 q
|21>2

and obtain (3.13).
Now we show (3.14). Set p’ := p%l and ¢ = q%l. Without loss of generality, we take s = 0.
By (3.13), for any h > 0,

t t ’yor 1/q'
N
E/ f(s,Ziﬁh(s))dsﬁ/ (/ (/ [0 (W) dy)* pds) dellfllgg (-
0 Rd NJo ly—z|<1

Then, we have

t 4 "/p’ 1/q
S = (/ (/ 1o () )P ) * ds) dz
ke NJooJly—z|<1

t ql 1/q’ t ’ 1/(1/
S Momallfds) 4 [ ([ lomo /1 as) " 0z
0 lz]>2 N Jo
t

(s —dq'/(2p) s d 2|74 exp(—|2|? z
(/0< n()) ds) ”/m' I~ exp(—|=?/(16T))d

< t1—1/q=d/(2p) +t,

N

since dq'/(2p) < 1 and ps(z) < C|z|7¢ exp(—%) for all s < T. Similarly, we obtain

1

t
IE/ F(s,2%)ds <t a7 4t
0
Finally, noting that by (3.8)

B [ ]z =5 [ s o]

(3.15) is direct from (3.14) (see [49, Corollary 3.5] for example) and we complete the proof.
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Remark 3.6. We note that for any fized h > 0 and x € R?
T
Eexp(/ f(t, Zﬁh(t))dt) < 0
0

is not true. For example, letting ZF = Wy, when d > 2 and f(t,z) = |z|~*/? € Ed+1(Rd), we have

2h
E exp ( f(t,th(t))dt> = Eexp(h|W;,|/?)
h

\/L h2d 1
/Rde on(z)dz o) /R |d,0h(x) X =00

d |J?
Lemma 3.7. Let T >0, k=0,1, and 1 < p < ¢ < 00. Then there is a constant C = C(E,p,q)
such that for all0 < s <t < T,
2-k k=2 _k_d d
IVE(Pre = Prolly < O (1t — )T 5" T A1) s~ 55 g, (3.16)
Proof. Based on (3.10) and (3.9), one sees that
t—s
Fro—Plo=PLPIo) = Plo= [ Prlaydd oo
By (3.13), we have
t—s
g a —k a
IV¥(PP e = PYo)llg S /0 12| VPP gl gdr

s [ Sl
0
S [t =9)" 5" s EH T A g,
Moreover, noting that by (3.13)
IV* (PP = PEo)lg < IVEPT ollg + IVEPT ol
SsEh |,
for s < t, we complete the proof. O

When p = 0o and o = I, the following lemma has been proved in [17, Lemma 2.1] for Brownian
motion. For classical L? spaces, L.é and Ling obtained these results by the stochastic sewing lemma
in [32]. For the localized LP space, we provide a different proof here, which is based on (3.16) and
(3.13).

Lemma 3.8. Assume (H,) holds. Then for any T > 0 and p € (dV 2,00), there is a constant
C = C(E,p) such that for any stopping time 7 < T, h € (0,1), x € R? and f € L?(T),

T 2
B [ (.20 = (6.2, < Chnb ' F 1R, (317)
Proof. We divide the proof into four steps. In Step 1, we prove that

t

8| [ (0. 22) = 125, )i
S

In Step 2, we show (3.17) for 7 = T; In Step 3, we show

2 _d _d _ _d
‘ < O(hs (6 —5)" 5 4 hh (1 = ) )12, 0y (3.18)

b 2
sup E< / (f(th)—f(t,Z;fh(t)))dt) < Chlnh IR, (3.19)

a,be0,T)

In Step 4, we show (3.17) for any stopping time 7 with 7 < T.
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(Step 1) For simplicity of notation, we drop the time ¢ in f(¢, x). First, we note that by Holder’s
inequality and (3.14),

2h 2 2h 9
E( f(Zf)—f(foh(t))dt> <onm [ [12) - 125,00 @t S 1

Hence, without loss of generality, we may assume s > 2h. The symmetry implies

Bl [ ZE) - 125 )|
—9 /St /:E[(f(zfl)f(Zihm)))(f(Zm) P22, o) dradry

:2/S /rrﬁh]E[(f(Z:l) = 1(Zz, ey)f(Z7,) = [(Z7, (Tz)))} drydry

t t
w2 [ B[(28) = 52 2 = £(25, )] dradn
ri+
Z=2f1 + ng
By Holder’s inequality and (3.13), one sees that

E[(F(Z2) = £(25, ) F(Z5,) - f(fowz)))}
< (el - 12| N8|z - ez )

d
2

Py ¥ 4 Wh(rz)fﬁ)ll\fl\lf,,

_a
S (ry 7 4 mn(r)
which implies that
t r1+h _d 4 4 i
ASUE[ [ 60 4w )0+ mtra) F)dradr
s r1

d

_a, [t —£ _d _d _d
S O e e e e 1
S
For %5, we use conditional expectation and the Markov property (3.8). For simplicity, let
B[] = B[],
Then, noting that r; < r9 — h < rg, by the Markov property (3.8), we have

~= | /+ E((F(Z5) = F( 22,0 BT F(Z7,) = £(25, )] ) dradry

t t
=[] ([ = 125 )] [P 122D = Py 0(22)] Jaraan.
ri1+h
Setting G := P7,_,. f— Pg (r2)— /5 in view of Holder’s inequality and (3.13), one sees that
2 1 1
T \ |2
e [ [l - semen]) (oemr)
_d _d _d

S WFPIYE / / (% + () ) B NG 2 dradry
< U7l / / (r1 — b) 3 |Gllpdradrs.

We note that by (3.16),
1G> = 1P~ f = PR ray—ra Flo
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S (12 = mu(ra))wara) = 1) 1 ALY,
S [rs = v =)™ A1l

By a change of variables we have

t t 4
AW [ [ = s = =07 A

Sui [ [ e e arfara,

S h(t—s)'"FfI2 / [(ra) " A dry S BT (E = 9) I,

and we obtain (3.18).
(Step 2) In this step, we use the method in [32, Lemma 3.4] to show (3.17) with 7 = T. Let

ai=2 |1l = (El-]2)%,

t
T —1\1/2
B [ (0.25) = fr. 22, ar - and o= (O P S,

where C' is the constant in (3.18). By (3.18), we have

|y — Ful| < H(s™(t — )27 + (t — 5)1/272), (3.20)
For any n € N, set

ty, :=27"T.
Then, by (3.20)
1Erl < Y IE, = Fa |l < Z i (tn = toe) 270 (b — ) V/22).
Noting that t,,y 1 =727 "1 and t,, — t, 11 = T2 "1, we have
||FTH Z a2a (n+1) t _ tn+1)1/27(x + (tn _ tn+1)1/272a)

< 2HT1/2720¢ Z 27(1/2720()(7744’1) g QHT1/272O¢
n=0

and obtain (3.17) for 7 =T.
(Step 3) For any a,b € [0,T], define

fa,b(ta 1') = 1t€[a,b]f(t7 l‘)
Then, by Step 1, one sees that

b 2 T )
E( / ((t,Z8) — 1t Z,rhm))dt) R / a6, Z8) = fu(t, 22, ))dt)

< Chlnh™

2
Le(T)"

Noting that | fusllzscr) < Il cry, we get (3.19).
(Step 4) Without loss of generality, we assume that h < T//2 and that T only takes finite values
ai,as, ...,an € [0, T]. Otherwise, for any stopping time, we choose 7,,,n € N, which only take finite
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values to approximate 7 and (3.17) follows from (3.14) and the dominated convergence theorem.
First, we have
2

T 2 (T+2R)AT
E / (F(t 28) — f(t, 72, ))dt| < 2B / (1, Z5) — F(t, 22, o))t

2
+2E

T
/( (F(t Z8) — [t 72, )t

T+2h)AT

We note that by Holder’s inequality and (3.14) for p/2 > d/2,
(T+2h)/\T 2
Bl [ (62 - 022,

T T
<E| [ Lieprrandt [ 150.27) - 10,25, )P
0 0

S B Plgere iy S PR, oy

Now we estimate the second term. In fact,

T 2
</(T+2h)AT(f(t’ RS ICEZNTY) t)

n T ?
= ZE 1r—a, </( (ft,Z7) — f(t, foh(t)))dt)

a; +2h)/\T

We note that 1,—q, € Fo, C F([a,/n]+1)h, Without loss of generality, assuming a; + 2h < T, one
sees that

i+2h

. 2
E ].TZM (/ (f(t7 ZtT) - f(t7 Z‘ﬁh(f)))dt>

T

~E(LaB[([ (620 - rie 25, o)) 7))
= B(Lyma, ),

where
T 2
S —E |E ( / (6,20 - f(t,Z::h(t)))dt> [ Z o mrsan | |Fa
a;+2
Moreover, by the Markov property (3.8), we have

E|( / ;hu(t, Z8) = 116,22, 0))8)"| Fia e

T 2
:1[«;(/ (f(t, Ztyf([ai/h}Jrl)h)_f(t7Zgh(t)*([ai/hHl)h))dt) ‘ _z=
ait+2h Y= (s /m+ 10

T—([as/h]+1)h 9
—5( [ (£t 4+ (fas/]+ D, Z8) = 2+ (as/b] + Dh, 22, ))e) |
ai+2h—([a; /h]+1)h V=20, mtn
—1 2
< hh I
by (3.19). Therefore, we have

T 2 n
T x 2
B [ (7(.20) = 6. 25, )t SRy + D Elrmash)
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< h|||‘f|||]LP(T) +hln h_l |Hf”|%p(T) Z El‘r:ai
i=1

<A b IR, o,

which implies that

2

E j/ (F(t Z8) — (1, 72, )t
0
T 2 T 2
<2E ,Zf— Zﬂtd E ,Zf— Zwtd
<2 14 (F( 28) — £(t, 22, ) )dlt| +2 u[(f@ )= £t 22 )t
< hlnh £

LP(T)

and completes the proof.
O

Corollary 3.9. Assume (H,) holds. For anyT >0, p € (dV2,00) and § > 0, there is a constant
C = C(E,p) such that for any x € R? and f € LP(T),

<am\/ f(5.23) = £ ﬂﬂnmﬂ) Ch' 12, 17 (3.21)

tel0,T

Proof. Let

7h:\A7ﬂ&Zﬁ—f< 22, )|

and 0y := sup ns. First of all, it follows from Holder’s inequality and (3.14) that for any v €
s€[0,t]

(1.p/(dV2))
T
B SE [ (06,22 4 17 (5,22, ) ds

] [T By Vi A (3:22)
For any A > 0, let
=inf{t >0, n > A}.
We note that n,, = A, since 7 is a continuous process. Then,
AP(n7 > A) S AP(1y < T) < E(nr, 1, <1y) < Enryar.
In view of (3.17), we have

AP(np > A) S hinh= £

Set Zp, := hln h_1||\f|||%p(T). Then, for any § € (0,1), by a change of variables,

Le(T)

c\1-6 % —omp
E(n}) =(1—5)/0 ATOP(5 > A)dA
g/ AT A (EpATH)dA
0
< 5,1;6/ A1 AAHAA < (hIn h*1)<175>||f||;§(;§>. (3.23)

0
Combining (3.22) and (3.23), in view of Holder’s inequality, for any § > 0 small enough, we have

By =& | (1)~ )"
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V3

{E } e [E(n*)(ﬁ“)““”} =

(Y s Ce Y T

N

Lr(T)

and complete the proof.
O

3.2. Time discretization for SDEs with L? drift. Now, let us extend estimate (3.21) from
Z{_ to the solution X¢, of SDE (3.2) both in the sense of paths and distributions (see (3.28) and
(3.37) below). Recall that

t
X7, = x+/ B(r, X¢, dr+/ o(X¢,)dW,. (3.24)
S
Let ps, denote the distribution of X¢;. For simplicity, we also set

X{=X5, and pf = pg,.

The following estimates follow from Girsanov’s transform and estimates for ZF (see [48, Lemma
4.1] for (ii) and (iii)).

Lemma 3.10. Assume (3.1) with po > dV 2.
(i) For any T > 0 and p € (1,00), there is a constant C = C(Z,p) such that for any x € RY,
0 <s<t<T and nonnegative f € LP,

Ef(X?) < Ct=CP|f,. (3.25)

(ii)For any T > 0 and 2/q+d/p < 2, there is a constant C = C(Z,p, q) such that for any x € R,
0 < s <t<T and nonnegative f € LL(T),

/ £, XT)dr + E / Fr X2 ) < Ol = ) F 0l . (3.26)
(i) For any T >0, d/p+2/q <2 and f € ]L{]’(T),
T
sup Eexp (/ f(t,Xf)dt) < o0. (3.27)
z€R4 0

(iv)For any T >0, § > 0 and p > dV 2, there is a constant C = C(Z, p) such that for any x € RY,
h € (0,1) and f € LP(T),

( sup ’/ (8, X7) — f(s, X7, (5)))ds

te[0,T]

2
=6y £112
) <RI, - (328)
Proof. Let Z7 be a solution on a probability space (Q 9 (ﬁt)po, ) to the following SDE
t
ARES x—i—/ o(ZX)dW,,
0

where W, is a standard d-dimensional Brownian motion. Since po > 2Vd, B2 ¢ Lro/ X(T). By
(3.15), one sees that for any v > 0

T
sup Eg exp (7/ lo " B(t, Zt””)zdt> < 00
@ 0

Hence, by Novikov’s criterion,

T T
~ o~ 1 ~
Zp = exp (-/ o 'B(t, ZF)dW; — 5/ |a—1B(t,Zf)|2dt>
0 0
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is integrable and for any ¢ > 0
E3|Zr|? < C(E,q). (3.29)
Define dQ := ZydP. Then, by Girsanov’s theorem,
W, =W, — /t o 'B(s, Z%)ds is a Q-martingale.
In other words, i
ZF =+ /Ot B(s, Z,)ds + /Ot o(Z)dW,, Q- a.e.
Therefore, by the uniqueness of (3.24), we have

Qo(Z®) ' =Po(X*)" 1. (3.30)

Now, we show (i)-(iv) one by one.
(i): In view of (3.30), one sees that

Ef(X7) = Bof(Z7) = B3| 2r f(Z2)].
By Holder’s inequality, (3.29) and (3.13), we have for any r € (1,p) and 1/r' +1/r =1,

~ AL/ ~ 1/r —dr , 1/r B
Ef(X) < (Balzel”) " (BslfZor) " S (80N ) S Y0NS,

which is (3.25).
(ii): Similarly to (i), by Holder’s inequality and (3.14), we have

¢ / ¢ r\ 1/7
E/ Fu, X2)du < (EMZTW)W (f{é@ U f(u,fo)du] )1
<5 (o [

< (6 s M) <|||f|T|||L5;;> < (6= ) O

The term E f; f(u, X;fh(u))du can be estimated the same way.
(iii): For (3.27), it again follows from Holder’s inequality that

T _ T _
E exp (/0 f(t,Xf)dt) =E; ZTeXp(/O f(t, zF)adt)

e T N 1/r
< (Bglzr)"” (]E@exp (1"/0 f(t, Zf)dt)) < o0

by (3.29) and (3.15).

(iv): Let

2
AT (h, X) = sup ‘/ Fls5,X2) — (s X2, )

te[0,T]

and

2
A1, Z) = sup ‘/ (s, 2%) — f(s, Zﬂh(s)))du‘

tE[OT]

For any § € (0,1), we note that
EAS (h, X) = Ex(ZrAf (h, Z))
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= B (Zr|A! (h, Z2)°|AS (h, Z)|* 7).

Based on Hélder’s inequality, (3.29), (3.26) and (3.21), for 1/ + 1/r = 1 with some r € (1,p/2),
we have

BAT(0,3) < [Bal(2r ¥4 (0. 2))] B 0.2)]
& ;

Ba|Z | /9)°!" (B AT (h, 2)[7)°" (Bp A (h, Z))

2r 6/ (1=30) 1 £y 2(1—5)
|Hf| mip/(m)(T)h ’ |||f|||Lp(T)

SN, o,

where §yp = 00(0) — 0 as § — 0, and complete the proof.

NN

O

Next, we want to prove an estimate for sup,, [|4% — uf||var. To this end, we will use the relation
between the PDE and the SDE. For any T > 0, consider the following backward PDE:

o™ + B-Vul +a;;0;0u” =0, u(T) =g, (3.31)

where ¢ € Cg°. By Proposition 2.7, there exists a unique solution u” to (3.31) in the sense of
Definition 2.3. Set

P f(x) =Ef(XZ,), P =P

By (3.25), the domain of Ps)ft includes LP for any p € (1,00]. Then we have the following proba-
bilistic representation.

Proposition 3.11. Let T > 0, ¢ € C3°(RY), u” and XZ, be the solutions to (3.31) and (3.24)
respectively. Then,

ul(s,2) = Bp(XZ 1) = Plre(a). (3.32)

Proof. Tt is straightforward to obtain (3.32) by applying the generalized 1t6 formula (3.4) to the
function ¢ — u” (¢, X7,) and taking expectation. O

Apart from the probabilistic representation, by the generalized It6 formula, we have the following
Duhamel formula.

Lemma 3.12 (Duhamel formula). For any ¢ € C°(R9),

Ps}ftgo(a:) =P po(z)+ / P;(r (B(r) . VPt”_Tgo) (z)dr. (3.33)

S

Proof. For any t € [0,T], let v = v'(¢,z) be the solution to the following backward PDE:
Ot +a;;0,0;0" =0, V()= .
Based on (3.32), one sees that v'(r) = PZ .. By the generalized It formula (3.4), we have

¢
Evt(t, X7,) = v'(s,x) + E/ (00" + a;;0;0;0" + B - Vo')(r, X7 )dr,
which implies that

t
PXo(z) = P{ o+ E / (B(r) - VP2 )(X,)dr

t
— Pt / PX(B(r) - VP o)(x)dr,

and we complete the proof. O
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Now we can prove the estimate for ||uf — g% ||yar. We note that similar results have been proved
in [50, Lemma 3.8 (1)(ii)] based on heat kernel estimates. It should be mentioned that the order
of time regularity in [50] depends on the Holder index § of o and thus this is not applicable to our
case.

Lemma 3.13. Assume (3.1). For any T > 0 and q € [po, ), there is a constant C = C(Z,q)
such that for any 0 < s <t < T and p € C;°,

IPXe = PXolloe < C[l(t = 5)E~His~ ) A 1|5~ S g, (3.34)
In particular, when q = oo, for any 6 > 0, there is a constant C = C(Z, §) such that for all x € R,
5 = 1 llvar < C[[(8 = )2 70572 A 1] (3.35)
Proof. For simplicity, let
1 d
== — —.
2 2q

From (3.33), one sees that

SN

PXp—PXo=(P7o—Plo)+ | PX(B(r)- VP p)dr

+/ P¥[B(r)-
0
=S + S + 3.

S

<

(Pto—r - P;—T)SO:| dr

Based on (3.16), we have
_ _d
1Al S (1t = )57 A1]s™ H gl
o] -
S [ =97 ]s F el
By (3.25) and (3.13), we have

t
1700 S / =GP B(r) - VP, pllpydr
t
S [ e P s

t
S/ [ /Gl )12 d G g,

=5~ VCVE(t, 5)|ello,
where
_aga [ 1 oo ' a4 g 14
K(t,s) < | s 20 2‘2/(75—7‘)0‘ dr ) Al (t—s)2 2PO/ r 20 2a(1 — ) 27 2adr
s 0
S(s7(t—s5)%) A1

since q = pg > d.
It remains to estimate .#5. By (3.25) and (3.16), we have

BANES / U CO B () T (PP, — PI)pllpdr
< / P4/ |7 (P, — P7 )ploodr
0

S [ [ = )k = i A s - )Yl
0
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We note that
S
/ = / T—d/(QPO) [[(t _ 8)%(8 _ 7")_%] A 1:| (S _ T>_1/2_d/(2q)d’[’
0
. /s T,d/(ZPO)(S _ T)—l/z—d/(2q)dr < gl/2=d/(2p0)—d/(2q) < S—d/(2q)’ (3.36)
0

since pg > d. In addition, when r € (0, 5], one sees that
[(t=s)Fs—nFar<-s)b i —n i < e-gi-h ()

Hence,

+ s*d/(%o)/ [[(t —8)3(s— 1) F] A 1] (s — r)~1/2=4/a) gy
/2
s/2
gsil(t o 8)1/27d/(2q) / de/(ng)dT
0

+ 57 4/(2p0) / ([t =)t (s =) H A1 (s = )72/ 0y,
s/2

By a change of variables, we have
I <sm Y Epo)(t — 5)1/2=d/(20)

s/(t—s)
+ 57 @0 (4 — 5)1m1/2md/(20) / [(s —r) T A 1} (s — r)~Y/2-d/Qa)q,
0
/szd/(2po)(t _ 5)171/241/(2(;) < s*%(t _ S)%_%

since ¢ < oo and pg > d, which combined with (3.36) implies that

d

/ S (S_%(t — s)a) NS 2d¢ = ([(t _ s)as—a] A 1)872%,
Thus, we obtain (3.34). In particular, noting that

lellg S llellss, Vg < oo,
by Lusin’s theorem and (3.34), we have for all § > 0 and g € [po V (d/(26)), 00)

It — il = sp PO PEEON ¢y iy
pECE® [[loo
< (t- s)%*‘;s*%.
Moreover, it is easy to see that
l1f = 1 llvar <2,
which completes the proof. O

The following lemma is the distribution dependent version of (3.28).
Lemma 3.14. For any T >0, p € (dV 2,0), assume that f : Ry x R? x P(R?) — R such that

|||f(ta ,,LL) - f(t7 '7V)|||p) < 00

i = vllvar

ppi= sup sup (ILF(E )l +
t€[0,T] p,v

Then, for any § > 0, there is a constant C = C(Z,p, ) such that for any x € R and h € (0,1)

2
sup \ / (s, X2, pZ) f(&Xii,,,(s)vuih(s)))dS‘ ) < Clrp)*n' 2 (3.37)
tE[OT
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Proof. For simplicity, we drop the superscript  from X?® and p®. First of all, we note that

2
sup ‘/ S XGvPJS 7f(SaX7r;L(s)7,u'7r;L(s)))ds )
tE[OT]

2
sup ‘/ S XS?:u’S _f(SaX‘n'h(s%,us))ds‘ )

te[o T]

2
sup ‘/ 3 X’Il'h (s)» /J/S) _f(s7Xﬂ'h(S)7/j/7Th(S)))dS‘ )
tE[OT

="+ I
By (3.28), for any 6 > 0, we have
ISR sup [If (el S BT (kp)?,
t€[0,T)

For %), we use the same method as in Step 2 of the proof of Lemma 3.8. For any 0 < s <t < T,
set

t+h
afﬁtzzt/‘h s Xy tir) — £ Xy ey i o)1
5+
and || - || := (| -|?)"/*. Then

T+h 2
jgh < E’ /h ‘f(S?X‘II'h(S)):U’S) - f(svxfrh(s)auﬂ'h(s))'ds’ = ||j0}?T||2a

since mp(r) = r, if r < h. Based on Holder’s inequality and (3.26), one sees that if 2/q +d/p < 1,

then

t+h 2
‘ dr

E‘js}ftﬁ SJ (t - S)]E/ )f(T’ X‘ﬂ'h(r)hur) - f(Ta Xﬂ'h(’r‘)?:u’ﬂ'h(’l‘))

s+h

t+h 2/q
S=9( [ U0 n) = £ o))
s+
t+h 2/q
S [ = o fardr)
s+h

Then, by (3.35) and the fact that ¢ > 2, for any § > 0 we have
t+h 1_5 1/q
|72 S gt =) ([ ()
+h

< kgt — §)1/2p1/2 6(/ - Q/Zdr>1/q Sth1/2—6(t_8)1/2-&-1/118—1/2.

Taking t,, := 27"T, we have

—1/2
[FZZRS }:maﬁin<wwﬂ6§j o= b)Y 2, )Y

<Iffh1/2 §T1/q22 <K} h1/2 5
n=0

which implies #3¢ < (k7)?h'~2% and we complete the proof.

Now, we have the following strong fluctuation result, which is crucial in this paper.
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Lemma 3.15. Let T >0 and g : R, x R? = R be a bounded function satisfying

tv - )
¢gi=  sup (\g(t,x)|+ ot x) = g(s @') < 00 (3.38)
t#sE[(:l,T] |t - 5|a
xR

for some a > 0. Assume (3.1), (H}) and (H?) hold. Then for any & > 0, there is a constant
C = C(Z, Ko, 8,cy) such that for any x € R and € > 0,

te[0,T]

2
< C inf <h1‘5 + B2 4 (w (h)> ) )
h>0 13

Proof. For simplicity, we drop the superscript x from X* and p®. Set b.(t) := b(t/e) and

_ 2
<sup]/ (s, X2)( X:,u;”)b(Xz,ui))ds\)
(3.39)

X = (X, pm).

For any h € (0,1),

t€[0,T)

_ 2
( sup ‘/ S, XY (be (8, X2, p15) —b(Xf,uf,))ds‘ )

te[0,T]

< ( sup ’/ (gb:)(s,Xs) (gbg)(&th(s)))dS‘Q)

t _ 2
+1E< sup \/ 905, X ) (b5, Xy ) = DKoy )l )
0

te[0,T]

<sup ‘/ (gb)(s,X4) (gb)(s,Xﬂh(s)))dsr)

te[0,T]
— ek gy geh
By (H}) and (3.37), for any § > 0, we have
I+ I5N S gllnht .

For 75" we note that by (3.38) and (3.26) with py > (d/2) V 1

te[0,T

t _ 2
/261}7’ S E ( sup ’/0 g(?Th(S),Xﬂ.h(s))(bg(&xﬂrh’(s)) — b(Xﬂh(s)))dS‘ )

+E< sup / |s — mh(s )‘2a<|b (s, X S))| + |b( 7h ( S)))| )d

t€[0,T]
e,h 2
S Ho7t + b,

where

f;l,h ::E( sup ‘/ 7Th ﬂ-h(s))<b5(s’xﬂ—h(s)) —i)( Th( S)))ds‘ ) .

t€[0,T]

It suffices to show
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Letting M (t) = [t/h] and noting that 7,(s) = s for s € [0, h), we have

_ 2
oo SE( sup ‘/ 5 X)(be(5, X.) — B(X.)ds )

te[0,h)

h B 2
+1E< sup /0 g(s,XS)(bE(s,XS)—b(Xs))ds‘ )

te[h,T)

t _ 2
+]E< s | [ g9, X )05, X ) = By )| )

te[h,T) M(t)h

M(t)h _ 2
+E ( sup / g(ﬂh(s)’ Xﬂh(S))(bs(SaXﬂh(S)) - b(Xﬂ'h,(S)))dS‘ )
te[h,T] ' Jh

h h h h
=I511 + Iois + Ioiz + Ioig.
It follows from Holder’s inequality that

3
>t S hlgll (E

i=1

+E

T T
/0 b= (5, X5)* + [b(X)[*ds /O |be(8»Xml(s>)|2+Ib(Xml(s))FdSD

< hllgllZrd,
because of (3.26). Thus, we only need to prove

. h
< (w () ).

3

By the definition of 7, it is easy to see that

(k+1)h B 9
It <E ( sup ’ Z (kh, Xin) / (b= (5, Xgn) —b(th))dS‘ )

2<m M(T)

Based on the fact that | >}, ak| < (m—1) 27" ax|?, one sees that
1

. ) (k+1)h 5
Iyiy < M(T) / (s, Xkn) — b(th))ds‘ .
kh
By a change of variables and (1.6), we have
. M(T)-1 (k+1)h/e B 2
SELSMET) Y Bl [ (b Xn) — BXen)ds
1 kh/e
T) 1 (k+1)h/s - 9
S [* / b(s, Xgn) — b(th))dS‘
kh/e
n 2 M(T)—1
Sh (W (€>) Z ]E|H(th)|2~
k=1
We note that
M(T)-1 M(T)h T
hY BHEWE =B [ X )Pds <E [0
k=1

Again by (3.26), we have

h 2
s (w(2) swltal
o

and complete the proof.
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O

3.3. Time regularity for solutions to the parabolic equation. In this section, we estab-
lish the time regularity for the solution of PDE (3.3). First, we give the following probabilistic
representation of the solution to PDE if B = 0.

Lemma 3.16. Let B =0 and u be a solution to PDE (3.3). Then,
t
u(t) = / e M= pr f(s)ds + e MP . (3.40)
0
Proof. Applying the generalized It6 formula (3.4) to

5 — e Mu(t —s,2%),

we get

t
e Mu(0, ZF) — u(t, x) :/ e (=0gu + a;;0;0;u — M) (t — s, Z%)ds
0

t
+ / e MVt — 5, Z%)dW,.
0
Taking expectation of both sides, we obtain that

t
NPTpult) =~ [ e pef - s
0
which is (3.40) by a change of variable and this completes the proof. O
Using the above Lemma, we have the following time Hoélder regularity of Vu.

Lemma 3.17. Assume ¢ = 0. Under condition (3.1) with some po € (d,00), for any A > 0, there
is a constant C = C(Z,p, \) such that for all t,s € [0,T] and f € LPo(T) the solution u to (3.3)
in the sense of Definition 2.3 satisfies

1_ _d_
IVu(t) — Vu(s)llow < Clt = 156 | fllzpo - (3.41)

Remark 3.18. By Remark 2.6 and (3.41), we further have that there is a version of the solution
such that u € C([0,T]; C1).

Proof. First, since B, f € LPo (T) c ]1:30 (T), Vg, we indeed have a unique solution u. Set
9(s) = B Vu(s) + £(5).
In view of (2.5),
Wllzso ) < Wl |9l + U iy S I Emo
Then, for any 0 < s <t < T, by (3.40), one sees that

t
/ e AP g(r)dr

S

IVu(t) = Vu(s)lloo =

o0

. o0
N ‘ / o~ A=) (th‘ir — VP;,T)Q(T)dr

0 oo
= S+ I+ Is.

By (3.13), one sees that

t
oﬂs/u—m*”WWWMﬂmw
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t
S [ (=) gl g,
o
LT Lt 1 .
For %, noting that |e™® — e Y| < |z — y| for any z,y > 0, it follows from (3.13) that
A=l [ (e )] ar

S 1t = sllglznozy S 1t = sl Moy
For .#3, by (3.16) with ¢ = 0o, we have

%sAMWw>

By a change of variable, we have
A= s [ (=) AT =) R g
0

< It - sV f,, 00

[N

(s =) 2] AL)(s — )7 /2P dr|gllc, o

and complete the proof.
O

Moreover, we also have an estimate of time regularity for the solution to the following Cauchy
problem.

Lemma 3.19. Assume (3.1). Let ¢ € C5° and let u be the unique solution to the following Cauchy
problem on [0,T] in the sense of Definition 2.3

Ou = aijaiaju + B-Vu, wuy=¢. (342)
Then there is a constant C = C(Z) such that for all0 < s <t < T,
[Vu(t) = Vu(s)llo < Ot = 5)* 05~ 50| . (3.43)
Proof. First, by (3.40), we have
t
u(t) = / Pe (B - Vu)(s)ds + P7o, (3.44)
0
which implies that
¢ _1_ 4 _1
[Vu()lloo < /0 (t—s) 2 20 ||B-Vu(s)llp,ds + 2 ¢l
t
§/ (t— )220 [|Vu(s) oods + % plloc
0
because of (3.13). Hence, by Gronwall’s inequality, we have

_1
IVu(t)lloo St lello- (3.45)
y (3.44), (3.13) and (3.16), one sees that

VUt~ Vus)le < [ IVPL (B V) etr + [ IVPL, = P2)B - Fu()ie
IV = Pl

< [t far
o [ {le- b= nm] At} e - T
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1

+{[e- 9t Aths gl
=9+ S+ S
Then, noting that A 1 < 2? for all z > 0 and 6 € [0, 1], we have
A s {|e- 9t A1} s H gl S (0 - 9)F s o]l

Based on (3.45) and a change of variable,
¢
A SNl [ (¢ =) har g (- 9T

1_ 4 g4 d
S =92 m0s™ w0 po]o

since pg > d. For %, again by (3.45), we divide [0, s] into [0, s/2) and [s/2, s] and have

||so\|oo / //2 (=95 =n ¥ arfs—n 350 tar
* {

1 L s/2 . . s
S(t—s)2 Tho ™ ro2dr+s72
S

where we used the fact that
[((t —8)¥(s— r)*%) A 1] (s — )" 2 7
S(t—s)T To(s—r) L <2t —s)F sl Vrel0,s/2).

From a change of variable, we have

1_d 1 _ 1 1—1_ > 1 _1_ _d
(DT ES I / (b A ] gl
0

d

S(t=5)7 D05 gl S (t— )7 Bos 0 gl

since pg € (d, 00) and complete the proof.

4. CONVERGENCE RATE OF THE TOTAL VARIATION

In this section, under (H,), (H}) and (H?), we will derive the convergence rate of || — || par-
Recall that on the probability space (Q,.#,P, (%5)s>0) we have a unique strong solution (X, X.)
to the following systems

dX§ =b(t/e, X{, ps)dt + o(X[)AWy, X§ =&, (4.1)
and
dX; = b(Xy, pe)dt + o(X)dW;, X =€, (4.2)
where pf and p; are the distributions of X7 and X; respectively. For simplicity, in the sequel, let
be(t) :=b(t/e) (¢ > 0), and by :=b.
For any z € R and t > s > 0, let (Y, (x), Y5, (x)) be the unique strong solution to the following
SDEs
AVE(2) = bo(t, YE,(@), )t + o(VE(@)AWs,  VE, (@) =
and

dYye(2) = b(Vse(2), pe)dt + 0 (Yo (2))dWe,  Yis(z) = .

s
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Set Y (z) := Y, (2) and Yi(z) := Yo(x) for all t > 0 and # € R%. Let P and P” denote the
distributions of Y*(z) and Y.(x) in C([0,T];R?) respectively. Based on the strong uniqueness of
the above SDEs, we have

/ P**Po¢ l(dz) =Po (X°)™! and P*Po¢ (da) =Po (X.)"" (4.3)
Rd ]Rd

Therefore, the estimates in Section 3.2 hold for X¢ and X, where the constants are independent
of ¢, since

sup  sup [|be (-, pu)[lgro < 00.
€20 peP(R) T

Moreover, for any ¢t € Ry and ¢ € Cy°, consider the following Kolmogorov backward equation
dsut + aij@-ajut +bo(-, ps) - Vu' =0, (4.4)
with final condition
u'(t) = ¢.
By Proposition 2.7 and 3.11, there exists a unique solution u! to (4.4), which is given by
u(s, z) = Ep(Ysu(2)).
Define (s, z) = u'(t — s,x). Then @ is the solution to
R aijaiﬁja + bo(',,ut_s) -V, g = p.
By Lemma 3.19, we have
V' ()l S (¢ = 5) "2 llello (4.5)
and

IV (51) = Vil (52)[loo S [51 = 8212770 (51 A 52) ™20 ||| oo (4.6)

Then, for any ¢ € [0, 7], by applying the generalized It6 formula (3.4) to u’(s, Y (x)), one sees that
t
Ep(Y{ (z)) - u'(0,2) = E / (b (5, Y2 @), 1) = B (Y2 (2), 1) ) - Vul (s, Y2 (@) s (47)
Noting that u'(0,x) = Ep(Y;(x)), by (4.3), we have

[Bo(XF) ~ Bp(X)] = | [ (Bol¥e () - Bpl¥i(a))Po & (da)]
e (4.8)
< sup

x

B [ (05720, 05) — 020, 0)) - V¥ )

Here is the main result of this section:

Theorem 4.1. Under the conditions (H,) and (H})-(H3?), for any T > 0, there is a constant
C = C(ko, k1,d,T, po, B) > 0 such that for alle >0 and t € [0,T],

- . 1_d h
I = llor < € juf (1755 40 (1) ). (49)

Proof. For simplicity, in the whole proof, we assume ||¢||oc = 1 and drop the superscript ¢ from
ut. First, let

B =|E / t (b5, Y2 (@), 12) = o (V2 (@), 1) ) - Vuls, Y ()|

and

)

t
= [B [ (35,5, @015 ) = 0005, ) 0): i ) - Tl (). V5, ()
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where h € (0,1). For any map f: Ry x R? x P(R?) — R? and h € (0,1), define
¢
Ua(h) = [B [ (- Fu)(s Y2 (@).) = (F - Fu)(5, V5, o ) s

U301 = [ [ ([0 2,0 0000 = 7052, 0ok )] V(5.2 0

Us u(f) = E/Ot (£ Y0 @) 15 0) - [V, Y5, (0 (@) = T (5), Y, (o (2))] ) s

Then, we have
By |Uz(6:) + UZ(bo)|
i=1
+[e | (boYE @), ) — (Y2 @), 1)) - Do, ¥ )|

It follows from (4.5), (3.25) and (H}) that
B [ (b0 2).12) = oY (@), 1n)) - Vi Vi (@)l

t
1
S [T )~ s,
0

which implies that

3 ¢ B .
B S €+ 30 (U0 + st + [ 5 (=9 ik — s, (410

i=1
Now, we divide the rest of the proof into two steps. In Step 1, we estimate U7, (be) + Uy, (bo),
i =1,2,3, one by one; In Step 2, we calculate £ under the assumption (H?).
(Step 1) We only estimate Uf (be), for U7 h(bo) we can proceed in the same way. First, we
estimate Uf ,(b). By (3.34) and ( .5), we have

U000 = | [ (B2 00 V). 18)(0) = P2 - T )|
S [ [0 s) ) A1) oo b Tl
Sn® [ (o) (m(s) 7 () s,

where o = 1/2 — d/(2py). Noting that mp(s) = s for s < h, m,(s) < s for all s € [0,T] and
1—a—d/(2py) —1/2 =0, one sees that
d

Us (be) S b~ 7.
For U3, (be), by (3.25), (4.5) and (Hy), we have

t
— 4 1
Usa(b) 5 ()5 1 i, ol (£ = ) Hls.
0

It follows from (3.35) with 6 = ﬁ that

d

t
U (b S 05 [ (mn(9) 7 (¢ = ma(s))Has S 0,
0
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since pg > d. Finally, in view of (3.25) and (4.6), because pg < oo, we have
1 [* _d 144 1_ 4
Uz p(be) S h> 2o [ (mn(s)) 2o (t —mn(s)) " 2rods S h2 2o
0

and obtain that
3

> (Ugn(b:) + Uz, (b)) S hE 25, (4.11)

i=1
(Step 2) Let M := [t/h]. Without loss of generality we may assume that M = t/h € N and
note that

£ <[E [ (006,20 0o, )) - P, Y )

M-1 (k+1)h
SR [ (bl Vi) ) — Vi) i) - Vi i ()
k=1
=&+ &9

From (3.25) and (4.5),
h — 4 1 1__d
515/ s 2o (t—s) 2ds S h2 0.
0

By (4.5) and a change of variables, one sees that

M-—1
£25 ) (t—kh)~?
k=1

M—-1
S (t—kh)”
k=1

Based on the assumptions (1.

(k+1)
L (el = (Vo). i) )

. (k+1)h/e B
e [ (bls. i) o) — DO ()i ) s
kh/e

=

) and (3.25), we have

S

&5 h Y (1) ko (2) BHOG ). a)

A
>=
TEM HM

1 h _d_
(t — B éw( )mm sh5 sup JH (-, 1) o
"

m\»—A

124N
S
A/~
o=

) (t = mn(s)) " (ma(s) " Pods Sw (h>

and obtain that
1__d h t 1
BeCXD) ~ Bl S (175 o (1)) 4 [ 70— 9)H ik = s
0

because of (4.8), (4.10) and (4.11). Finally, taking the supremum over all ¢ € Cp° with ||¢|le =1

and by Gronwall’s inequality of Volterra type (see [51, Example 2.4]), we complete the proof.
O

5. PROOF OF THEOERM 1.2 AND 1.3

In this section, we consider the process (X<, W, X) on the probability space (Q, %, (%#)i>0,P)
which satisfies the following system in R%:

t t
—e+ [ Xz + [ o(xpam,
0 0
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and

t t
X, =¢ +/ b(Xs, ps)ds —|—/ o(X,)dWy,
0 0

where W is a standard d-dimensitional Brownian Motion, pf and p: are the distributions of X7
and X, respectively and (b, b, o) satisfies the conditions (H})-(H?) and (H,) . We set

X%:= X, b.(t):=b(t/e), and by :=Db.
Proof of Theoerm 1.2. Set
B(t7 JC) = bO([Ea Ht)
and consider the following backward parabolic PDE
Owu+ a;;0;0ju — u+ B -Vu+B =0, te[0,T], u(T)=0.
Since [| Bllgu, 1y < sup I6(-, 1) |lp, < o0, by Lemma 2.5, for A large enough there is a unique solution
u in the sense of Deﬁnltlon 2.3 satisfying
1
[Vulhge < 5
and for any 2/q + d/py < 1,
200~
IV2ullp0 i, < C.
which implies that for any A > 0

T

sup E exp ()\/ V2u(t,Xf)|2dt> < 00, (5.1)

e20 0
where X0 := X because of (3.27). Moreover, by (3.41), for all s,t € [0, 7],

IVu(t) = Vu(s)lloo < |t — /274 Cr0), (5.2)
Define

Oy (z) ==z + u(t,x)

and

}/ts = q)t(XtE>, }/t = q)t(Xt)
Then @, is a C'-diffeomorphism (see Remark 3.18) for any ¢ € [0, 7] with
IVO|Lg + VO lLs < 4. (5.3)
By the generalized It formula (3.4), we have
dY; = )\u(t, Xt)dt + (O'*V(I)t)(Xt)th
and
dYy = Mu(t, X7)dt + (bo(t, X5, pg) — bo(X7, pe)) - V@ (X57)dt + (0" VOL(X7))dWs,
where o* is the transpose of o. It follows from (5.3) that for any ¢ € [0, 7],
t
X; - X SV Vi SNVl [ 1K - X Pds
0
¢ 2
+ [/ (0" V@) (X5) — (a*V@S)(XS))dWS}
2
+‘/ (5, X2, %) — bo(XE, 1)) ~V<I>S(X§)ds’ .
Set

A = / (M(V2u)(s, X.) + M(V2u)(s, X5) + [ VulLz)® ds
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+ /t (M(Vo)(Xs) + M(Vo)(X) + [|o]|)” ds
and 0
0| / (3, X2, 1) — bo (X5 1)) - Vb, (X3
Then, by (2.2), (5.1) and (H,), we have
sngexp(A%) < o0. (5.4)

We note that by (2.1)
2

t
[ | (v - <o*v<1>><Xs>>dWs}
0
t
< [ Xz - xPans 4o,
0
where M€ is a martingale. Altogether, we have
¢ t
XE =Xl 5 [ 1= s [ X - XA M o

Hence, by (5.4) and the Stochastic Gronwall inequality (see Lemma 2.8 in [49] or [42]), one sees
that for any £ € (0, 1),

4
E( sup |X; —Xt\%) < (IE[ sup nf]) .
te[0,T] t€[0,7]

Combining (5.2), (5.3) and (3.39), we have

g 2 5, p1-4 h
Bl snp 7] <8 [ (X7, ) — o2 p) s 4 g (105 p0+w()). (5.5)
o h>0 £

t€[0,T]

Taking 6 < d/po in (5.5), from (3.26) and (4.9), for any 2/q + d/po < 1, one sees that
2

T 2/q d h
= e < YN B | inf hli? -
[tes[léPT] RS (/0 i = sl S) +i1£0< T (w (5)> )
1—4 h ’
< inf (h 5o+ <w ()) )
h>0 €

and this completes the proof.

In the rest of this section, we assume that

bs(tﬂ«"aﬂ) = bs(t7x)7 bO(xnU’) = bO(‘r)

and prove Theorem 1.3. The method is the same as the one of Theorem 1.2, except for using the
elliptic equation to construct the Zvonkin’s transformation instead of the parabolic.

Proof of Theorem 1.3. Consider the following elliptic PDE

aija@'u—)\u+bo -Vu+by=0. (56)
Noting that [|bg |5, 1) S ||bHL°°(R+ iro) and by (2.9) for A large enough, we have
1
[Vl < 3

and

|||VQU\||po < Cllbollgry,  Vpo>d
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It follows by (3.27) that for any A >0
T

sup E exp <)\/ |V2u(Xf)2dt> < 00. (5.7)

€20 0
Define

O(x) :=x + u(x)
and
YE = B(XE), Y, = B(X,).
Then ® is a C!-diffeomorphism. Again by the generalized It6 formula (3.4), we have
and
dYF = Au(X7)dt + (be(t, X7) — bo(XS)) - VO(X;)dt + (0*V®)(X])dW,.

Then, we have
t
XE = X0 S 1N - X5+ o
where (M§)i>0 is a martingale,

Aty /0 (M(V2u)(X,) + M(V2u)(X5) + [|o]lc) ds

t
+ [ (MT0)(X) + MTo) XD + [F])? ds
0
and
¢ - 2
7 = ‘/O (bls /=, X5) ~ B(XE) - T (X5)ds]
Then, in view of (2.2) and (5.7), we have
sup Eexp(A7) < oo,

which implies that for any ¢ € (0, 1),

E( sup |[X;—X,*) < (E sup nf)"
te[0,T] te[0,T7]

because of the Stochastic Gronwall inequality and we complete the proof by (3.39) with o =1. O

Acknowledgments. The first author would like to acknowledge the warm hospitality of Bielefeld
University. And we would also like to thank Dr. Chengcheng Ling for many useful discussions.
APPENDIX A.

In this appendix, we prove the claim (1.15) in Example 1.7. To this end, we need the following
lemma.

Lemma A.1. Let
h(t) ::/RB(sin(gt))u(dﬁ).

and
27

hom (% B(sin(&r)dr )w(R\ {0}) + BO)w({0}),
0
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where B : [—1,1] is measurable and v is a finite measure on R. Assume that there is a constant
Cp > 0 such that

|B(u)| < Cp, Yue[-1,1].
Then, for any t, T € R,

t+T Tl B v
‘%/t (hs) = h)ds ’\ = /]R\{O} (Ef).

Proof of Lemma A.1. If fR\{O} V(Idl) = 00, this is trivial. So, we assume that fR\{O} V‘ P < oo

First, one sees that

t+T
1 / (h(s) — R)ds

t+T t+27r
/ / (sin(¢s))v(d€)ds — —/ B(sin(7))v(R\ {0})dr
R\{0}

/R\{o} [T/t B(sin(¢s))ds — ;ﬂ/jﬂﬁ B(sin(7))d ] ()|,

by Fubini’s theorem. From a change of variable, we have

1 (t+T)£ 1 t+27
— Bsinsdsf—/ B(sinT)dr|v(d€)|,
/R\{o} {T|§| /t.f (sin.s) 2 Jy (sin7) ] (d€)

where f; = — fba if a > b. Set

I =

27 t+27
G:= B(sins)ds = / B(sins)ds, ¥VteR.
0 t

Then, noting that s — sin s has a period 27, we have

(t+T)¢ T|¢| TE+tE
/ B(sins)ds = [ }G + / B(sin s)ds
te 2 sgn(e)[ 5l |2n+te

{Tlﬁl}(HH ©
where sgn(€) := ¢/|¢|, which implies that

- /R\{O} [T|1£| ({TK'}G +H(E)) - %G}V(dﬁ)

</R\{O}’T§| [Tlfq 2177 (dﬁ)G+/R\{O} T|1£‘ (E)v(de).

We note that

[3
[T ‘] 217r T\§|‘

[Tlﬁl} T\il 1

‘T|§| TI&I

and
27
GV H (&) </ |B(sin s)|ds < 2nCp.
0

Therefore, we have

< AnCs / V(de)
T Jrgoy €

and complete the proof.
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Now we can give the

Proof of (1.15). Since (H}) holds for b obviously, it suffice to show that (H?) holds. We note that
in Example 1.7

because of (1.14), which implies that

P, [ deautan) | < Lo+ [ [6Galatan).

Hence, by Lemma A.1, we see that

1 [T _ 4L d
F e ~ s < 5 [ . ) b, ),

€]

where H(z, 1) = 1+ [5a [¢(x,y)|u(dy). It is easy to see that

sup | H (-, p)llpo < 11l + /Rd (s 9)llpore(dy) < 1+ sup o, y)llp,-
7 )

This completes the proof. O
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