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MULTI-BUBBLE BOURGAIN-WANG SOLUTIONS TO
NONLINEAR SCHRODINGER EQUATIONS

MICHAEL ROCKNER, YIMING SU, AND DENG ZHANG

ABSTRACT. We study a general class of focusing L?-critical nonlinear Schré-
dinger equations with lower order perturbations, in the possible absence of the
pseudo-conformal symmetry and the conservation law of energy. In dimen-
sions one and two, we construct multi-bubble Bourgain-Wang type blow-up
solutions, which behave like a sum of pseudo-conformal blow-up solutions that
concentrate at K distinct singularities, 1 < K < oo, and a regular profile.
Moreover, we obtain the uniqueness in the energy class where the convergence
rate is within the order (T — t)**, for ¢ close to the blow-up time T. These
results in particular apply to the canonical nonlinear Schrédinger equations
and, through the pseudo-conformal transform, yield the existence and con-
ditional uniqueness of non-pure multi-solitons, which behave asymptotically
as a sum of multi-solitons and a dispersive part. Thus, the results provide
new examples of the mass quantization conjecture and the soliton resolution
conjecture. Furthermore, through a Doss-Sussman type transform, we obtain
multi-bubble Bourgain-Wang solutions for stochastic nonlinear Schrodinger
equations, where the driving noise is taken in the sense of controlled rough
path.

1. INTRODUCTION AND MAIN RESULTS

1.1. Introduction. We consider a general class of focusing L?-critical nonlinear
Schrodinger equations with lower order perturbations

(1.1) i(?tv—I—Av—i-al~Vv+aov+|v|%v:0

on R%, where d = 1,2, the coefficients of lower order perturbations are of form

N
(1.2) ay(t,x) =20y Véi(x)h(t),
=1

d N

N
(1.3) ao(t,x) = = (O diti(@)u(t))* +i Y Agu(x)hu(t),
=1

j=1 i=1

and ¢; € C°(RLR), hy € C(RT;R), 1 <1< N.
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Equation (L)) is mainly motivated by the following two canonical models:

e Nonlinear Schrédinger equations. For (1) without lower order pertur-
bations we have the nonlinear Schrédinger equation (NLS for short), i.e.,

(1.4) i@tv—l—Av—|—|v|%U:0.

NLS is a canonical equation of major importance in continuum mechanics, plasma
physics and optics [32]. In particular, for the cubic nonlinearity in the critical
dimension two, the phenomenon of mass concentration near collapse gives a rig-
orous basis to the physical concept of “strong collapse” [66]. For more physical
interpretations we refer to [32,[37,66].

e Stochastic nonlinear Schrédinger equations. Another important model
relating to (ILI)) is the stochastic nonlinear Schrodinger equation (SNLS for short)

(1.5) idX + AXdt + | X|1Xdt = —ipXdt +iXdW(t),

where W is a Wiener process of form

N
Wi(t,z) =Y ig()Bi(t), z€R% t>0,
=1

{¢n} C C° (R, R), {B;} are standard N-dimensional real valued Brownian motions
on a normal stochastic basis (Q,.%,{#},P), and p = %Zfil #?. The last term
XdW(t) in (L) is taken in the sense of controlled rough path (see Definition
[[]). The key relationship is that, through the Doss-Sussman type transformation
v = e WX, v satisfies equation (II)) with the functions {h;} being exactly the
Brownian motions {B;}.

The physical significance of SNLS is well known. One significant model arises
from molecular aggregates with thermal fluctuations, where the multiplicative noise
corresponds to scattering of exciton by phonons, due to thermal vibrations of the
molecules. In particular, for the cubic nonlinearity in dimension two, the noise
effect on the coherence of the ground state solitary solution was studied in [I}2].
The case of quintic nonlinearity in the critical one dimensional case was studied in
[62]. We also refer to [7] for applications to open quantum systems.

It is known that equation (L)) is locally well-posed in the space H!, see, e.g.,
[13] for the NLS, and [4l[11L23] for the SNLS.

The long time behavior of solutions is, however, more delicate. An important
role here is played by the ground state, which is a positive radial solution to the
elliptic equation

(1.6) AQ—Q+ Qi =0.

It is known that (see [I3, Theorem 8.1.1]) @ is smooth and decays at infinity
exponentially fast, i.e., there exist C,d > 0 such that for any multi-index |v| < 3,
(1.7) 10vQ(2)| < Ce0l*l 2 e RY

More importantly, the mass of the ground state is the threshold of global well-
posedness and blow-up. As a matter of fact, in the NLS case, solutions with subcrit-
ical mass (i.e., ||v||rz < ||@||z2) exist globally and even scatter at infinity [28/[68]. In
contrast to that, in the critical mass regime, two important dynamics are exhibited:
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the nondispersive solitary wave
a . r—ct

(1.8) W(t,x) == w=2Q(

)ei(%c-x—i|c\2t+w72t+19)
)

and the pseudo-conformal blow-up solutions

g ow—x* | _ile—s*]?

(19 Srlta) = @@ =) FQ et T ey

b

where w > 0, ¢,z* € R? and ¥ € R. Both dynamics are closely related to each
other in the pseudo-conformal space ¥ := {u € H' : zu € L?}, through the pseudo-
conformal transform

(1.10)
1 1 T

ST(ta {E) - CT(W)(t’x) T (T _ t)% W(T T —¢
Note that St blows up at time T, and x* is the singularity corresponding to the
velocity ¢ of W. A remarkable result in the seminal paper by Merle [51] is that the
pseudo-conformal blow-up solution is the unique critical mass blow-up solution to
L2-critical NLS, up to symmetries of the equation.

In the small supercritical mass regime, two different kinds of blow-up solutions to
NLS are exhibited. The first one is the Bourgain-Wang solution behaving asymp-
totically as a sum of a singular profile St and a regular profile z, i.e.,

(1.11) v(t) = St(t) — 2(t) = 0, ast —T.

| 2

=17
e 'TT-B . t £ T, ¥ =c.

Note that v blows up at time T with the pseudo-conformal speed
[Vo(t)llgz ~ (T =)~

This kind of solutions was first constructed in the pioneering work by Bourgain
and Wang [10] in dimensions d = 1,2. It was then extended by Krieger and Schlag
[43] to prove the existence of a large set of initial data close to the ground state
resulting in pseudo-conformal speed blow-up solutions in dimension d = 1, this set is
an almost codimension one stable manifold in the measurable category. Moreover,
the instability of such solutions was proved in the work by Merle, Raphaél and
Szeftel [57], which shows that Bourgain-Wang solutions lie on the boundary of two
H' open sets of global scattering solutions and loglog blow-up solutions. We also
would like to refer to [42[63] for the stable manifolds for the supercritical NLS, and
8] for the center-stable manifold for the H 2-critical cubic NLS in dimension three.
The other kind of blow-up solutions is of the loglog blow-up rate

Vo) r2 ~ (T — t) log| log(T — t)])*.

Unlike Bourgain-Wang solutions, these solutions are stable under H' perturbations.
In this respect, we refer to the pioneering work by Perelman [60] and a series of
works of Merle and Raphaél [52H541[56].

In the even larger mass regime, the construction of multi-bubble blow-up solu-
tions was initiated by Merle [50], which behave like a sum of K pseudo-conformal
blow-up solutions, 1 < K < oco. Through the pseudo-conformal transform, this
also yields the existence of multi-solitons [50]. Multi-bubble blow-up solutions with
loglog speed have been constructed by Fan [33].

The complete characterization of the formation of singularity is still unclear
for general blow-up solutions to L2-critical NLS. In [9], Bourgain raised an open
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problem on the quantization property of blow-up solutions, namely, whether the
concentration of mass is of the form k||Q||%., k € Z,. See also [10]. Merle and
Raphaél [55] formulated precisely the mass quantization conjecture. It is expected
that blow-up solutions can be decomposed into a singular part and an L? residual,
and the singular part expands asymptotically as multiple bubbles, each of which
concentrates the mass no less than ||Q||%. at the blow-up point.

Moreover, according to the famous soliton resolution conjecture, global solutions
to a nonlinear dispersive equation are expected to decompose at large time as a
sum of solitons plus a scattering remainder. Important progress has been made for
the energy critical wave equations. We refer to [I9/29H31] and references therein.

The soliton resolution conjecture is still open for the NLS, except for the in-
tegrable one dimensional case. A series of (pure) multi-solitons (i.e., solutions
behaving as a sum of solitons without dispersive part) has been constructed for the
NLS, see e.g. [18120,2T]44.45,47,50]. We also refer to [41] for the construction of
two soliton solutions for the subcritical Hartree equation. For the gKdV equations,
we refer to [I51H0] for the existence and classification of multi-solitons, and [1617]
for the construction of solutions behaving as a sum of solitons and of a linear term.

Hence, a natural question to ask is whether non-pure multi-solitons (including a
dispersive part) can be constructed for the NLS, which, to the best of our knowledge,
seems not to have been done in literature. See, e.g., the recent lecture notes of
Cazenave [14].

The two conjectured long time dynamics are indeed the main motivations of the
present work.

Furthermore, in the stochastic case, a remarkable result proved by de Bouard and
Debussche [221[24] is that stochastic solutions can blow up at any short time with
positive probability in the L2-supercritical case. Several numerical experiments
have been also made to investigate the dynamics of stochastic blow-up solutions,
see, e.g., [25H27,[58.59].

One major challenge in the stochastic case is that, in contrast to NLS, the
classical pseudo-conformal symmetry is lost due to the input of noise. Moreover,
the energy of solutions is no longer conserved, which makes it more difficult to
understand the global behavior in the stochastic L2-supercritical case, see [58,59]
for the numerical tracking of energy.

Recently, the quantitative construction of critical mass stochastic blow-up so-
lutions to (LH) is obtained in [64], the proof there relies mainly on the modula-
tion method developed in the work by Raphaél and Szeftel [61I] and also on the
rescaling approach in [4H6,[38,[70,[7T]. This also yields the threshold of the mass
of the ground state for the global well-posedness and blow-up in the stochastic
case. Later, stochastic blow-up solutions with loglog speed have been constructed
in [34]. Furthermore, multi-bubble blow-up solutions to (L), behaving as a sum of
pseudo-conformal blow-up solutions, were constructed and proved to be unique if
the asymptotic behavior is of the order (T — t)3* [65]. The conditional uniqueness
result has been further used in the very recent work [12] to enlarge the energy class
for the uniqueness of both multi-bubble solutions and multi-solitons, particularly
in the low asymptotical regime with the orders O(T —t)°* and s~2~, respectively,
where t is close to T and s is large.
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In the present work, we study the Bourgain-Wang type solutions, concentrating
at multiple points, in the large mass regime for both equations () and (H) in a
uniform manner.

More precisely, in both dimensions one and two, we construct multi-bubble
Bourgain-Wang solutions to (1), which behave asymptotically as a sum of pseudo-
conformal blow-up solutions and a regular profile, i.e., for ¢ close to T,

(1.12) [lo(t) ZSk Ol + (T — )| Vo(t) VZSk 2(t) 2

<CO(T — )25 Y),

where z is the regular profile propagating along the flow generated by equation (1))
with z(T') = z*, {Sk} are the pseudo-conformal blow-up solutions as in ([9) with
distinct singularities, and the exponent x (> 3) is closely related to the flatness at
singularities of both the spatial functions {¢;} and the residue z*. Moreover, we
prove that the multi-bubble Bourgain-Wang solutions are unique if their asymptot-
ical behavior is within the order (T — ¢)**.

This provides new examples of the conjectured mass quantization phenomena
for both the L2-critical NLS and SNLS. Furthermore, in the NLS case, through the
pseudo-conformal transform, the existence and conditional uniqueness of non-pure
multi-solutions are also obtained, which behave asymptotically as a sum of soli-
tons with distinct velocities plus a dispersive part. To the best of our knowledge,
this provides the first examples of non-pure multi-solitons to the L2-critical NLS,
predicted by the soliton resolution conjecture. Let us also mention that the unique-
ness holds in the energy class of solutions with decay rate t—°~, where t is large
enough, which is larger than the class of exponential convergence in which (pure)
multi-solitons naturally lie.

Notations. For any x = (x1,---,24) € R? and any multi-index v = (vy,--- ,vq),
let [v] = 27— vy, (2) = (1+[a)1/2, 09 = 031 -+ 942, and (V) = (I — A)V/2,

We use the standard Sobolev spaces H*P(R%), s € R,1 < p < co. In particular,
LP := H%P(R?) is the space of p- integrable (complex Valued) functions, L? denotes
the Hilbert space with the inner product (v, w) f]Rd x)dx, and H® := H%?2.
Let ¥ denote the pseudo-conformal space, i.e., ¥ := {u E H1 zu € L?}. The local
smoothing space is defined by L*(I; Hg) = {u E S [ [ (@) Qﬁ\( You(t, )| dedt <
oo}, a, B € R. Let C2° be the space of all compactly supported smooth functions on
R?. We also use the notation § = % g for any C* function g on R. For any Holder
continuous function g € C*(I), a > 0, I C R, let dgs := g(t) — g(s), s,t € I,
and [|glla,1 = SUp; s st ‘Lgaﬁl Ast — T ort — oo, f(t) = O(g(t)) means that
|f(t)/g(t)] stays bounded, and f(t) = o(g(t)) means that |f(t)/g(t)| converges to
zero. Throughout this paper, the positive constants C' and § may change from line
to line.

1.2. Formulation of main results. Let K € NT and {x;}/ | denote distinct
points in R%.  We assume that the spatial functions {¢;} in the noise and the
residue z* satisfy the following hypotheses:

(H1) Asymptotical flatness: For any multi-index v # 0 and 1 <1 < N,

(1.13) Jim (@202 0u(w)] = 0.
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Flatness at singularities: Let v, € NT. For every 1 < [ < N and multi-
index |v] < vy,
(1.14) Ovi(x) =0, 1<I<N, 1<k<K.
(H2) Smallness: Let a* be a positive (small) constant, m € NT. Let 2* satisfy
(1.15) |27 || ram+2+a < @,
(1.16) I} 2"
Flatness at singularities: For any multi-index |v| < 2m,

(1.17) 9z (xr) =0, 1<k<K.

H! S a®.

Remark 1.1. On one hand, the asymptotical flatness condition ([I3]) ensures the
Strichartz and local smoothing estimates for the Laplacian with lower order per-
turbations, which guarantees the local solvability of equation (1), see [4,49,[70].
On the other hand, the flatness at singularities (LI4]) and (LI7) permits us to
construct blow-up solutions, which reflect the local nature of the singularities.

Let us also mention that the presence of noise destroys the energy conservation
law. In order to control the variation of energy, it seems necessary to introduce the
flatness of noise. Heuristically, since the asymptotical blow-up profiles are of NLS
type, it seems natural to have suitable flatness of noise near singularities.

The main result of this paper is formulated in Theorem

Theorem 1.2. Consider equation (1) with d = 1,2. Let K € NT, T € Ry,
{9k, C R. Assume that {¢;}Y, and 2* satisfy Hypotheses (H1) and (H2),
respectively, with v, > 5, m > 3 ifd =2 and m > 4 if d = 1. Then, for any
distinct points {x;} 5. C R4, w > 0 (resp. any {wp} |, C Rsy), there exists
e* > 0 small enough such that for any o*,¢ € (0,&*) and for any {wi} , C Rsg
with lwy —w| < e, 1 <k < K (resp. any {xk}szl C R? with |z — x| > et
j # k), the following hold:

(i) Emistence. There exists a solution v to ([(II]) satisfying that for t close to T,

(1.18) o (t) Zsk (Dlz2 < O(T — )27,
K 1
(1.19) lo(t) = S ®)s <O —1)20%,
k=1
where K := (m — 1) A(ve —2), C >0, {Sk} are the pseudo-conformal blow-up
solutions
- S T GO S
1.20 Si(t,x) = (wi(T — 1)) 2 Q(——F ) * TR
(1.20) k(t,z) = (wi(T' =) 2Q(wk(T—t)) ,
and z is the unique solution of the equation
10z + Az + a1 -Vz+agz + |z\%z =0,
(1.21)
2(T) = 2%,

where the coefficients ay,ag are given by (L2) and ([L3), respectively.
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(ii) Conditional uniqueness. Assume in addition that m > 10,v, > 12. Then,
for any small ¢ > 0, there exists a unique solution v to (1) satisfying that for t
close to T,

=

(1.22) o) = > Sk(t) — z(t)| 2 + (T = )| Vo(t) stk 2(t)| L2

k=1
< C(T —t)**¢.

Remark 1.3.

(i) Theorem mainly treats two cases of singularities {x;} and frequencies

{ws}:

Case (I). {z}_, are arbitrary distinct points in RY, and {wy, }_,(C Rs) satisfy
that for some w > 0, |wy — w| < ¢ for every 1 < k < K.

Case (II). {wy}E_, are arbitrary points in Rsq, and {z;}5_,(C R?) satisfy that
|z; — k] >elforany 1 <j#k<K.

Both Cases and correspond to the multi-bubble nature. Roughly speak-
ing, Cases and mean certain decoupling between the profiles. In particular,
Case|(I)| allows the arbitrariness of singularities when the frequencies are the same.
In the special single bubble case, both the singularity and the frequency can be arbi-
trary. Unlike in Case the arbitrariness of singularities in Case is mainly due
to the conservation law of mass, which gives a rapid exponential decay of the sum
of the localized masses. Case is technically a bit easier since the singularities
are far away from each other.

(ii) The decay order in (LI8)) and (I9) is closely related to the flatness of {¢;}
and z* at the singularities. For x > 4, the asymptotics hold in the more regular
H3 space.

(iii) It is important that the regular profile z propagates along the flow generated
by equation (II)). This fact permits us to control the localized mass and energy,
particularly in the absence of the conservation law of energy, and to gain one more
smallness of the remainder to fulfill the bootstrap arguments in the construction.
This is different from the pure multi-bubble case in [65] and the NLS case in [57].
See also Theorem B.Il Lemma B.2] and Remark B3] for more details. The solvability
of equation (L2I)) can be guaranteed by the smallness of z* in the Sobolev space
and the Strichartz and local smoothing estimates for the Laplacian with lower order
perturbations (see, e.g., [B4[49,[70)).

(iv) The conditional uniqueness reflects certain rigidity of the flow around multi-
bubble pseudo-conformal blow-up solutions and the regular profile. It was first
proved by Merle, Raphaél and Szeftel [57] in the single bubble case (i.e., K = 1)
to ensure the continuity of the one-parameter curve in the instability result [57].
See also 0] for Chern-Simons-Schrédinger equations and [65] for the SNLS case.
It would be very interesting to prove the uniqueness in the low asymptotic regime,
e.g. (T —t)°F, as in the very recent work [I2]. The main challenge here lies in the
linear terms of the remainder in the control of localized mass and energy, which
destroy the upgradation procedure in [12].

The main applications to the NLS and SNLS cases are presented below.
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Application 1: The NLS case. One main outcome of Theorem [[2]is the follow-
ing theorem concerning multi-bubble Bourgain-Wang solutions to L?-critical NLS.

Theorem 1.4 (Multi-bubble Bourgain-Wang solutions to NLS). Consider equation
@C4) with d = 1,2. Let K € Nt, T € Rsg, {9x}<, C R. Assume that z* €
H?m+24d satisfying Hypothesis (H2) with m >3 ifd =2 and m > 4 if d = 1.
Then, for any distinct points {xx }H< | CRY w >0 (resp. any {wi} | CR+p),
there exists €* > 0 small enough such that for any o*,e € (0,e*) and for any
{fwid, C Rog with |wy, —w| < e, 1 <k < K (resp. any {zx}, C R? with
|z — x| > e, j#k), there exists a solution v to (L) satisfying the asymptotics

[TI8) and (1Y), where the regular profile z is the unique solution of equation
(1.23) i8t2+Az—|—|z|%z:O,
. 2(T) = 2*.

Moreover, if in addition m > 10, then for any arbitrarily small ¢ > 0, there exists
a unique solution to (L4) satisfying the asymptotic (L22).

Remark 1.5. Theorem [L.4] provides new examples for the conjectured mass quan-
tization in [9l[55]. Actually, by virtue of the asymptotical behavior (LI8]), we have
that for t — T,

C=

K
2N NIQIR G, + 127F and w(t) =" in L*(R? -
k=1 k

B(‘Tk?? R))

for any R > 0. Hence, the solutions concentrate the mass ||Q||3. at each singularity
and the remaining part converges to a regular residue z*.

The next result is concerned with the non-pure multi-solitons to L2-critical NLS,
thanks to the pseudo-conformal transform which connects blow-up solutions and
solitons.

Theorem 1.6 (Non-pure multi-solitons to NLS). Consider equation ([[4) with
d=1,2. Let K € N*, {9;}5 | C R. Assume that z* € H*™+ 2% satisfying
Hypothesis (H2) with m > 6.

Then, for any distinct speeds {c}5_; C R, w >0 (resp. any {wi}, CRsp),
there exists €* > 0 small enough such that for any o*,e € (0,&*) and for any
{wi | € Rog with lwy —w| < e, 1 <k < K (resp. any {cx}5_, C R? with
lcj —cr| > e71, j# k), the following hold:

(i) Emistence. There exists a solution u to (L4 satisfying
(1.24) [lu(t) Z Wi (t s < Ct=3"t3, for t large enough,

where kK = m + 5 —1, C >0, {Wi} are the solitary waves to [(LA) of form

(1.25) Wit z) = wy ? Q(E—2 Ol ilhenw—Ylen Ptrup *t0y)

Wi
and z corresponds to the regular part z through the inverse of the pseudo-conformal
transform:

ilel?
e,

(1.26) Z(t,x) = Cpla(t,a) =t~ 2 2(T — %

+ &
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(ii) Conditional uniqueness. If in addition m > 16, then for any arbitrarily
small ¢ > 0, there exists a unique non-pure multi-soliton u to (L) satisfying

(1.27) [|ee(t) ZWk (t)||s < Ct=>=¢, for t large enough.

Remark 1.7.

(i) It is known [28] that in the subcritical mass regime ||z*||L2 < ||Q| L2, the so-

lution 2 to ([L.Z3) scatters both forward and backward in time, i.e., ||z[| 2,4 (Exmd) <

0o. Since the pseudo-conformal transform leaves the L2-critical NLS and the
L2+3 (R x R%)-norm invariant, 2 also scatters both forward and backward in time
with small data ||z*|| 2 < a* << 1. Hence, in view of the asymptotics ([24]), the
constructed solution behaves as a sum of solitons plus a dispersive part. In partic-
ular, Theorem provides new examples of non-pure multi-solitons to L2-critical
NLS, predicted by the soliton resolution conjecture.

(i) It would be interesting to see that the uniqueness of non-pure multi-solitons
holds in the energy class of solutions with decay rate ¢t=>~, which is much larger
than the class of exponential convergence in which multi-solitons naturally lie (see,

g., [441[45]). We also refer to [121[18] for this kind of uniqueness in the case of pure
multi-solitons to the L?-critical NLS. It remains still open to prove the uniqueness
or classification of even pure multi-solitons for the NLS, as done for the gKdV
equations in [I5|46].

(iii) The relationship between the exponent m and the decay orders in Theorems
[L4l and can be seen from the following estimates: for v = CTu

lu@®)]ls < CHlo(T - %)Ilz, lv@®lls < 77— el =

Application 2: The SNLS case. Another important outcome of Theorem [[.2]is
in stochastic case. Let us present the precise definition of solutions to equation (LT)
in the controlled rough path sense. For more details of the theory of (controlled)
rough paths, we refer the interested readers to the monograph [35] and [36].

Definition 1.8. We say that X is a solution to (LX) on [0, 7*), where 7* € (0, 0o]
is a random variable, if P-a.s. for any ¢ € C°, t — (X(t),y) is continuous on
[0,7*) and for any 0 < s <t < 7%

(X(t) — X(5), ) / (iX, Ag) + (i1 X|1 X, ) — (uX, p)dr

N .t
= Z/ (i¢rX, @) dBy(r).
k=1v%
Here, the integral f;(icﬁkX, ©)dBy(r) is taken in the sense of controlled rough paths
with respect to the rough paths (B,B), where B = (Bjx), Bk ot 1= fst 0B srdBy(r)
with the integration taken in the sense of It6 and dB; s = B;(t) — Bj(s). That is,
(ignX, ) € C%([s,1]),
N
(1.28) S((ix X, )5t = = Y (306X (), 0)0Bjst + 6 Rpcst,
j=1

and [[(¢j0x X, @) [la,1s,) < 00, || Rill2a,[s,4) < 00, where 1/3 < a < 1/2.
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The important fact is that, via the Doss-Sussman type transform v = e=" X, the
H! solvability of equations (ILI]) and (3] is equivalent, see Theorem 2.10 in [64].
Thus, by virtue of Theorem [[2, we obtain the following result for the L2-critical
SNLS.

Theorem 1.9 (Multi-bubble Bourgain-Wang solutions to SNLS). Consider (L)
with d = 1,2. Let K € N, {9, }X | C R. Assume that {¢;}1L, and z* satisfy
Hypotheses (H1) and (H2), respectively, with v. >5, m >3 ifd =2 and m > 4 if
d=1.

Then, for P-a.e w € Q and for any distinct points {xx}_ | C R w > 0 (resp.
any {wi }H< | CRyg), there exists *(w) > 0 small enough such that for any o*, e €
(0,e*) and any {wi }5X | C Ryg with |wy—w| <e, 1 < k < K (resp. any {x}< | C
Re with |z, — x| > e, j # k), the following holds:

There exists T*(w) small enough such that for any T € (0,7*(w)), there exists a
solution X to (LAl satisfying for t close to T,

(1.29) le™W () Zsk (t)]|z2 < O(T — )51,

(1.30) [|e= W (b ZSk )|l < C(T — )23,

where Kk = (m + 5 — 1A (v —2), C >0, {Si} are the pseudo-conformal blow-up
solutions as in (L20)), and z solves equation (L2I]).

Moreover, if in addition m > 10 and v, > 12, then for any arbitrarily small
¢ > 0 there exists a unique solution X to (LX) such that

(1.31) [le "Wt X (¢, w) ZSk (t)||s < C(T —t)**¢, fort close to T.

Remark 1.10. The blow-up time T' € (0,7*) is chosen to be sufficiently small in
Theorem [[.9] because the Brownian motions start moving at time zero.

Sketch of proof. The strategy of proof relies mainly on the modulation method
developed in the works [57,61] and on the multi-bubble analysis in [12L[50165].

The modulation method in [61] is very robust to handle the critical mass blow-
up even in the absence of pseudo-conformal symmetry. It in particular enables us
to treat equation (LI with lower order perturbations (or the stochastic equation
([T3H)). Moreover, as exhibited in [57], it also permits us to construct Bourgain-Wang
solutions as the limit of both the scattering and loglog blow-up solutions, rather
than by the fixed point arguments in [I0]. This inspires us to construct multi-
bubble Bourgain-Wang solutions by using compactness arguments in the modula-
tion framework, involving the backward integration from the singularity.

More precisely, we first decompose the approximating solution into three profiles

(1.32) v(t,z) =U(t,x) + 2(t,z) + R(t, x),

where U, z, R are the blow-up profile, the regular profile and the remainder, respec-
tively, which satisfy suitable orthogonality conditions corresponding to the gener-
alized null space of the linearized operators around the ground state. See Theorem
211 for the detailed statements.
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Then, the localization analysis in [12/[65] and flatness conditions permit us to
reduce the analysis to an almost critical mass regime, in which more dynamical tools
developed by [61] can be employed. One crucial ingredient here is the monotone
functional particularly constructed in the multi-bubble case, which enables us to
derive a uniform backwards control of the remainder. Hence, the desired blow-up
solutions can be constructed by using compactness arguments as in [61,[65].

Let us mention that different new types of interactions emerge in the present
non-pure multi-bubble case, which are different from the single bubble case [61]
and the pure case [65]. The subtlety can be seen as follows:

(i) Interactions between different blow-up profiles U; and Uy, j # k. This kind

of interaction is of exponentially small order (i.e., e~ T ), due to the rapid
decay of the ground state and the distinction of singularities. It was treated
in the pioneering work by Merle [50] to the L2-critical NLS. See also [65]
for the recent treatments in the stochastic case.

(ii) Interactions between different localized remainders R; and Ry, j # k. Un-
like the single bubble case in [61], this kind of interactions arises especially
in the multi-bubble case. The remainders are of low polynomial type de-
cay orders, due to the little knowledge about remainders in the geometrical
decomposition. Control of these interactions requires the construction of a
new generalized energy functional in [65]. Extra cancellations and decays
have to be explored from the related localization and cut-off functions, e.g.,
to derive the monotonicity of the generalized energy and the coercivity of
energy [65].

(iii) Interactions between the blow-up profile U and the remainder R. The
typical interaction of this kind is the localized mass M}, defined in BI)). It
creates no difficulty in the single bubble case [61], as it is of second order
O(||R||3-) thanks to the conservation law of mass. However, in the multi-
bubble case, this property fails for each localized mass. Thus more delicate
analysis has to be performed to gain enough temporal regularity [12,[65].

(iv) Interactions between the remainder R and the regular profile z. This kind
of interactions appears in the non-pure case, which does not emerge in the
pure case [65]. It is acceptable in the construction procedure, as it is at
least of the order O(||R||2), which suffices for the bootstrap arguments.

(v) Interactions between the blow-up profile U and the regular profile z. These
interactions emerge also in the non-pure case, not in the previous pure
case [69]. They are treated by using the flatness condition (CIT7). It is
not difficult in the NLS case, as one may use Taylor’s expansion and dif-
ferentiate equation (L4]) enough times to get high temporal and spatial
regularity [10,/57]. However, this argument is not applicable in the SNLS
case, since the coefficients a1, ag contain the rough paths of Brownian mo-

tions of merely temporal regularity C’t%_. The key observation here is that,
when interacting with the blow-up profile U, the spatial size |x — x| is
comparable to the temporal size T' — t. This comparability between space
and time permits us to gain high temporal regularity from the spatial reg-
ularity of the residue z*, and leads to an inductive expansion of solutions
for which the continuity of coefficients suffices.

Another major difficulty is the failure of the conservation law of energy for the
solutions to (). Actually, unlike in the radial case in [57], two new modulation
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parameters oy and 5 need to be introduced in the multi-bubble case, due to the
distinct singularities and the non-radialness of solutions. The control of these new
parameters requires certain coercivity type control of energy, which however is no
longer conserved. It might be tempting to use the variation control of energy as in
[64,[65]. However, in the Bourgain-Wang regime under consideration, extra terms
such as ||z|]|g: appear in the evolution formula of energy, which, unfortunately,
give no temporal regularity and thus are far from sufficient to close the bootstrap
arguments in the construction.

Unlike in [6465], the key point here is that the temporal regularity can be gained
after subtracting the energy evolutions of the solutions and the regular profile. This
leads us to introduce the evolution equation (LZI]) for the regular profile, rather
than the usual NLS. Similar structural consideration will also be used in the controls
of localized mass and of the remainder in the pseudo-conformal space.

The remainder of this paper is organized as follows. Section 2l contains the
geometrical decomposition and preliminary modulation estimates. Section [J is
devoted to the controls of the localized mass, energy, and to the curial monotonicity
of the generalized energy. Then, in Section ] we mainly construct the multi-bubble
Bourgain-Wang solutions to (LIJ). The conditional uniqueness result in Theorem
is then proved in Section At last, some technical estimates are proved in
Appendix for the convenience of the readers.

2. GEOMETRICAL DECOMPOSITION

2.1. Geometrical decomposition. For each 1 < k < K, define the modulation
parameters by P = (A, ar, B, Ve, 0k) € Y := R x RY x RY x R x R, where
Mo, Vi, O € R, ag, B € RE. Set P := (P1,--+,PK) € YX. Given any K distinct
blow-up points {x}, set Py := |Ag| + |ax — x| + 18] + ||, 1 < k < K, and
P:= Zle Py. Let S(t,x) = Zszl Sk (t,x), where {Si} are given by ([20)).

Theorem 2.1 (Geometrical decomposition). Given T € Rsq. Assume that v €
C([t, T.]; HY) solves (LX) and v(T,) = S(T.) + 2(T%), where T, < T. Then, for o
sufficiently small and for T, close to T, there exist t* < T, and unique modulation
parameters P € CY((t*, T.); YE), such that u admits the geometrical decomposition

(2.1) v(t,x) = U(t,x) + 2(t,z) + R(t,x), te[t*,T.], 2 € RY,

where the main blow-up profile U(t,x) = 22{:1 Ui (t, z), with

(2.2)

— Oék(t)

Un(ts) = Me(t)EQu(t, 5200, Qulty) = Qu)e Pr(O i),

the regular profile z solves equation ([L21)), R(T.) = 0, and the modulation param-
eters satisfy

(2.3)
Pr(Te) = (wi(T — To.), o, 0, wi(T — T.),w 2(T = T) "t +9;), 1<k <K.
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Moreover, for each 1 < k < K, the following orthogonality conditions hold on
[t*, Ti]:
(2.4)

Re/(a: — a)Up(t)R(t)dz = 0, Re/ |z — o |*Up (t)R(t)dx = 0,

Im/VU;C t)dx =0, Im/A;@U;C R(t)dx =0, Im/g;C =0,
where Ay = 415+ (x — ay) - V, p is given by €2). and
(2.5)

x — ayg(t)
Ak(t)

Remark 2.2. Let us mention that the modulation in ([22)) is based on the ground
state @ rather than a modulated one Pp in [61]. The latter permits us to treat a
sharp flatness condition of an inhomogeneous nonlinearity. In the present case, due
to the absence of the energy conservation law caused by noise, it seems necessary
to introduce the flatness of noise (LI4)) with v, > 4, by which the original profile Q
is sufficient to carry out bootstrap arguments. It would be very interesting to lower
the flatness order (say, to a sharp order as in [61]) by using modulated profiles.

ou () = A1) * pi(t, Ve D with py(t,y) == ply) (PO v wOWE),

Theorem 2.1]is mainly based on the implicit function theorem. The single bubble
case is proved in [6I], while the multi-bubble case with z* = 0 is proved in [65].
Since the smallness condition of z still keeps the non-degeneracy of the determinant
of Jacobian matrix, the arguments in [61L[65] are also applicable here. For simplicity,
the proof is omitted.

2.2. Modulation equations. Let ¢ := %g for any C! function g. For each 1 <
k < K, define the vector of modulation equations by

(2.6) Mody, := |/\k)\k + ’ch| + ‘)\ Y + ’yk| + |/\k04k — 2,8;€|
+ A28 + B + [A20k — 1 — | Bk 2.

Set Mod = Zszl Mody,. The modulation equations mainly characterize the dy-
namics of geometrical parameters. The main estimate is contained in Theorem
2.9l

Theorem 2.3 (Control of modulation equations). Assume that u admits the ge-
ometrical decomposition 20 on [t*,T.] C [0,T) with the modulation parameters
P =(\a,B,7,0) € YE. Assume additionally that, for t € [t*,T.], 1 < k < K,
Ci(T —t) < M\p(t) < Co(T —t) for some C1,Co > 0. Then, for t* close to T, there
exists C > 0 such that for any t € [t*,T],

K
27)  Mod < C(O_|My| + P?D+ D? + o (T — )15 4 pretl),

k=1
where v, is the index of flatness in (LI4), My, is the localized mass

(2.8) My, = 2Re(Ry, Ug) + / |R|*®dz,

and D 1is the important quantity to measure the size of remainder, defined by
(2.9) D :=||R|t2 + (T —t)||VR|| 2.
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Moreover, we have the improved estimate
(2.10) AeAi 4+ ve| SC(P2D + D? + (T — t)™ 1% 4 poetly,

Remark 2.4. By Lemma [£3] we shall see that estimate (2I0) gains one more
fact T — ¢ than (Z7), which is important in the derivation of the monotonicity of
generalized energy .#.

The proof of Theorem 23] is postponed to the Appendix for the simplicity of
exposition.

2.3. Estimates of profiles. We collect in this subsection the estimates of three
profiles in the above geometrical decomposition (2.1), which will be frequently used
in the squeal.

The blow-up profile U. Let us first see that, by the explicit formula [22)), Uy
satisfies the equation
i0

(2.11) i UAAUY + Uk 1UL = oy, = A;% U (t, = ;ka’“),
where 1 < k < K, and '

Wi = — O — 1 [52)Qk — (N +wB8) - 4 Qi + 3 (i + 2D Qi
(2.12)  —i( Mk — 2Bk) - VQr — i(Aehi + ) AQy.

Lemma 2.5. Suppose that P = O(1) and A\, > C(T —t), C > 0. Then, for any
p > 2, there exists C > 0 such that for allt € t*,Ty], 1 <k < K,

(2.13) IU@)1%, < C(T — )4G0,

Proof. Estimate (ZI3) follows from the Gagliardo-Nirenberg inequality that for any
2<p<oo,

1-d(3-3) ad(3-3)
(2.14) lglze < Cllgll ™ "IVl ™", Vg€ HY,

and [[Uk(t)z2 = 1Qllz, IVU(®)llzz = A IVQkllz2 < C(T =)~ 0

mak

Because the blow-up profile Uy, is almost localized around and the singu-
larities are separated from each other, the interactions between dlﬁerent blow-up
profiles are exponentially small. Lemma [2.6]is a slight modification of [65, Lemma
3.1].

Lemma 2.6 (Interactions between blow-up profiles). Let 0 < t* < T} < oo. For
1<k<K, set

(2.15)

_d — . .
Gultr) = Ny Lot TS )% with gelt,y) 1= g(y)el OOV RO,
k

where g € CZ(R?) decays exponentially fast at infinity |0Vg(y)| < Ce Wl with
C,6 >0, |v| < 2. Assume Py = (Mg, ok, By Vi, O) € C([t*, T4];Y) satisfies that
fort e [t*,T.],

(2.16)

1 Ae(t) 1 1

< — <2 t) — < —|x; — — t t) <1
3 < wrpr o <% lowld) —aul S min(ggles —anl) A g, 1501+ k@] < 1
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and
. —t* <1.
(2.17) (T —t"(1+ 1ISI}€aéXK|$k|) <1
Then, there exist C,0 > 0 such that for any 1 <k #1 < K, m € N and multi-indez
v with |v] < 2,

(2.18) / & — |G|z — ap |G (D)lde < Ce T, te (17, TL].
R4

Moreover, let ®;, be defined in 251). Then, for any h € L* or L?>, 1 <k #1 < K,
m,n € N and multi-index v with |v| < 2,

(2.19) / 2 — |0 Gi ()| — cvu|™ |B| @z
R

< Ce~ = min{||h| 11, |kl 2}, t € [tF, T

In the sequel, we take t and T™* close to T such that (ZI0) and ([2I7) hold. In
particular, A is comparable with T — ¢, i.e., 3wy(T —t) < Ag(t) < 2wi(T — t).
Hence, Lemma is applicable.

The regular profile z. The main estimates of regular profile are contained in
Lemma 2.7

Lemma 2.7. Let z* satisfy Hypothesis (H2). Let z be the corresponding solution
to equation (L2I). For every 1 < k < K, define the renormalized variables ¢, by
_d — ,
(2.20) 2(t,x) = A, ekt %)ew".
k
Then, for a* = a*(T,m) sufficiently small, the following estimates hold:
(i) (Smaliness.) Fort close to T,

(2.21) 2]l oo (¢, 1 r2m+a+2) < Oy,

(2.22) 02|l e,1);2) < Cra™.

In particular,

(2.23) lezkllz < Ca®, ||Verillrz < Cra™(T —1).
If in addition xz € H', then fort close to T,

(2.24) 2zl Lo (¢, 1,11y < O™

(ii) (Interaction between the profiles U and z.) If in addition P(t) = O(T —t)
and |ay — x| < % fort close to T', then for any 6 > 0, there exists Cr 5 > 0 such
that

(2.25) ST e tove, il < Crmsa® (T — )™+

lv]<2

Remark 2.8. Note that by the exponential decay (7)) of ground state,

/Uk(tax)z(t,f)df = | Qe(y)e-x(t,y)dy < Clle™Wle, | po.

Hence, estimate (Z23]) controls the interactions between the blow-up profile and
the regular profile. As explained in Section[I] this estimate in the NLS case follows
from Taylor’s expansion of z and differentiating equation (4] enough times to
get high temporal orders. For more general equation (L)), including particularly
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the SNLS (L3) where the coefficients a1, ag are only C’téi—regular in time, we shall
use a different inductive expansion of solutions and the comparability between the
spatial size |z — ay| and the temporal size T' — ¢, due to the well localization of
blow-up profile Uy.

Proof of Lemma 2.7

(i) For simplicity, we set p = 2 + %, p = %. Applying the derivative
(V)2m+d+2 t6 hoth sides of equation (LZI) we have
(2.26) 10 (V)22 4 (A 4+ ay - V + ag) (V)2 Ha+2,
+ (V)22 0y -V o+ aglz + (V)2 (|2 2)
= O’

with (V)2m+dt2,(T) = (V)2m+dt2% where [(V)2mT4+2 g, .V +ay] is the commu-
tator (V)2m+44+2(qy -V +ag) — (a1 - V + ag)(V)?™+9+2 Then using the Strichartz
and local smoothing estimates (see [70, Theorem 2.11]) we have

(2.27)

Iellimoiramrassy < Crlelmsmeass + 109" 52 a0V b aolel] oy

m 4
+ V22 (T2 o 0 o))

1+4

< CT(a* + ||Z||L2(t T'H2'm.+d+% + HZ||Lood(t’T;H27n+d+2))'

TiHZ )

Then, using the interpolation (see [70, Lemma 3.6])

(2.28) Il amsarg < C8% ||2]| yomsasa + CO~CMEHED 2] s

—1

< C6% ||z|| gramare + COCMHED
where the last step is due to (x)~! < 1 and the mass conservation ||z||z2 = ||z*||z2 <
o, we lead to
(2.29)
2l o eigirmsasay < Or((14+ T207CrE D) 0" + T35 2] v o sz s

1+4
+ ||ZHLocd(t7T;H2m+d+2))~

Here and in the sequel, the constant C'r may change from line to line. Taking §
small enough such that C’TT%J 3 <1 /2 we obtain

1+4
(2.30) 2l om o,y rm sy SCrom (@ + 12l 5t 1 pramrasay)-

Hence, taking o* small enough we obtain (Z2I). Estimate ([Z22)) then follows
from (ZZI) and equation (LZI)), and estimates in ([223)) follow directly from the
identities:

(2.31)

d . d .
5z,k(t; y) = )\z Z(t, ey + Oék)eilek, vsz7k‘(t, y) = )\;JFIVZ(t, AkY + Ozk)eilek.

It remains to prove (Z24]). For this purpose, we derive from (LZI]) that, for every
1< <d,

(2.32)  0u(z;2) + A(zjz) + a1 - V(zjz) + ao(xjz) — 202 — a1 2+ xj f(2) =0,
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and z;2(T) = x;2%, a1, is the j-th component of the vector a;. Then, applying
Strichartz estimates and using ([221)) we get
252l oo t7502) < Or([[252" (|12 + 12052 + avj2 — 25 f(2)l e, 7312))
< Or(llziz"llee + (T = Ollzlloe e,mmm)

4
+ (T = )2l w00 252 e 7320
(2.33) < Or(a + (T = t)a* 2] o (e 122y,

which yields that for ¢ close to T', ||2;z|| g (¢, 7;02) < Cra™.
Moreover, for every 1 <1 < d, x;0,z satisfies

(2.34) 10y (x;012) + A(xj01z) + a1 - V(z;02) + ao(z;0,2) + N =0,
where 2;0,2(T) = x;0,2*, and N = —20;12 — a1 ;0,2 + x;(01a1) - Vz + x(91a0)z +
x;0,f(%). Hence, by Strichartz estimates, (L13) and ([2.21)),
200zl oo ,7522) < Cr(ll20i2" (L2 + Nl L1 e,1i22))
< Cr(lz;002" |2 + (T = )|zl Lo~ ¢, m2)

4
+ (T = Ozl oo (4 .oy 175012l oo 2,7 12))
< CT(Oé* + (T — f,)Oé*||l‘j8[2’||Loo(t’T;L2)),

which yields that for ¢ close to T', ||z;0;2|| po +,7;2) < Cra*. Thus, estimate ([2.24)
is proved.

(ii) Let us set m* := 2m+ 1 and define the operator D; by D, := —i(A 4+ a1 (t) -
V + ag(t) 4 |2(t)|7). Then, by equation (ILI)) and the mean valued theorem,

T
(2.35) z(t) = 2"+ / Dyz(r)dr = 2" + (T — t)Dy, 2(t1),
¢
where t; € (¢,T). Further expansion of z(t1) by (L)) yields
T
2(t) =2"+ (T —t)Dy, (=" + D, z(r)dr)
t1

=24+ (T —t)D,z" + (T — t)(T — t1)Dy, © Ds, 2(t2),

where to € (t1,T). Then, further expansion by (Z33]) and inductive arguments lead
to

(2.36)

n j—1

:Z*+ZH —tl Dtl ODt z +H —tl Dtl 'ODt7l+1Z(tn+1)7
J=11=0

where to :=t, t; € (¢t,T), 1 <1 <n. By (L.I7),
(2.37) Dy, 0+ 0Dy, 2" (2)] < Crla — g™ ~%,
and by the Sobolev embedding H?™+2+d C’f(mﬂ), for 2<n <m,

(2.38) H’Dtl O:--0 Dt,,LJrlZ(tn—i-l)”Lx < CT>m||Z||L°°(t,T;C§(m+1))

S CT,m || Z”Loo (t,T;H2m+2+d).
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Hence, we derive that for 2 < n < m,

3

(2.39) |2(t)| < Cron(|z — 2™ Z ) | — x| ™

+ (T =)™, for |z — x| < 1.

Note that |[Ary+a, —zi| < CP(y) < C(T—t)(y). Moreover, since |ay, — x| < 3,
ly| > ﬁ in the regime {y € R? : |\yy + ai, — 23| > 1}, and so

_ .
(2.40) le™ 2t Ay + ) gy rap—apiz1ll= < Crome™ 7.
Taking into account (Z31)), (2:39) and (Z40) we obtain

a —
Heﬂgmfz,k(ig)||L°o <A\ e 5|y‘z()\ky + ak)(llAkerara:k\q + I|)\ky+ockfa:k|21)”L°°

(2.41) <Crm(T = )2 ((T =)™ ™" 4+ (T = )™1) + Cp e 77,
This yields that, for n = m and ¢ close to T, |le~le, k()1 < Crms(T —
ymrIty
Similarly, by (Z34]), for any multi-index |v| < 2,
n j—1
(2.42) 022(t) = 002"+ > [[(T = t)dY oDy, 0+ 0Dy 2*
j=11=0

n
—|—H —tl a ODt1 'ODthrlZ(tn-i-l)-
=0

As in (237) and Z38), we have [0% 0 Dy, o -+ 0 Dy, z*(z)| < Cpla — ™ ~2 1Y,
and forn <m — 1,

(2.43) 07 0Dy, -+ 0Dy, 2(tng1)l|lLoe < Crmllzllpoc o, amsasa).
Thus, for any multi-index |v| < 2 and n < m — ||,
(244)  J22(0)] < Crmlle — a7 4 ST 1) — a1

Jj=1
+ (T =)™, for |z — x| < 1.

d _
Using 03e, x(t,y) = )\gﬂvl%z(t,)\ky + ap)e” " and arguing as in the proof of

EAT), we get
e 0%, ()| o < Corn(T — 1) 2FI(T — )™ 1

YT =t I (T ) o Ope T

)

< Oran(T =)™ "3 4 (T — )L o7 rer)
(2.45) < Cpms(T — t)™H1H5

where in the last step we chose n =m — |v] for 1 < |v] < 2.
Therefore, the proof of Lemma [2.7] is complete. |

For the coefficients of lower order perturbations, we have the following estimates.
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Lemma 2.9. For any multi-index v, |v| < 2, set (‘3/“<\ﬁ'l/k(y) = (0Y¢1) (kY + o),
1 <I< N. Then,
(2.46) 0 Gu(y)] < CPPHl )0 < o] < v,

where v, is the index of flatness in Hypothesis (H1). In particular, for ay i (t,y) :=
a1 (t, Ay + ag), aok(t,y) = ao(t, \ey + o), we have that for any multi-index v,
|v| < 2, there exists C > 0 such that

(2.47) 0y @k (£ y))] < O PY ()t
(2.48) 19y @k (£ y))] < CAPU 110 ) 202,
Proof. By Taylor’s expansion and (LI4]),
901 (y)] < COWY + e — )71 < Pttt o < ol < v,
’(llgéi{ls) yields (246). Estimates (Z47) and (2Z48]) then follow from (248), (L) and
. (I

The remainder profile R. Lemma 210 permits us to control the H' and LP-
norms of remainder.

Lemma 2.10 ([65] Lemma 2.7]). There exists C > 0 such that
(2.49) R < C(T=)7'D, ||R||z2[|VR 2 < (T —)7'D?,
(2.50) |R|}, < C(T —t)~4E-Ypr.

In order to deal with the multi-bubble case, it is useful to decompose the remain-
der R into K localized profiles concentrating at the singularities. As in [65], since
equation (I4]) is invariant under orthogonal transforms, we may take an orthonor-
mal basis {v;}9_, of R, such that (z; —2;)- vy # 0 for any 1 < j # | < K. Hence,
without loss of generality, we assume that x; - vy < x9-vy] < -+ < xg -vi. Then,
set o = %minlSkSK_l{(ka —xk) - vi} > 0. Let ®(x) be a smooth function
on R? such that 0 < ®(z) < 1, [V®(z)| < Co~ !, ®(z) =1 for x - vi < 4o and

®(x) =0 for x - vi > 8. Define the localization functions {®;} by
(2.51) Oy (z) :=P(x —21), Or(x):=1—-P(x—zK_1),
’ Op(x) =®(x —ap) — P(r —2_1), 2<k <K —1.

One has the partition of unity 1 = Z]K=1 ®i. Then, R = Zszl Ry, with Ry :=
R®y;.. The corresponding renormalized remainders €, 1 < k < K, are defined by

_d — A
(2.52) Ri(t, ) = A, 2exlt, %)ewk.
k
The following almost orthogonality between profiles { Ry} and {Uy} is a conse-
quence of the orthogonality (Z4]) and the decoupling Lemma

Lemma 2.11 (Almost orthogonality [65, Lemma 4.4]). Let t* be as in Theorem
23l Then, fort* and T, close to T, there exists 6 > 0 such that for every 1 <k < K
and any t € [t*, T,],

(2.53)

|Re/(a:—ak)UkR_kdx| + |Re/\a:—ak\2UkR_kd:c\ < Ce 75| R,

|Im/VUkR_kda:| + |Im/AkUkR_kda:| + |Im/QkR_kdx\ < Co TR 2.
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Furthermore, by (L), (L2I)) and ([21)), the remainder R satisfies the equation

(2.54) iR+ AR+ a1 - VR +aoR+ (f(v) — f(U +2)) = —n,
where f(u) := |u|iu and
(2.55) n =ioU + AU + a1 - VU + aoU + f(U + 2) — f(2).

The estimates of 1 are contained in Lemma [2.12]

Lemma 2.12. Suppose that P = O(T — t) and |oy, — x| < 3 for any t € [t*,T.].
Then,

(2.56)
K
[n(t,2)] < O(T = )22 " (Mod + |e. & ()| + (T — )¥*+1)e =Ml +C7,
k=1 =5k

where 7 satisfies |17(t)||rz < 067%, and for any multi-index v with |v| < 2,
(257)  [[0Un(t)] 22 < C(T — )27 1N (Mod + o (T — £)™ 15 (T — t)v=+1).
Proof. Let Uy, be as in (212)). We decompose 7 into four parts:

(2.58) n=m +n2 +n3 + N4,
where
K ifu(t) - an(t)

2- p—
(2.59) k}; per Al wrl
(2.60) = [(U+2)=f(U) = f(2),

K
(2.61) ns = f(U) =Y f(Us),

k=1
(2.62) Ny = ay - VU + apU.

By the exponential decay (7)) of ground state and ||e, k| L~ < C,
K

(263) el <O =072 (Mod + [ex (1, ) ) e~ :

and 7 := |n3| contains different blow-up profiles, and thus, by Lemma 2.6]
(2:64) li(t)ll2 < Cem T,

Moreover, since

(2.65)

NI&

K
Z At
=1
where @1k, do x are as in Lemma [20] using Lemma [Z9, (L7) and P < C(T —t) we
get

tay x(t, y)VQr(t, y)e' + 2, ( )ao,x(t,y)Qur(t,y)e 19k| y="0

K
2.66 ta)| < CS (T -ty 15l -
(2.66) Ina(t, )] < C ( ) e 2| _ =
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Hence, ([2.63)), (2.64) and (2.60) together yield (2Z56]). Concerning (2.57), by 212,

it is clear that
(2.67) 108 ||z2 < C(T — )27 1*IMod.

Moreover, expanding f and then using the exponential decay (I7) of ground state
we have

)
(2.68) [02m2l2 < C(T = )27 3 le™™We. = + Cem 7.
<2
713 contains the interactions between different blow-up profiles, so we get ||0Yn3| 12 <
e according to Lemma At last, applying Lemma 2.9 we also infer that
(2.69)
v = —vl+L ) qu~ L1 . .—d v fvl—1
l00nalle < DA TE N0 @A TTIVQE + 0N F Qi) < C(T — 1)L
k=1

Therefore, putting the above estimates altogether we obtain (251). O

3. LOCALIZED MASS AND (GENERALIZED) ENERGY

This section is devoted to the key estimates of localized mass, energy and the
generalized energy.

3.1. Control of localized mass. Recall that the localized mass is defined by
(3.1) M, = 2R€<Rk, Uk> + / |R|2q>kda;‘,

where R = R®;, and {®} are the localization functions given by (ZX5I).
The main estimate is contained in Theorem [B.1]

Theorem 3.1 (Control of localized mass). Suppose P = O(T —t). Then, there
ezists C' > 0 such that for every 1 < k < K,

2

T D d
(3.2) |Mi(0)| gc/ (0°D + 20— )ds + Ca™(D + (T — )" 44, te i, T.].
t

— S

Proof. On one hand, the geometrical decomposition (2.1 and Lemma 2.6 yield the
expansion:

/|v(t)|2q>kdx:/|U|<1>idx+/|z|2<1>kdx+/\R|2<1>kdx
+2Re/RkU_kdx+2Re/zU_kdx—i—?Re/szda:
(3.3) +0(e ™| Rl 2).
On the other hand, since v(Ty) = S(T%) + 2(T%), we have
(3.4) /\v(T*)P@kdx:/(|S(T*)|2+|z(T*)\2)<1>kdx+2Re/(z§)(T*)q>kda;.

Note that the integrations [ |z|*®ydz and [ |z(T%)|?*®kdx only contribute a small
constant (a*)2, which, however, is insufficient to close the bootstrap arguments
later. The key point is that one more factor D can be explored by subtracting (3.4)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



538 MICHAEL ROCKNER, YIMING SU, AND DENG ZHANG

from (B3] and then both the dynamics generated by equations ([LI) and (L21]) can
be used. To be precise, we derive from ([B3) and ([B4) that

(3.5)
M0 <1 [ (OF = o)) de — [0 = o)) udsl
+ / (U@ — |S(T2)[?) ®rda] +2(] / (2T3) ()| + | / (i) (t)d]
+] [ EB)T) Badsl) + O R] o

(3.6) = Kj+Ky+ Ky + Ce T7||R|| 2.

Let us first treat the easier two terms K, K3. Actually, it holds that (see

[65, (5.22),(5.23)])

/ U(8)@pdz = Q2. + O~ T57),
(3.7)

[ 15w = 118 + O = QI + 07,

which yields that

(3.8) K(t) < Cem 77,

Moreover, by (221]) and (225),

(39)  Ko(t) < ORI IRE 12 + e~ (122 (0] + o2 (To) e + ¢ 77)
< Ca*(D + (T —t)™1+9),

Hence, it remains to treat the first term K; on the R.H.S. of (3&]). For this
purpose, we derive from equation (L)) and equation (LZI]) that

d
(3.10) pn / |v]2®da :Im/(ZiVU +a1|vf?) - VO,dz,
(3.11) %/\z|2<1>kdac:Im/(22V2+a1|z|2)-V@kdm.

Thus,

d 2 d 2
(3.12) E/M Dpdr — E/M Dy dx
= Im/Q(Wv —2V2) -V, + (Jv]* = |2[})a; - VOrde.

Note that, by 1),
(313) Vv —-2Vz=UV(U+R+2)+ (R+2%)VU+2VR+ RVz + RVR.

Since P = O(T —t), |z —ax(t)| < 0,1 <k < K,supp Ve, C N {z: |z —ay| >

3o}. By (D),

(3.14) |/(U-V(U+ R+2)+ (R+7z)VU) - VOdzx| < Ce 7.
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Moreover, the integration by parts formula yields
(3.15) |/EVR Vyda| = |/Rw VO + READydz| < Cl=| g | R -

Thus, it follows from BI3)-BI5) that
(3.16)
|Im/(EVv —2V2) - V®idz| < C(||2l| g | Rl 2 + ||Rl| 2 [ VR 12 + e~ T7).

Similarly, we have
.
(3.17) \Im/(lvl2 — |2*)ay - V@rdz| < C(||2l| 22| R] 2 + || RIZ + €7 7=7).

Hence, we conclude from 221)), 312), BI6) and BI7) that

d 2 d 2
£/|v| Opdr — E/M O dx|

-
< C(llzlm Rz + IRIZz + IRl 22| VRl 22 + €™ 7=F)

2 s

o),

D
< *D
< C(a*D+ T_
where & > 0. Integrating both sides we then obtain

2 5
ds+ Ce T-%,

T, .D
(3.18) K <C / @D+
f T

— S

Therefore, plugging (3.8), (39) and BI]) into B3] we obtain ([B.2]). The proof

is complete. ([l

3.2. Refined estimate of 5. In this subsection we shall derive the refined estimate
of parameter 8 = (f%) from the energy functional, defined by

1 d 4
1 E(w):== [ |Vv|*dz - adu.
(3.19) (v) Q/Rd‘ v|*dz 2d+4/}Rd|U| dx

Unlike in the NLS case, the energy of solutions to (L)) is no longer conserved,
it is thus important to first control the variation of energy. This is the content of
Lemma

Lemma 3.2 (Variation of the energy). Suppose P = O(T —t). Then, there exists
C > 0 such that
d d D?

(820) | B(w) = ZEG) < Cla’ Dt s

_ f\vL—3 *
dt dt + (T —t)"7%), Vte |t Ty

Remark 3.3. Let us mention that the variation estimate is controlled by comparing
the energies of v and z, which is quite different from what is done in [65]. As in the
proof of Theorem [B.I] it is important to gain one more factor D from this refined
estimate.
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Proof. As in the previous case of localized mass, we consider the difference between
two energies of u and z. Using (1)) and (I2I)) we compute, as in [65, (5.26)],

N N
1
%E(v) =-2> Iy Re/v2¢l(vU,W)dx+ 55 hl/Angl\v\zda:
=1 =1

N d N
2 4
(321) + m E hl/A¢l|’U|2+3d{E - E Im/V( E 8jd>lhl)2 - Vovdz,
=1 j=1 =1

N N

d 1

EE(z) =-2) I Re/V2¢l(Vz,VE)dx+ §§ hl/A2¢l\z|2dx
=1 =1

N d N
2 4
(322) + m E hl /A¢Z|Z|2+Ed$ — E Im/V( E 8j¢lhl)2 -Vzzdr.
=1 j=1 =1

In order to control the difference & E(v) — £ E(z), we first see that, by I,
integration by parts formula and (223]),

|Re/V2¢l(Vv,Vﬁ)dac— Re/VQ@(Vz,VE)dx\

d
= | Z Re/&‘”qm@l(U—kR)aj(U-l— R) — aijjd)lajZ(U'f' R)

4,j=1

— 87,Zj¢l(U + R)E)jE — 0”¢18”z(U + R) — 81J¢Z(U + R)c’?zﬁdﬂ

d
<C Y (IRl +/(|3j2| +10i2]) | R|dz

ij=1
+ ‘ /@jqbl(aiUBjU—k aiU(?jR-l- aiRajU)de“
+ ‘ /z@z(am@ﬁ) —i—Eaj(a“]@U)d:ﬂ + | /Za”(aquslﬁ)dl'l)
< C(llz)| a2 | Rl 2 + | Rl
K K )
(3.23) +(T =)L+ Y IVerllee + > lle™We, pllo) + e 7).
k=1 k=1
Similarly, we also have
320) | [ 820u(uf - |3l
K
< C(IRIZ2 + I2llz2 IRl L2 + (T = ) 721+ [le™Wle, k]| =),

k=1

(3.25) | / Ady(jof2H — |22+

K
2+4 1+4 _ _ 1+2
< ORI + 12l IR L2 + (T =62 (14> e Wles k]| o)
k=1
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Moreover, by ([B.13),

d
Im/V(Z di1)* - (VT — V27)dx
j=1
(3.26)

d
:Im/V(Z 9;41)* - (VU(U + R+7%) + (VR+V2)U + VRR + VRz + VzR)dx

Note that, by the integration by parts formula, ([225) and (2.46]),

(3.27) | / Zaj@ )2(V2U + VRz)dx|

j=1

Cllzllm 1Bl L2 + (T 2“*”2”6 Mle, kllze).

Using ([2.40]) again we also have

d
|Im/V(Z 9,6) - (VU(T + R + %) + VRO dz|

(3.28) <C((T—1)>~* 1+Z||e e pllz + D) +e7T7) < O(T—1)* 2
k=1

Plugging these into (3.20) we get

|Im/V(Z d;0n)? - (VT — V27)dz|
< Cllzllm I Rllzz + Rl 2V R] 22

K
(3.29) H (T =) 2+ (T = 1)* 72 " [le™Wle, ]| ).

Therefore, we conclude from the estimates (323), 324), (3:25) and (B3:29) that

d d
EE(U) Cdt

2+4 Ve
< C((Jlzlma + 205 ) 1Bl + IR + IRIE + (T = )72

D2
(T —1)?

—E(2)|

< C(a*D + + (T —1t)"73),

which yields (3.20), thereby finishing the proof. O

We are now in position to derive the refined estimate of 8 = (), which is
essentially a consequence of the coercivity of energy around the ground state and
Lemma [3.2
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Theorem 3.4 (Improved estimate of 5). Suppose that P = O(T' —t) and D = o(1).
Then,

K
(3.30) >
k=1

for any t € [t*,T.], where the error term

| 2 K 2

| Bk 2 1 2 Tk
RNz < 5 ) (wi —13) + O(Er)
2x7 "R =g ; Y]

2

T
(3.31) Er ::/ ("D + ( ds +a*D
t

T

K
+ Z |Mk| + (T _ t)v*72 + OL*(T _ t)mflJr%'
— (T —1t)
Proof. Let F(v) := ﬁ\v\%%, F(U + z) and F(z) are defined similarly. Set
f(v) == |v|7v. Rewrite
K

K
B 1 S T 1
(3.32) E(v) = E(v) +k§:1 5 e / URi + 5| RI*®pda 1;:1: 737 M

Using (21) and 67) we expand F(v) = F(U) + F'(U) -2+ F"(U, 2) - 2> + F'(U +
z)- R+ F"(U + 2,R) - R?. Then, taking into account F'(U) -z = Re(f(U)z),
F'(U+ z)-z=Re(f(U + 2)Z) and the expansion

1 1 1 1
5IIVolie = 5IVUIL: + 5lIV2I7: + SIVRIG: — Re(AU + Az, R) — Re(AU, 2),

we obtain
K o )
B() = B(U) + E(:) = 3 5o My~ (Re [(AU + Az 4 U + 23 (U + ) Fido
k=1 """k
K o . Ko
— ) ,
k=1 k=1
— Re/F”(U"’ 2, R) - R%dx) — Re/(AU+ |U|%U)de
- Re/(F"(U, 2) - 2% — F(2))dx
L 4
. =F E(z) — — M E.
(333) = B(U) + B(e) = 3 ga M+ 3B

Note that F; and Ey are ordered by the homogeneity of R, and E3 and E4 contain
the perturbations with the regular profile z. Next we estimate F; separately, 1 <
1 <4.

For the linear term E1, by Lemma 2.6]

K
B =— ZRe/(AUk — A2Ug + |Uk| 7 Uy Rydae
k=1

- Re/(Az U+ 25 (U + 2) — (U U)Rd + O(e 7 || R 1)

(3.34) =:En+Ep+ 0(6_% IRl z2)-
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Using the identity ([@36) and the almost orthogonality ([2.53) we have (see [12
(3.38)])

=

1
By = Z ¥ m/ YeAQr — 2Bk - VQyi )Erdx
— k

k

=L

/\ﬂ - —y| QrErdz

?rw’ =

1

| Re/Ukdea:JrO(e—%anLz)

1B 1c|2
222

i

(3.35) - - My, + O(||R||2: + ¢~ 7 | R 12).

>
Il

1

Moreover, by (221 and (2.25),
(3.36)  [Eiof < C/(IAZI + U 2] + 2] )| Rldz < C(o* | Rl| 2 + e 7).

Thus, we obtain

sy B=-3 Pl o Rl e o2
. 1= Z 2)\% k (67 L2 (& o (T—t)2 .
Concerning the second term Fs, set

(3.38) Ey = —Re/F”(U +2,R)-R* - F"(U,R) - R*dx.

We estimate

K
1 2 1 2 _ 1" 2 o
B, 2/|VR| dx—i-];:l 75 /|R\ O dx Re/F (U,R) - R%dz + B

K

1 1 2 4

5 [IVRRds+ Y GIRPO, — (14 DUl R
k=1"k

2 _ ~
- E\U|%—2U2dex + By + O

N

2

(T —1)

(339) >C

k:l
where C > 0, the error in the second step is caused by the remainders of orders

higher than two (see [12] (3.34)]), and the last step is mainly due to the local
coercivity of linearized operator in Lemma 6] see the proof of [12, (3.39)], and
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% =0 (%) The error E5 can be bounded by

|Ey| < C/<|U|%*1 R[N 4 2|87 2| |RPda

4
144
L+

K
<SC(T =072 lle™ Wespllz= || R + 2] = ||R]
k=1

4 2 _ 5
+ 12l Zee 1Rl Z2 + €7 77)

K
(840) <C(T =07 e Mespllzm +a™(T =) +a")D 4 Ce 7,
k=1
where we also used (250) and D = O(1) in the last step.
Thus, for ¢ close to T such that C' <ZkK=1 le=Wle, gl + 2(T — t)%) <1icCit
follows that

é D2 K M,g s
(3.41) E, 257)2 +O(Z e T,
The last two terms F3 and Fy4 can be estimated easily by using (7)) and ([225):

K
(3.42) B3| < O(T = )72 [le™Wle, il o + Ce™ T
k=1

< Ca*(T —t)™ 13,

1+4

(3.43) By < cz/|U|2+%—ﬁ\z|jdx
=2

K
<O —1)72Y Jle e, 4| + Ce™ T
k=1

< Ca*(T — t)m*H%.
Thus, combining B33), (37), (4I), B42) and B3 we conclude that for
some C' > 0,

K

2 2
4 Bl 2 BU)+ Bz (ch)t)Q - /; : —;léﬂ My
S M]? * m—142
+O(Z(T—t)2+a(D+(T_t) 7).
k=1

Furthermore, since v(Ty) = S(T%) + z(T%) we derive that
(3.45) E(w(Ty)) = BE(S(Ty) + E(2(Ty)) + Re/VS(T*)VE(T*)dx

- / F(o(T.)) — F(S(T.)) - F(x(T.))dx.
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As in 342) and B43), by @28) and T — T, < T — ¢,
|Re/VS(T*)V2(T*)dx|

K
<CT - 123 e We, (1) g~ + Ce T
k=1

(3.46) < Ca* (T —t)" 13,

| /F(U(T*)) — F(5(T.)) — F(2(T.))dx|

K
SOM =172 fleWeo f(T) = + Ce™ =
k=1
(3.47) < Ca* (T —t)™ 135,

Thus, it follows from 343), B:46]) and B47) that
(348)  E((T) = B(S(T.)) + B((T.) + O (a*(T = )" +4).
Now, plugging B48)) into B.44]) we derive

D2
EU®) + C s
< (E(v(t)) — E(u(T)) — (E(2() - E(2(T%))) + E(S(T%))
1 + ‘ﬂk| = Mlg * * m71+%
(3.49) +Z o M, +(9(kz::1 R D+ o (T —t) ).
Thus, by the variation control (B:20) in Lemma B2
2
(3.50) EU())+ C'(D_—t)2 <E(S(T.)) + O(Er),
where Er is as in [31]). Moreover, (Z2]) and Lemma 28] yield
‘/Bk|2 }% 2 —d
(3.51) BEU®) =) _(5 HQHL2 + g [WQlz2) + Oe™ =),
k=1 k
= % 2 —
(3.52) = 3 Qi3 + O ).
k=1
Therefore, plugging (B51) and [B52) into B350) we obtain (B30). The proof is
complete. O

3.3. Monotonicity of generalized energy. This subsection is mainly devoted
to the crucial monotonicity property of generalized energy. Let x(x) = ¢(|z|) be a
smooth radial function on R?, where 1) satisfies ¢/(r) = rifr <1, 9'(r) =2 —e™"
if r > 2, and

(3.53) |¢ (T)| <cC, vir) G (1) >0

Let ya(x) := Azx(%), A>1, f(v):= |v|§v and F(v) := 2d+4\v\2+d
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The generalized energy, adapted to the multi-bubble case, is defined by

1 1 [ 1
== [ [VR|? - — |R|*®
S(t) 2/I Rf*dz + 3 k§_1/ Ai'm rdz

— Re/F(v) —F(U +2)— f(U + 2)Rdx

(3.54) Im / Vxa) (A2t VRR®de = 7D + 7@

where .# () mainly contains the quadratic terms of remainder (up to acceptable
errors) and .# () is a Morawetz type functional. The key monotonicity property is
formulated below.

(Monotonicity of generalized energy). Suppose that P = O(T —t),
O((T — t)?). Then, there exist C1,Cy > 0 such that for A large
e [tr,

.},

Theorem 3.5

|Br| + D(t)
enough and t

ds X Vi 2 -
(3.55) — >0 Y 5 [ (VR + 32 |R 1*)e SR dn — Oy AE,,

where

Ko
&= ARy Mof s+ (T — )" 35 4 (T — 1) *)D

(
= N (T —1t)
D? D? M?
(3.56)  + te T

(T=1)2  (T-t) (T-1t)

The functionals () and #®?) will be treated in Lemmas and 3.7 respec-
tively.

Lemma 3.6 (Control of #(1)). Consider the situations as in Theorem B5. Then,
there exists C > 0 such that for any t € [t*,T.],

ds™ K Yk 2 4 2 492
= vl = 30 e Re [ DIQu el + JlQul -0 sy
k=1 k=1
= g
k
B57) =3 YR [y VE (£(Qu) -y - Ce,
E=1"k

where &, is the error as in B20) but without the term (TMt)S
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Proof. Let n be as in (2553). Using equations ([2.54]) and (6.) we compute as in
[65], (5.32)] that

d.gm L I
p7a Z >\k>\1;3 / \R|2<I>kdx - Z A Im(f'(U + z) - R, Ry,)
k=1

k=1
K
—Re(f"(U+2R) R, 0,(U +2)) — > _ A\, *Im(RV®;, VR)
k=1
K
=S N Im(f(U + 2, R) - R?, Ry,)
k=1
K
—Im(AR = > ARy + f(v) — f(U + 2),a1 - VR + aoR)
k=1
K 7
(3.58) —Im(AR - Z N2Ry A+ f(v) = f(U +2),n) = Z ft(ll)
k=1 =1

The terms {ft(ll)} are estimated as follows:

(i) Estimate of fﬁ) Since P = O(T —t), D = O((T — t)?), by Theorem 23]
(3.59) Mod = O((T — t)?).
Hence, we compute

Me NN Mod, v D?
SN Sl e L O Yl e o'
YRS Xk Ak VSRS

which yields that

2

T2

K
(3.60) 7= % / |R|2®,da + O(
k=1"k
(ii) Estimates of Jt(é) and Jt(é) Rewrite
K
4 73 ==Y N2 Im(f (U) - B Ry) — Re(f"(U, R) - B, 0,U) +er,
k=1

where er denotes the difference

K
er := — Z)\gz Im(f/(U + Z) R — f/(U) : Ra Rk>
k=1

(3.61)
— (Re(f"(U+z,R)- R*,0,(U + 2)) — Re(f"(U,R) - R*,9,U)) =: ery + ers.

We claim that

(3.62) er = O(a*(T —t)2D?).
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To this end, by (6.I3), the renormalized variable €, 5, in ([2.20]),

ler1| < C<T—t>*2/<\U|%*l + |27 2| |R|dx

K
SOT =07 lle™ e k| R Z2

k=1
— 4 _ 5
+ (T =)zl f< I RI72 + e ™= || RI[72)
(3.63) < C(a* (T =)™ 3% 4 o (T —t)"2)D2.

Regarding the second term ers, note that
ery = Re(f"(U + z,R) - R?,0,2) + Re(f"(U + z,R) - R*> — f"(U,R) - R*,0,U)
=:era1 + erag.

By (615) and estimates (2Z13), (221I), 222]) and 2.50),
ferarl <€ [(UI + 371 4 |RIT IR |04zl da

4_1 4_1 441
< Clloezll= (U117, sy IRIZs + 12l e I1RIZ + 1R] 5 )
(3.64) < Ca*(T —t) 2D
Moreover, since by (Z.I1]) and Mod = O(1),
(3.65) [0k (®)llz~ < O(T )75

Then, using ([@14), 225) and [Z50) we get
leras| < C/<\U|%-2 +|RIT72 4 |2)872) 2| |R?|8,U |da

K
<CT 1) [le e, il | RIZ
k=1

K
4 9
+O(T - )72 ; le™?1le k| oo IR, + Ce || R 7

K
(3.66) < C(T— 1) e 2Wle, || L D? + Ce™ ™7 D? < Ca*(T — )™ 3+4 D2,
k=1

Hence, plugging (3:63)), (3.64) and [B.60) into [B.61) we prove [B.62), as claimed.
Since |Bk| + D(t) + Mod(t) = O((T — t)?), as in the proof of [12, (4.18),(4.20)],
we obtain

1 1
ft(,z) + jt(,3) =-

e

2 2 —
Re (14 IO R + 51005 Rpdo

M 11>

2|

(3.67) - Re / (2% . VT, f/(Ur) - R2dw + O((T — t)"2D2(t)).

Ak

b
Il

1

(iii) Estimate of ﬂt(jl), Note that this term is of the same order with the leading
order term in (B.60). We need to use the smallness in Case or Case [(IT)| to
control this bad term, see also [65] (5.36), (5.37)] for more details.
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In Case since Zszl V&, =0 and |w—wg| <e, Jt(jl) can be bounded by

1 1
) :‘ <_2 _ m) Im(RV®y, VR)

D2
(T —t)%
In Case since |[V®| -~ < Co~! < Ckg, it can be bounded immediately by

Wi||lw+w
(369 <z%mnmnv3nm <ce

K
1 1 D?
(3.69) 71 <Y 2 IVl IRl [V Rl 2 < Csm.
k=1 "k
Thus we get
(3.70) 17| < Ce(T — 1) D2
iv) Estimate of 7V, Using and D < C(T —t)? we get
t,5
1 4_1 __1
R <O = 20N IRIL + 121 IR + RIS,

SCOT =) (T =) 2D+ a™(T =) 2D* + (T — ) 2D *?)
(3.71) <C(T—-t)2D2

(v) Estimate of ft(,é). By the integration by parts formula and ([GI2]), we get
(see also [65] (5.42)])

K
|Im(AR =Y "X\ *Ri + f(v) = f(U + 2),01 - VR)]
k=1

(3:72) <CAIVRIE: + (T = 07 RI3)+C [(UIE +1alt 4RI Rllar VRl
Then, by (2)), the change of variables and (2.46)),

/<|U|% 4 lel* + [RIY)|Rllay - VRIdx

N K
<C(T =123 ) e WIVegi(Ary + ar) |l Lo || Rl 2 | VR 2
=1 k=1

+C(HZIILDOIIRIILz\IVRHLz+||R||d IVR| 2) + Ce™ 77 || R 3

8+2
(3.73)  <C((T-t)" 3+a*(T—1t)")D?+C(T —t)3D*d 4+ Ce~ T D,
Since D < C(T —t), we come to
K
(3.74)  |Im(AR = N Ry + f(u) — f(U + 2),a1 - VR)| <C(T — t)"*D".
k=1

Similarly, we have

K
(3.75) [ Im(AR = Y A\ Ri + f(v) — f(U + 2),a0R)| <C(T —t)>D?.
k=1
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Thus, we conclude from [B.74]) and (B.75) that
(3.76) 17| < O(T — £)~2D>.

(vi) Estimate of Jt(;) It remains to treat the delicate inner product Jt(;) in-
volving the n term. First, we claim that

K
3.77) A2 = =S Im(AR, — A 2Ry + £/(Us) - Riyn)
k=1

+O(@ (T — )" 2D 4 (T — ) 2D% + ¢~ 7).

This means that the inner products involving Ry of orders higher than one are
acceptable errors.
To this end, we use the expansion ([6.1) to get

(3.78)

f) = fU+2)=fU)-R+(f(U+2)-R—f(U)-R)+ f"(U+ 2z R) - R*.

_d )
Define the renormalized variable eg i by R(t,z) = A, 2cRrk (t, ”;;”“) €% Then,

by I3 and (£356),
Im(f'(U + 2) - R— f'(U) - Ron)
< C/<|U|%*1 L2l 2| Rl
K
<C(T- t)742/(675|y‘ + lez @Y lezkller il (Mod + e i
k=1
H (T — 1)t e Wl qy + Ce™ 7

K
<O —t) 43 fle™Wle, | e || R] 2 (Mod + [[e™2Wle, |

k=1
(T =)+ 4 Ce T
(3.79) < Ca*(T —t)™ 5D 4 Ce 7.
Moreover, by 213), 250), 57), G59) and Mod < C(T —t)?,
(/" (U +2,R) - B2, 0) <CIU + 215 IRIZelnllce + CIRIT Il oo
(3.80) <C(T = t)"*|Inll 2 D* + Cllnll 2| Rll7p: < C(T —)~2D2.

Thus, combining (B.78)), (B.79) and (B.80) and using Lemma 2.6] we obtain (B.77]),

as claimed.
Next, in order to treat the remaining linear terms on the R.H.S. of BX1), we

decompose 7 into four parts n = 2?21 n as in ([Z35]). Note that, by Lemma 2.6
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(2.60) and (2.6,
| Im(ARy, — A\ ° Ry, + f'(Ux) - Riymo + 13)|

4 4

d d
gC)\,;4Z/|Vak|(\az,k|J + \vgm|gz,k|ﬂ—1)e—5ly‘dy+cz/|ak|\a;k|e—5\y'dy

j=1 j=1

4
d
+OND / £ (Qu)erl|Qul™ 7 s wl dy + Ce™
j=1
(3.81)
<CA e (Je k] + |Vea kDL D + Ce™ T < Ca*(T — )" 35D 4 Ce™ 77,
where the last step is due to (Z28]). Moreover, by (2.62) and Lemma [Z0]
| Im(ARy — \;* Ry + f'(Us) - Ri,na)|
< CN2| T (Veg, VO Yar g - VQr + 0.k Q)|
+ON? [(erl + 17 (@I s TQu + s @uldy
(3.82) < CON P (llekllp> + 11 Verll2) < C(T — 1) 7*D.
Hence, taking into account (Z359) and using Lemma again we obtain
Im(ARy, — A ° Ry, + f/(Ux) - Ri,m)
= A\, Im(Aey, — ex + f'(Qr) - €k, Vi)
(3.83) +O(( (T = )™ 345 4 (T — )" ~)D + e~ 77),

where Uy, is given by (212).
The analysis is now reduced to that of the inner product involving Wy.
By the proximity Qp = Q4+ O(Pe~?1¥) and the definition of linearized operators

in (6.1,
Im(Aey, —ex + f'(Qk) - er, )
= Im(Aey, —ep, + f(Q) - ex, Vi) + O(PMod||R)| )
(3.84) = (Liep1, Uro) — (Lo, Up1) + O(PModD),
Wherei {Iv/k is defined as in (ZI2)) with Q replacing Qy, ex,1 = Reeg, ex2 = Imey 2,

and Uy, \T/k,g are defined similarly. Then, by ([2I2), 2353) and the algebraic
identities in ([63), we get

(Ly€ka, \Tjk2> = — (MM + ) (e, Lo AQ)
(3.85) =2(M Ak + 7)) Re(Uk, Ri) + O(PMod|| R 12),
_ 1,
(L_ek2, Vi) =— (A28 +V6Bk) (Ek2, L-Q) + Z()\%% + 72 er 2, L-|y*Q)
=2(A2Bk + VkBr) (Er,2, VQ) — (AiAk + 7) (€2, AQ)
(3.86) =O(PMod||R| L2 + ¢ ™7 | R| 12).
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Hence, plugging (3.84]), (B.85) and ([B.80) into ([B.83) we obtain
m(ARy, — A, Ry, + f'(Ur) - Ri,m)
=20 (A Ak + ) Re(Us, Ry) + O((T —t)"*Mod
(3.87) Faf (T — )™ 35 4 (T — ) 3D + e~ 757).
Thus, combining B77) and (381) together we arrive at

- 2 Z Ak + ) Re(Us, Ry)

+O(((T = t)"*Mod + o (T — t)™3+2

(3.88) F(T =) 3D+ (T —t) 2D 4+ ¢~ 7).
Finally, plugging estimates (3.60)), (3.67)), (3.70), B.71), (B706) and (B8] into
BE8) we obtain ([B57) and finish the proof of Lemma B.6l O

Lemma 3.7 (Control of .#(2)). Consider the situations as in Theorem B35l Then,
there exists C > 0 such that for all t € [t*,T}],

A > [ Al s ) i Re [ Val)(Ven Van)dy
(3.89) + :1 z—% Re / Vxa(y) - VQi f"(Qr) - exdy — CAE],
where )
(3.90) & = ((TM_—Otd)3 +a (T =)™ 2" 4 (T =)™ %)D + (TIZ)Q +e T

Proof. We compute as in [65] (5.48)],

d.y @ v — A T — ay
= _—Z e Im(VxA( " )- VR, Ry,)

5 1m (9, (Vxa(*k)) - VR, Ry)

+
P 2/\k Ak
- Tk T — 0
+> 22 IAXA(——) R, O R)
=1 "k k
= Yk T — O
+y s Im m(Vya( " ) - (VRi + VR®y,), ,R)
k=1

2 2 2
(I + I+ 75+ 7).

Mw

(3.91)

=
I

1
i) Estimate of 2 and 72 Since M < CX3*Mody and
t, kl k2 by k
’ k
@(VXA(”” ar))| < CAN*(Mod + P), by (B359),

(3.92) [ + 5% SCAN (Mod + P?)||VR|| 2| R 2 < CA(T —)7>D?.
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(ii) FEstimate of Jt(i)?’ We claim that

\VR 1?da

@ _ _ Ok A2y (T % 20y 4 /A
cﬂt)kg 4)\4 Re/ XA( )\k )|R | + 2)\2 Re XA

T — O
N WRG(A ( )\k )Rk,f/(Uk) ' Rk>
+ O(A(T = t)2D* + (T — t)"*Mod
(393)  +a(T— )" 2% 4 (T = )" ?)D+ e 7).
For this purpose, by (254) and (67),

Re(A A(

(3.94) WA YR AR+ f'(U+2) R

2)\2
+f"(U+4 2 R) - R*+ (a1 -V +ag)R+n).

First, we have from [12] (3.67)] that

r—«
- WR6<A A “)Ri, AR)
T (0%
- —NRe/AQXA( £ | Ry P
(3.95) + o G Re [ Ava(” (A RIZ).

Let us mention that an extra factor T — ¢ is gained here from the decay properties
of the cut-off function, i.e., for |y| > 2A,

(3.96) IVAXA(Y)| < CAly| ™2, |0ppmxaly)| < CAly|™, 1<k, 1<d.

Moreover, rewrite

e )Ry, f/(U) - R) +er,

Re(Axa( "Ry, f'(U + 2) - R) = Re(Axa (2=

where the difference

)R J(U+2) - R= [(U) - R).
k

Then, by the bound ||Axallr~ < C, Z2]I)) and &I3),

(3.97) er :=Re(Aya(Z

e < / (U3 + 24 )]2)| B2 de

_d(4_9q 41
<O(T - 1) 2@ 4|2l 70zl | RIZ
<C(T—-t)"2D2

This along with Lemma yields that

)Ry, /(U +2) )
k

= Re(AXA(x

(3.98) Re(Aya(Z

O ) By (U3) - Ri) + O((T — 1) 2D 4 = 7)
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It also follows from (6.15), @I3), @50) and D = O((T — t)?) that

o BelAa (5 B (U 2. B) - )
< ONCRIEU + 201505 )+ IRIE,)
(3.99) < O(T —t)"2D2.
Furthermore, by (2371,
\me Xa(E=25V Ry ay - VR + aoR + )|
<O (IR 2V Rll 2 + [ RI1Z2) + CA IR 2l 2

(3.100)
<C ((T — t)_QDQ + (T - t)_3M0d +a*(T — t)m—2+% +(T - t)”*_z) D).

Hence, plugging (93], 98), (309) and BI00) into ([B94) we obtain (3:93),

as claimed.
(iii) Estimate of ft(a The estimate of ﬂtii is similar to that of jt(i)g We
claim that

I = Le Re / V2xa(Z25)(V Ry, VR )da

—WRG/AXA

Tk T —
Ak (Vxal Ak

+ O(A(T —t)2D* + A((T —t)"*Mod
(3.101) +af (T —t)" 25 4 (T — 1) ~2)D).

")V R dx

)'VRkaf/(Uk)'Rk>

For this purpose, using ([2.54)) again and (67]) we derive

I == JERe(Va (k) - (VR + VR®y),
’ 2k Ak

(3.102)
AR+ f(U+2)- R+ f"(U+2,R)-R*+ (ay -V +ag)R+n).

Similarly to (3:95]), we have (see [12] (3.73)])
— % Re(Vya(Z—2%) . (VR), + VR®,), AR)
2>\k e
2 Re / V2ya (L2

(3.103) +(’)( (T —t)~ 2D2)

Yk r—«
A
xa( "

k 2
)|V Ry |*da
202

)(VRk, VRyi) —

We note that the second order terms 8, ., R are cancelled by the integration by
parts formula. For the detailed computations we refer to [65 (5.66)].
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Moreover, as in ([B.97), rewrite

b Re(Vxa(Z—28) (VR + VRD,), f/(U + 2) - R)
2>\ e
(3.104) :A— E Re(Vya(Z 5 k) VR, f'(Uy) - Ri) + r + O(Ae™77),
k k

where the last step is due to Lemma 2.6l and the error term is of form
~ Yk T — o / /
er=— Re(VXA()\—) (VR + VRy), f(U+2)-R— f'(U) - R).
k k
We use the bound [|[Vxallr~ < CA, 20), (Z25) and [@I3]) to bound

rl < €A [(VRI+[R)(UI" + |24 2| Rida

K

< CAQ (T =)™ Wles ko + 12117 /(IVR\ +|R])|Rlda + CAe™ T
k=1
* m—1+4 * —1 2 s

< CA(0* (T — ™% 4 o")(T — )7 D? + CAe™ T

(3.105)
<CA(T —t)"'D* + e 77).

Plugging this into (3104) yields that

~ K Re(Vxa(Z . kY (VR + VR®y), f/(U + 2) - R)
k k

(3.106)
.
- Z—k Re(Vya(
k

8V Ry, J'(Us) - Ri) + O(A(T — )"1D? 4 Ae™ 7).

For the remaining inner products in I02)), by 2I3) and 2350),
(3.107)
Tk
|— Re(Vxa(

(3.108)
_ 4
< CA(T - t) 2+2(||VR||L2||1‘%Hi4+||R||is)

+ HRIIHH) + CA|IR| 7

r—«

b)Y (VR + VR®), f'(U + 2,R) - R> + a1 - VR + agR)|

+ CA(|IVR| = |[RI*

2( +1)

Then, by (2X50), the R.H.S. above can be bounded by, up to a universal constant
CA,

d
2

(T —t)" 2 5((T— )" 21 4 (T —t)"%)D?
+((T =)™ + (T — ) 3D+ 4 (T — t)~2D?
(3.109) <(T—t)3D*+ (T —t) 3D i + (T — 1) 2D? < (T — t)"2D2.
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The last inner product involving 7 can be bounded easier than the previous ft(;)

in .71, By @350),
2/\ Re(V (x — ak) (VR + VR®y),n)|
(3.110)

<CA|R||m|lnllzz < CA(T —)~*Mod + a*(T — )™ 2% 4 (T — ) ~*)D,

Hence, we conclude from (B103), (B106), (3109) and BII0) that BI0T) holds.
Now, putting the estimates (B:92), (B:93)) and BI0T) altogether and using the
renormalized variable e in (252]) we arrive at

dj(2)

W L [ At |sk|2dy+z Re [ V2a(0)(Ver, Ven)dy

—ZRe 2>\4AXA )€k+ VXA( ) - Ver, f(Qr) - ex) + O(AE)),

where £/ is given by ([390). Taking into account the identity

T — Qy T — Q5
—ZRe XA e VXA ) - Ve (@) )

K

(3.111) Z 7—4 /VXA(y) -VQr, ["(Qk) - eidy,

we thus obtaln (B39), thereby finishing the proof of Lemma 371 O
We are now in position to prove Theorem

Proof of Theorem B0 Combining (3.57) and (B.89)) altogether and then using the
renormalized variable e, in (2.52)) we obtain that if €5 1 := Reey, and gi 2 := Imey,
1<k<K,

ds
dt —Zzi (/VZXA( )(Ver, V&) dy+/|5k\ dy

- [ Plaudiet, + @@ Rty - [ AawleiPay
(3.112)
e [(Vxa(0) = ) V@ (@) )y ) - C

Then, arguing as in the proof of [12] (3.83)] we obtain that for A large enough,

(3.113) CZ /|vgk|2 B4 e 2dy + O Z E Seal(er) + &),
s
Thus, using the 1nequahty (see [12, (3.87)])
K K
(3.114) 3" Secal(er) <CY (M + |R||s + P2 R|2: + e T7),
k=1 k=1
we arrive at ([B.50). Therefore, the proof is complete. O
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Below we will fix a large constant A such that Theorem is valid.

4. CONSTRUCTION OF MULTI-BUBBLE BOURGAIN-WANG SOLUTIONS

In this section we construct the multi-bubble Bourgain-Wang solutions to (L)
and derive several properties which will be used in the conditional uniqueness part
in Section [l later.

Throughout this section, we will take e, a* sufficiently small and ¢ close to T
such that

1
2 )
where C' is a universal constant, independent of £, a* and larger than the constants
in the estimates in this section. Let us mention that the exponent d/(8 + 4d) is
used in the derivation of (£E1]). For the construction of blow-up solutions, it will
be sufficient to take the exponent 1/4.

Let us start with the bootstrap estimates of the remainder and geometrical pa-
rameters, which are the key towards the derivation of uniform estimates of solutions.

1 d
. *V2 —)EFa) <
(a.) Clle+a)} +(1+ max [ou(T — ) <

4.1. Bootstrap estimates. Given any v, > 5, m>3ifd=2and m >4ifd =1,
set

(4.2) n::(m—i—g—l)/\(v*—Q), so K>3

Proposition 4.1 (Bootstrap estimates). Suppose that there exists t* € (0,T%)
such that u admits the unique geometrical decomposition 21 on [t*,T.] and the
following estimates hold:

(i) For the remainder,

(4.3) [R()l| 2 < (T = )", [IVR()|| 2 < (T —t)"~.
(ii) For the modulation parameters, 1 <k < K,

(4.4) Ak (t) = wi(T = )] + () — wi (T — )] < (T — )",

(4.5) ok (6) = el + |B(D)] < (T = 1) 572,

(4.6) 0k (8) = (wi (T =)+ 00)| < (T =)

Then, there exists t. € [0,t*) such that the decomposition (Z1)) and the following
improved estimates hold on the larger interval [ty, Ty]: for 1 <k < K,

(4.7) IR L2 < 1/2(T =)<, VR 2 < 1/2(T = 1),
(4.8) Ak (t) = wi(T = )] + e (t) — wi(T = 1) < 1/2(T = )",
(4.9) ok (£) = x| + | (8)] < 1/2(T = 1)%72,

(4.10) 10 (1) — (i 2(T — )~ 4+ 95)| < 1/2(T — )" 2.

Remark 4.2. Since Kk > 3,

(4.11) Mes Ve, P = (T —t), |Br| + |ax — 2| + D = O((T —t)?),

where the implicit constants are independent of €, «*. Hence, the results in Sections
and [J are all valid. Moreover, since £ = (m + £ — 1) A (v, — 2), we have

(4.12) (T —4)™+s 4 (T — )" ~1 < C(T — )~
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In order to prove Proposition 1] by the continuity of Jacobian matrix, the
local well-posedness theory of ([LI]) and C'-regularity of modulation parameters,
we may take ¢, (< t*) close to ¢t*, such that the decomposition ([2.1]) and the following
estimates hold on the larger interval [t., T.]:

4.13) [R(t)l|2 < 2(T =), [[VR(t)r2 < 2(T — 8)",
L1) () — (T = O]+ e(t) — wR(T - 0] < AT -0,
4.15) ek (£) — | + [Be()] < 2T — 1) 777,

4.16) 101.(t) — (i, 2(T — )+ 9%)| < 2(T — )" 2.

By virtue of Theorems 23] B.1] B.4] and we obtain

(
(
(
(

Lemma 4.3. There exists C > 0 such that for any t € [t., Ty],

(4.17) My, < Ca*(T — t)"1,
(4.18) Mod < Co*(T —t)" 1,
(4.19) Ak 4+ | < C(T —t)"+2,

and for the errors Er and &, in B31) and B350, respectively,

(4.20) |Er| < Ca*(T —t)" 1,
(4.21) 1€ < Cle + ) (T — )21 + C(T — t)2".

Remark 4.4. In comparison with [@I8]), one more factor (T —t) is gained in ([@I9)
for the particular modulation equation AgA; + 5. This fact is important to derive
(@21)) and to close the bootstrap estimates of remainder.

We are now in position to prove the bootstrap estimates in Proposition 1]

Proof of Proposition .11
(i) Estimate of R. On one hand, by (6.14]), we see that

\/F”(U—i—z,R) -Rde—/F”(U,R)-R2dx\

c/<|U|%*1 CIRIE 4 (24 2| R da

1+4
1+d4)

_dc4d_
<O((T — ) 2Dz s [ RIZ: + N2 f IRIZ2 + l12] 2 | R
(4.22) <C(a*(T—t)"2t8D2 + o (T — )" UG~ D) = o((T — t)"2D?).

Taking into account F”(U, R) - R?> = F(U + R) — F(U) — Re(f(U)R) we thus get

K
j:%/|VR|2+ %Z/)\%|R|2<I>kd:z:—Re/F(U+R) — F(U) - f(U)Rda

(4.23) + Im/VXA ) - VRR®dx + o((T —t)"2D?).
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Then, we use the expansion ([6.9)), to derive

2 4 2 4 —
:—Re/|VR|2+Z |R|?®) — E)|U|E|R\2 - E|U|E—2U2R2dx
244
) 00, / (U1 B do + | Rll2 [ VRl 12) + o(T = )7 D?).

Note that the last second line on the R.H.S. above is of order o((T —t)~2D?), see
[12, (4.29)], while for the quadratic terms the following coercivity type estimate
holds (see [12, (3.39)]):

K
1 2 1 2 2 4 2 2 4_9 2—2
= — - = -z d
2Re/|VR| +k§:1j 3z BP0k = (14 DIUIFRP - SIU|# U R do

2 K 2 s
(4.25) zc% +O(;% e T,

where C' > 0. Thus, by ([@24) and {2Z5), for ¢ close to T,
C D2 s
(4.26) I >= X Z ).
k= 1
On the other hand, Theorem yields that for any t € [t,, T\],

ds
. —_ >
(4.27) > —CE,.

Thus, we infer from (£20), (21) and the boundary condition .#(T) = 0 that
for any ¢ € [ts, Ty,

(4.28) DgC((T—t)(/ |6’T|ds%+Z|Mk|+e %),

k=1

Taking into account (A1), (@I7) and [@2T]) we then obtain
(4.29)

1
D <C ((g Faf)E(T — )" 4 (T — )3 4 o (T — t)"““) < (@=L,
Thus, estimate (7)) is verified.
(ii) FEstimates of Ay and . By ([@IS),
d (v Nk — Medwi| _ Mod . —2
4. = <2 < Ca*(T —-1t)"
as) 15 ()1 = 5 <o (T

which along with the boundary condition (3£)(7%) = wy, yields that

T
od * k—1
. Tk Z(k < Ca*(T —t
(4.31) \ w| < /t o ()\k>|dT Ca*( )
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This in turn yields that

d : Vi Vi
o — S = et LB = 2
g e = we(T =) = A + N TS
< Mod | cor (7 — 1)1 < Car(T — 1)<

k

and thus, by (@1,
(4.32)

T, d
\)\k—wk(T—t)|§/t |2 O = wi(T = 7))ldr < Ca*(T = )" < S(T = )"

N =

Hence, we prove the estimate of \j in ([£8]).

Regarding v, by ([I8) and (El"ﬂ]),

d 2
= (yk — w} (T = 1))] = | + ~ +w2 ’“I
dt g PYEERPY:

Mod
< 28 4 Clun — 2| < Ca™(T — 1)
32 A
Thus, taking into account v (7%) = wi (T — T) and @) we get
(4.33)
- d 2 * K 1 K
7k (8) = wi(T = 1) < t |5 On(r) = wi(T = r))ldr < Ca™(T = )" < (T = )"

This gives the estimate of v in ([J).
(iii) Estimates of By and ap. By the improved estimates [B.30), ([E20) and

&30,

<CZ|w ——|—|—E7“)<C'oz( — 1)t

so we get that |8, < C(a*)2 (T —t)5+2 < (T —t)2 5+, which along with (@IR)

yields that

Ak — 2By, + %| < Mod " 2| Br| <
Ak Ak Ak Ak

Integrating both sides and using (#1I]) and the boundary condition ay(7y) = zj we

get

[SIE

(4.35) || = | Ca*(T —t)2 2,

T,
(4.36) |ak(t)—xk\g/ léu(r)|dr < Ca*(T —)5+3 < Z(T —t)5+3,
t

| =

thereby proving the estimate of «y, in (E3]).
(iv) Estimate of 0. It remains to estimate ;. By @II), (EI]), @32) and

9

d A2y, —1— \5k|2 |Bi|? 1
0, — T — Y k —_
‘dt( k= w (T =)+ )| = | )\i A2 )‘i T wi(T— t)2|
(4.37)
|5k\2 A — wi (T = )| A + wi (T = 1) . k-3
< _
< )\2 2 + IR (T — 12 < Ca*(T-1)
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which along with (1)) and the boundary 0y (T.) = w;, *(T — Ti) ~ + ¥, yields that

(4.38)
g 1

16k — (w 2(T — 1) ™" + %) S/ \5(9 —w (T =)™+ Jp)|dr < §(T — )2
t

Hence, the estimate (I0) is verified. Therefore, the proof of Proposition 1l is
complete. O

4.2. Proof of existence. We are now in position to prove the existence part in
Theorem Consider the approximating solutions v,, satisfying the equation

1040y, + Av,, + a1 - Vo, + agv, + |vn\%vn =0,

4.39 K
(4.59) V) = D Sultn) + 2(tn),
k=1

where {t,} is any increasing sequence converging to T, the coefficients aq,aq are
given by ([2) and (3]), respectively, {Sk} are the pseudo-conformal blow-up so-
lutions defined in ([20), and z solves equation ([2I). By virtue of bootstrap
estimates, we have the key uniform estimates below.

Lemma 4.5 (Uniform estimates). There exists t. € [0,T) such that for n large
enough, v, admits the unique geometrical decomposition v, = U, + z + R,, as in
@T), with the parameters Pp k= (Ank, 0n ks Bk, Yk Onk), 1 <k < K, and the
estimates ([@3)-G) hold on [t.,t,]. Moreover, there exists C > 0 such that

(4.40) sup | R (t)[|s < C(T = t)",

2
(4.41) sup [|2vn flo(e. ¢,3iz2) < C(1+ max |zx|)”

Proof. The proof of the existence of a universal time ¢, and uniform estimates
@3)-E8) is similar to that of [64] Theorem 5.1], mainly based on the bootstrap
estimates in Proposition 1] and bootstrap arguments (see, e.g., [67, Proposition
1.21]). Thus, the details are omitted here for simplicity. Below let us mainly prove

estimates ({.40) and ([EA41).

Let M := 1+ maxi<x<x |zk|. Let ¢(z) € C}(R? R) be a radial cutoff function
such that ¢(z) = 0 for |z| < 7, and p(z) = (Jz| — r)? for |#| > r, where r =
2 max; <p<x{|zx],1}. Note that, [Vg| < C= for a universal constant C' > 0.

Let wy, := U, + Ry, n > 1. Then, v, = w, + z. By equations {39) and (21)),
wy, solves equation

10swy, + Awy, + a1 - Vwy, + agw, + f(vn) — f(2) =0,

K
(4.42) wa(tn) =Y Skltn) (=: S(tn)).
k=1
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Then, by the integration by parts formula and Im w,, f(w,) = 0,

d
G [wnleds

= Im/(2w_ann + a1|wn|?) - Vo + 2w, (f(vn) — f(wn) — f(2))pdx

4/d
(4.43) _Im/ 2w, Vw, + aq|wy|?) - Vnpdm—i—(’) /\w i jzjgo\dac)

In order to estimate the R.H.S. of ([£43)), we note that

\Im/(2w—ann + ar|wa]?) - Vipdal

1
=C (| [V + [, |?) p? dex
le—zk>1,1<k<K

< C((/ Ve, |2dz)b
lz—21|>1,1<k<K

(149 +(f Pz 1) [ o),
lz—x|>1,1<k<K

where C' > 0 is independent of n. By (1)), (£3) and (L),

(4.45)

| fw (8) + [V (1) Pda] < C(|Ra() 3 + e~ ™) < C(T — 1)
|e—zp|>1,1<k<K

This yields that for a universal constant C' > 0,

(4.46) |Im/(2w_ann + ar|wn]?) - Vipda| < (T — t)“(/ o2 pda) .

Moreover, for 1 < j < %, since supp C {z: |z — x| > 1,1 <k < K},

4_ 5 . . .

/ Jwn " 2 pld < ( / [ |2pd)® ( / e [ |2 % pd) 3

< C( / w2 pda) s ( / (U072 4 [Ry [*1372) 2 ¥ pdar) >
248 —2; -7

< O( /Iwnl dz)? (|| Ry | 2(§+§J,2J) w2l 3|2l P + Me™ ),

which along with [2210), (Z24), (A1) and (7)) yields that for a universal constant
C >0,

(4.47) /\wZJF%_jzjgp\dx < (T — 1) (/ o 2 odz )3
Hence, plugging (@46]) and [@A7) into [@A3) we get

d 1
(1.48) G [lun@Peds) <o =0 ([ lun®Ppds ).

Thus, integrating ([@4]]) from ¢t to t,, using (@) and the boundary estimate

(4.49) /|wn( cpdx—/ Zsk )2pde < CM2e™ ™0 < CM2e T,
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we obtain for ¢ € [0,1,],

(4.50) / |w, (t)|2pda < C(T — )2,

In particular, this yields that
(4.51) / IR (1) Pz <C( / U () Peodz + / (1) Poder) < C(T — 1)2+2.
Since @(z) > Lz[? for 2] > 4M, by @I), @) and @D,

(4.52) /|9cRn(t)|2d9c < C(/ |Rn (t)[*pda + M? / |Rn (1) dz)
< CMQ( )2n+2 < C( )2n+1
where C'is independent of n and M. This along with (@3] yields (£40). Similarly,

we derive that

/|xvn(t)\2dx < C(/ wwn[2dz + |22 12)?

< C(/ [wn () *pda + MZ|wn |72 + [lo2]Z2)

< O((T = )**2 + KM?(|QI 72 + M*(T — )2 + |22 2.)
(4.53) < CM?,

where the last step is due to (Z24)), (£3), ([E5E0) and the conservation law of mass,
and C is independent of n. This yields [@41]). Therefore, the proof of Lemma
is complete. O

Proof of existence part in Theorem [L2l Let a*, e be small enough such that (€1
holds and ¢, as in Lemma Let M := 1+ maxi<g<k |zx|. By Lemma A3
{vn(t,)} are uniformly bounded in ¥, and thus up to a subsequence (still denoted
by {n}), v,(t.) converges weakly to some v, € X. The weak convergence indeed
can be enhanced to the strong one in the space L2, i.e

(4.54) Un(ty) = ve, in L2, as n — oco.

This is due to the uniform integrability of {v, (¢.)} implied by the uniform estimate
(EI

(4.55)
2

1
SUp [|vn (t)l| 22 (11> 4) < — 8P [|2vn (t)l] 2 (121> 2) < =0, as A — oo
n>1 n>1

Thus, the L? local well-posedness theory (see, e.g. [3]) yields a unique L2-solution
ve to (D) on [t., T'), satisfying that v.(t.) = v, and

(4.56) lim v, — Uc”C([t*,t];Lz) =0, telt,T).

n—oo

Moreover, since v, € X, the local well-posedness result also yields v. € C([ts,t];X)
fort € (t.,T).
Next, we show that v, is the desired multi-bubble Bourgain-Wang solution to

(@TI). Let
(N0ks @0 ks Bokes Youks Oo.k) 1= (Wi (T — t), p, 0, wi (T — ), w, 2(T — ) ™1 + %)
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and Pni = (Ank, Qn ks B ks Yo,k On,k) be the parameters corresponding to the
geometrical decomposition of v,. Then, analogous computations as in [64] and

estimates ({L3))- ([0 yield, for k > 1,
(4.57) |V = Sllze < O(T = )20,
which along with ([@50) yields that
(4.58)
foe(t) = S() = 2() 12 < Tim (10 () = SOl 2 + [ Ba(t)12) < CT = 3D,
Moreover, as in [65],
(4.59) 10 = Sz < CM(T - )22,
which, via ([{40), yields that
(4.60)
lon(t) = S(&) = 2Dl < [Un(t) = SO)ls + [ Ra(®) |5 < CM(T — )25,

Hence, possibly selecting a further subsequence (still denoted by {n}) and using

([#358) we obtain
vn(t) — S(t) — 2(t) = ve(t) — S(t) — 2(t), weakly in X, as n — oo,
which yields that
[oe(t) = S(8) — (1)l < liminf o (£) — S2(t) — (D)l < CMT — 3=,
Therefore, the proof of existence part in Theorem is complete. O

4.3. Further properties. We close this section with further properties of the
constructed multi-bubble Bourgain-Wang solutions in Theorem [[L2] which will be
used in Section [ later.

Proposition 4.6 (H? boundedness). Consider the situations as in Theorem [[2.
Then,

(4.61) IRa() 5 < (T =0)"72% te€ [t ty),

where k= (m+ % — 1) A (v, — 2).

Proof. Set M := 1+ maxi<;j<xk |z;|. Rewrite equation ([2.54):

(4.62)

01 Ry + ARy + (a1 -V 4 a0) Ry = —=1n = f(Rn) — (f(vn) = f(Un + 2) = f(Rn)),

where R, (t,) = 0 and 7, is given by (Z55). Applying (V)2 to both sides of (E62)
yields

3

i0((V)3R,) + A((V)3R,) + (a1 -V + ag) (V) R,.)
= [a1 - V + ao, (V)g]Rn — <V>%77n - <V>%f(Rn)
)

[N

3

(4.63) — (V)2 (f(vn) = f(Un + 2) = f(Rn)),
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where [a1 - V + ag, (V) 2] is the commutator (a1 -V + ao)(V)2 — (V)3 (a1 - V + ag).
Then, the Strichartz and local smoothing estimates yield

(464) 1Rl ot

< C<||[a1 -V + ag, (V) 2] Ry |

T R sz

_1
L2(t7tn;H1 2)

4424 + H<V>%77n 442d

44-2d
it L 3T L7AFd (tt,,;L3Fd)

(S

+ (V)
4

= ZJ[
=1

To estimate the R.H.S. above, by the calculus of pseudo-differential operators,

(CI3) and @),
(4.65) i < ClIRulliz(umr,) < CT = %Rl i < C(T — )3,

(f(un) = f(Un +2) = f(Rn))”Lz(t,tn;H%))

Moreover, similarly to [65, (7.8)], by the product rule, Sobolev’s embedding and

@3,

3 4 4
(466)  IVIEFRA)I, seae < IRl Bally < O~ )3 Rall, 5
which yields that

(4.67) Jo < C(T — t)4+3%51 | R,, e C(ttalsHE )

Regarding J3, we use the decomposition 7, = Zl 1M as in ([258) to derive that

for p := 2£21 and any multi-index |v] < 2, by (259) and @IS),

—2— |v\+d(

(4.68)  [|0m1l Lot 0,10y < CZA AL ) Mod < Ca® (T — t)"~ 2t

k=1

Moreover, by (2.60), (220) and ({12

K
(4.69) 0902l Lo, Loy < C(T — t)» 5% Z S lleWove, L + Cem T
v|<2 k=1

<O(T —t)" L

Note that, because 73 contains the interactions between different blow-up profiles,
by Lemma 26|

_ s
(4.70) 1023l Lo (t,t,500) < Ce™ T2,

At last, by [2.62), 247), 248) and [@I2), we get

(4.71) 10l Lo 8,10y SC(T — 1)V 2F a3 < C(T — )+ o,

Hence, we conclude that

(4.72) I3 < [l axe

L Tl (ttnsH
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It remains to estimate the last term J;. We estimate

Jy < Clx)(f(vn) = fF(Un +2) — f(Rn))HLz(t,tn;Hl)
4/d
<Cy <||<$>(Un|l+r] + 2T R | L2 1,,0:2)

PR .
+ 1@ (VU] + [V2)(Unl 77 + |2[47) [ Ral | L2 (2,112

(4.73) (@) (U [T 4 |28 ‘>|VRn||Rn|j—1||Lz<t,tn;m>>‘
Note that, by (221 and (2:24),
) = 4 Rl ey < (T = ) @2l 22 D22 IR gy

< O(T —t)"it3,
Since |(2)VUy| L~ < CM(T—t)"2"1 and ||VU,| |1~ < C(T —t)~%, by [@24) and
@) (VU279 + [V2||Un 877 + V2| |2] ) R ]| 12100 12)
< —4_1 %_j J
< C\M(T = )22 |2l Zec 0, o0 1Bl 1,0,1,0)
_dcd_ 1 i
+(T-1) 5(G—0+3 H<$>VZ||L°°(t,tn;H1)||RH]C( ttn]:HY)

(7 = OVl VI e R0

_d_1

<C(M(T—1t)"*
< CM(T —t)* 3.

§+Hj+(T_t)—2+§j+§+Nj+(T_t)§+ﬁj)

Moreover,

a_ -
()24 VR R | 210,022

1 =
< CO(T =)z |() 2| oo (1,0, 1) ”ZHEOCJ(t o Loc)HRHC( [t,tn];HD)
<O(T —t)ztr
The remaining terms in (73)) only involve U,, and R,, and can be bounded by, as
in [65],

CMT =02+ (T =0 Rl )

Thus, we conclude that

_3 3
@) L <OM(T 0 TRl )
Therefore, estimates [@64), ([A65), (A67), (IZZZI) and ([@74)) altogether yield that
(475) Rl g8y < OMT = )55 (T =) 2| Rull )
which along with ([@1]) yields (@6T)). O

As a consequence of Proposition and the uniform estimates (£3)-(@4]), the
asymptotic behavior (LI9) can be taken in the more regular space H 3. Since the
proof is similar to that of [65, Proposition 7.2], it is omitted here for simplicity.
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Corollary 4.7. Consider the situation as in Proposition with v, > 6, m > 4
ifd=2and m >5 if d=1. Then, we have

(4.76) lon(t) = S(t) = 2(®)ll ;3 < CT = 8)572,

where k = (m+ % —1) A (vs —2). In particular, for v, constructed in Theorem [,
we have

(4.77) loe(t) = S(t) = 2(D)] 3 < C(T — )52,
and the strong H' convergence holds: for any t € (t.,T),
(4.78) lvn = velle(e, ;1) — 0, as n— oo.

The constructed blow-up solution v, actually admits the geometrical decompo-
sition on the existing time interval [t,,T), namely,

(4.79)  wv.(t, x) Z)\ QQk _ ) Or 4 2(t, ) + R(t, )
(:=U(t,z) + 2(t,z) + R(t,x))

with Qg (£, y) = Q(y)e!Pr-v=37®I*)  the parameters P := {\, a, 3,7, 0} are C*
functions and the following orthogonality conditions hold on [t,,T): for 1 < k < K,

Re/(x — ay)UpRdx = 0, Re/ |z — ap|*UpRdz = 0,
(4.80)
Im/VUkﬁd;ﬂ =0, Im/AUkde =0, Im/gkﬁdx =0.

This fact is mainly due to the uniform estimate ([@I8]) of modulation equation.
We refer to [65] for more details. Hence, taking the limit n — oo in the uniform
estimates (L3)-(@0) and (@EI) we get the following estimates on [t,,T): for 1 <
k<K,

(4.81) Rz < (T =) R < (T =), [R5 < (T —1)"?
(4.82)  [Ai(t) —wi(T = )] + | (t) — wi(T = )| < (T = t)",

(4.83) o (t) — @] + Br(t)| < (T = 1)572,

(4.84) [01(t) — (i X(T = )7+ )| < (T — )72

As a consequence, for any t € [t.,T), Mg, vk, P are comparable to T — ¢:

(4.85) Ak(t), (1), P(t) = T' - t,

(4.86) Mod(t) < Ca*(T —t)"

(4.87) |0y z2 < CaX(T =)'t e 1, T), |u] <2,

where C' > 0 is a universal constant independent of €, a* and ¢.

5. CONDITIONAL UNIQUENESS OF MULTI-BUBBLE BOURGAIN-WANG SOLUTIONS

5.1. Control of the difference. In this subsection we assume Hypothesis (H1)
with m > 10, v, > 12. Set k := (m + % — 1) A (vx — 2). Note that £ > 9+ %.
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Let v. be the constructed multi-bubble Bourgain-Wang solution in Theorem
[C2 with the corresponding parameters P = (A, «, 3,7,6). Let v be any blow-up
solution to (1) satisfying

=

(5.1) o) =Y Sk(t) = 2Oz + (T = 6)Jo(t) = D Sk(t) = 2(8)l| s

k=1

A L=

C(T —t)*¢, telt.,T),

where ( is any positive constant close to 0. Set

K
(5.2) w::v—vC:Zwk, wg = wdy, 1<k <K,
k=1
where {®;} are given by ([Z51]). Define the renormalized variable ¢ by
—an(t). .
(5.3) Wil 2) = (D)~ Fen(t, =Wy o0 g << g

Ak (1)
Note that ¢ is different from e, defined in ([252)). Similarly to (29]), set
(5-4) D(t) = [[w(®)l|2 + (T = I Vw(t)] .

Then, by (£&1) and (G.1),

IRz < (T —8)"F,
(5.5) IR g < (T —1t)", with kK > 9,
IR ,5 < (T =12,
D(t) < C(T — t)**¢,

(5.6) lw(®)[f, < C(T =)~V DP.

Moreover, by equations (LI)) and (5.6), w satisfies the equation
57 {i@tw +Aw+ay - Vw+aow + f(ve +w) — f(ve) =0, te (t,T),

Jim [fw(®)]| e = 0.

The crucial ingredient in the uniqueness proof is the following Lyapunov type
functional, which is similar to the generalized energy .# in (8.54)),

K
—~ 1 ) 1 1 )

—= [ v +=3 5 Oyda — F(ve +w) — F(v,) — f(ve)@
S 2/| w|*dx 2 2 )\%/|w| kdr Re/ (ve + w) (ve) — f(ve)wdx

(5.8)

K
+ ’Y—k Im/(VXA) i . wad)kdx.
— 2k Ak

Lemma 5.1. There exist Cy,Co,C3 > 0 such that for t € [t.,T),

K
(5.9) CUT 1) 2D? ~ Y S‘;‘g’“ < 7 < C3A(T —1)72D2,
k=1
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where

(510) Scalk(t) = <6k,17 Q>2 + <6k,1ayQ>2 + <€k,17 ‘y|2Q>2
+ <6k,25 VQ>2 + <€k,27AQ>2 + <€k,2ap>27

and €51, €x,2 are the real and imaginary parts of €x, respectively.

Proof. We first show that the constructed blow-up solution v, in (G.8)) can be re-
placed by the blow-up profile U given by ([@79), up to the error O((T — t)~1D?),

(5.11) Re/F("UC +w) — F(v.) — f(ve)wdx
~ Re / F(U +w) — F(U) — f(UYTdz + o((T — )~ D?).

Note that |F”(ve,w) - w? — F"(U,w) - w?| < C(|U[iY + |w|i~! + |2]a! +

RIEY)|z + Rljwl2. By @25), @E) and (8, we have

/ U7z + R||jw|?dx

K
<CT =) fle W, k] oo fw][3 -

k=1
.

+C(T — ) F G V| R] 2 w|| % + Ce™ T ||w| 2.
(5.12) < C(a™(T—t)™ "% 4 (T — )" 3+% 4 e 77)D? = o((T — t)" ' D?).

Moreover, by (2.21)), (81 and (E.0),

(5.13) /(\wﬁ-l + 2|47 + [R|“ )|z + R||lw|*dx = o((T — t)~D?).

Hence, (EI1)) follows from (E12) and (BI3), as claimed.
Next, for the R.H.S. of (BI1)), note that

(5.14) Re(F(U+w)— F(U) - f(U)w)
= (5 + Il + U152 Re(U2w?) + O((U]F " + fufd ).
The error term above can be bounded by, via (5.0]),
(5.15)
/ (U1 + Jw| )P de <C(T — 1) 5 |wlé + wl3h?) < OT - 1)~ D*.

Moreover, for the Morawetz type functional in (G,

(5.16) k. Im/(VXA) (z — a’“) Vwwyde| < CA|w||p: |Vl 2

2k Ak
< CA(T —t)"'D?(¢).
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Thus, we conclude from (EIT)), (EI14)-(E10) that

K
(5.17) . = %Re/ |Vw|* + ; /\iiw|2<1>k —(1+ %)|U|§|w|2
- §\U|3*2Uzm2dx + O(A(T — 1)1 D).
Now, on one hand, by Holder’s inequality, (517) and (E4),
(5.18) |7 < C(Jwlffp + (T = )2 |lw|f2 + (T =)' D?) < CA(T —t)7°D?,

which yields the second inequality in (5.9).

On the other hand, the first inequality in (5.9)) mainly follows from the coercivity
type estimate below, which is similar to (£25) mainly due to the local coercivity
of linearized operators,

K
I > Co(T —4)72D% = Co(A(T — )7 D* + Y A %Sealy, + e~ 7 D?).
k=1

Hence, for ¢ close to T such that Co(A(T —t) + e 7~ t) < 1y, it leads to

K
P —-27172 -2
S > SCIT —1)7°D* = G > A2 Sealy.
k=1
This verifies the first inequality in (589]). Therefore, the proof is complete. O

The following monotonicity property of 7 is crucial in the derivation of unique-
ness.

Theorem 5.2 (Monotonicity of jv) There exist C1,Cs > 0 such that for A large
enough,

(5. 19)

dt _C’lz/ — |V |* + )\3 |wk| Je Ty dgc—C’gAET7 for t close to T,

where

~ 52 Scalk
(5.20) =gt Z

Remark 5.3. Comparing with the error &, in ([B350), we see that &, in (5.20) only
contains the orders of D higher than one. This fact is important in the derivation
of uniqueness.
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Proof. Using equation (B.7) we compute
— K

ds Ak 9

T _Z)\—zIm/’uﬂ Ordx

Im(f'(ve) - w, wg) — Re(f" (ve, w) - w?, Opv,)

|
M= T
>

=~

Il

—
=

'Uca w) ' w2, wk>

|
]~
>~
Mw
?rm|H

N

m(wV P, Vw)
k=1

E
Il

1

— Im{(Aw — Z )\ka—i—f(vc—i—w) f(ve), a1 - Vw + apgw)
k=1

A - A T —«
k=1

2)\ Ak

~

+ kZ: VT (&s(VXA(x ;:k ) - Vw, wy,)

=L

Vi T — O Vi T — g
Im( 2 ke . .
+ kz=1 <2>\£ xa( " Jwy + e Vxal( " ) - (Vg + Vwdy), dyw)

(5.21)
9 —~
=: thl
=1

In order to reduce the analysis of (E.2I)) to the previous case in (B.58) and @.91),
we show that v, in Jt 2, Jt 3 Jt 5 Jt 6 and Jt 9 can be replaced by U + z, up to

the acceptable error (T — t)~2D?2.
(i) Estimate of %2. By ©I13),

K

—~ 1

Sz 3 3 Il (U +2) - w, )|
k=1"k

K
1
< OZA—i / (U1F 4 |25+ (R R||w|2da
k=1

—44d - -1
< C(T =)™ 2[Rl pallwllZs + (T = )2 [l2ll e [ R 2 [ w]| 7
4
+ (T = 1) 2[RIl g [lwl|)-
Then, by 221)), [@31) and (E.0),
—~ 1
(5.22) EZEDY 3z Im{f'(U +2) - w,wy)|

< CO(T — )" + (T — t)ar—2-2) D2
<C(T —t)"2D2.
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(ii) Fstimate of j,;g. By the decomposition (£79),
Re(f" (ve, w) - w?, dyve) = Re(f” (ve, w) - w?, 8;(U + 2)) + Re(f” (ve, w) - w?, O; R).

Let us treat the two terms on the R.H.S. above separately.

First by (6.14),
| Re(f" (ve, w) - w?, 0 (U + 2)) — Re(f"(U + z,w) - w?, 0,(U + 2))|
(6:23)  <CYoUU + Do [ (01372 + o122 4 B2 o+ fuf2) | Rl jwpda.
Since by (ZZF) and BB3), [|0,(U + 2)||p~ < C(T —)~2~%. Then, by @8I) and
(E6), the R.H.S. above can be bounded by, up to a universal constant,
42

(5:24) (T = )72 (((T = )" + [l2]|} IR 12 w74

+ RN )3 + 1B 2w} ; 5) < (T—1)D
Next we show that
(5.25) Re(f" (ve, w) - w?, 8, R) = O((T — t)~2D?).
To this end, by equation (2.54)),
| Re(f" (ve, w) - w?, 9, R)|
= |Im(f" (ve, w) - w?, AR+ f(ve) — f(U + 2) + (a1 - V + ag) R + 1)

Note that, by (£&1),
(5.26) [ Tm(f" (ve, w) - w?, AR)| < C||R] 3 | f" (w,w) - w?|| ;3
S C(T = )" 2|If" (u,w) - w?|l 3
Then, by Z21), @79, @S1), B6) and [U®)|m < C(T —1)71,
1+

1+4—5 1+45 1+4—5 i
(5:27) [If" (ve,w) - w?|l oy <C Y (U™ + M2l + IRl ™) wllpn

[SYEN

j=2
< O(T — 1) 3wl%.

Plugging this into (520) and using k > 5 we obtain

(5.28) | T (f” (ve, w) - w?, AR)| < C(T — )" w3 < C(T — £)"2D3(t).
Moreover, since by (G.13)),

(5.29) 1" (vesw) - w?] < C (T )24 4 R + w] 70) wf?,

(5:30) |f(ve) = S(U +2)| < CUIE + [RI7 + |2 )R] < C(T 1)~ + [RID)|R],

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



MULTI-BUBBLE BOURGAIN-WANG SOLUTIONS 573

taking into account (221)), ([A81]) and (5.0) we get
| I (" (ve, w) - w?, f(ve) = f(U + 2) + (a1 - V +ao) R)|
<0 [ o7+ R+ ul DB - R
+|R["TT + |VR| + |R|)dx
<C(T -7 + [RIG + wl i ) ol (T - )72 1R 2
+ B + I1Rl)
<C(T-t)"~ 5+4 D2
(5.31) < C(T —t)~2D>.
Furthermore, by ([A87) and (529,
(5.32)  [Tm(f" (ve, w) - w?,m)| < C(T = )24 ] 2 wlfn < C(T = £)2D2,

Thus, estimates (228)), (531 and (B32) together yield (B25), as claimed.
Therefore, we conclude from (5.23), (5.24) and (5.20) that

(5.33) T3 =Re(f"(U + z,w) - w?, 0,(U + 2)) + O((T — t)~2D?).
(ili) Estimate of % 5. By (3), (5:6) and (614,

|ﬂt5—|—Z—Im (U + z,w) - w?, wy)|

gc@—w*/0Uﬁ*+m%”+mﬁ*+mﬁﬂﬁmmmm

< O(T = )R] s |[w]| 3 < C(T =)D
This yields that

K
(5.34) Z —% (U, w) - w?, wg) + O((T — t)~2D?).

(iv) Estimate of Jtﬁ. Since by (6.6),
[f(ve +w) = fve) = (f(U + 2z +w) = f(U +2))|
= [f'(ve,w) - w — f/(U + z,w) - w]

(5.35) S C(UIF 412 371+ IR 4wl YR fwl,
we infer from (£JT]) that

[ Im(f(ve + w) — f(ve) = (f(U+ z+w) — f(U + 2)),a1 - Vw + agw)|

< C(T —t)~2D>.
This yields that
K

(5.36) S =—Im(Aw—Y )\—12wk

E=1"k
+ f(U 4z +w) — f(U +2),a1 - Vw + agw) + O((T — t)"2D?).
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(v) Estimate of %9. By equation (&),

T — Qg Tk L=k
%Q—ZIm 2)\2 ( N Ywg + 2>\kVXA( o ) (Vwg, + Vwdy,),
(5.37) iAw +i(ay - Vw + agw) + i(f(ve + w) — f(ve))).

Note that, unlike in ([Z54]), we have n = 0 here. Then, in view of (53H]), we see
that

T —

’<2/\2A Al ;kak)wﬁﬁv Al " )
(Vwg + Vwdy),i(f(ve +w) — f(ve)))
~ (Gaa Al g Va5 )

(Vwg + Vw®y),i(f(U + 2z +w) — f(U+z))>’

< CA/ (T =) w| + |Vw]) (|U|-—1 + 2+ w7 |R|%—1) |R||w|dz
< CA(T —t)~2D>.

This yields that

K
— (a2
S g = Im (A —V
9 kz::l m 2)\2 xa(Z y Jwi + e

(5.38)

ak) - (Vwg + Vwdy),
Ak

iAw+i(f(U+ 2 +w) — f(U + 2)) +i(ar - V + ag)w) + O(A(T — t)~2D?).

Now, the reference solution v, in (52I]) has been replaced by U + z up to the

order O((T — t)~2D?). Note that, by @XI)-@R4) and (E.0), the conditions in
Theorem are verified. Hence, arguing as in the proof of Theorem with w

replacing R and using (5.0) we obtain (G.19]).

As mentioned below (B.37), because for the difference w we have n = 0, the
errors involving M}, and the linear terms of D in (33506) do not appear here, only
the higher order terms of D remain.

Therefore, the proof is complete. |

As a consequence of Lemma 5.1l and Theorem we have

Corollary 5.4. Fort close to T, set

S D2(s)
5.39 N(t) = sup —=.
(5:39) )= s Ty
Then, there exists C > 0 such that

T K N7
(5.40) Z S“‘l’“ )+ / Zsi‘:%l(’;()s) +51]y(_slds).

2
t<s<T )‘ t
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Proof. By Lemma [5.1] and Theorem 5.2} for t < £ < T,

D2(t)
Ty
Scalk Scalk tds
<cA Z Scal;C
. /f ZScalk D2(s) is)
t (T_ s)3 *
which yields that
D?(s) ~ X Scal(s) - ~
sup ————= < CA(N(t) + SuUp —s—= t)N(t
t<s<t (T — s)? V) kzzltgsg‘{ )‘%(3) ( N ()
i K
Scaly(s) N(s
+/t Z N (s) € ds)

Since by (5.6), N(f) — 0 as { — T, taking { — T and ¢ close to T' we obtain
([

5.2. Control of the null space. In this subsection we derive the control of scalar
Scal,. The main result is formulated in Theorem The arguments follow the
lines in the proof of [65, Theorem 7.7], mainly based on algebraic identities. For
the reader’s convenience, let us sketch the main arguments below.

For every 1 < k < K, define the renormalized variables e, and e by

—as o, T —ok(t) g )
w(t,x) = A(t) 2 (t, )0 ()
(5.41) Ak (t)
with Z(t,) = ep(t,y)e! POV O,
Note that the renormalized variable ey, is different from the previous one ¢ in (B.3).
We use (6.7) to expand f(ve+w) — f(ve) = 0. f(ve)w+0z f (v )W+ [ (ve, w) -w?,

and expand 9, f(v.) and dzf(v.) around the profile U to get f(v. +w) — f(ve) =
f/(U)-w+ Gy, where

(5.42)
Gri=w(@.f)(U.z+ R) - (2 + R) + W(0=f) (U2 + R) - (2 + R) + " (ve, w) - w?.

Decompose f'(U) - w into three parts

(543) f(U)-w=f(U)-w+ > f () w
I#£k

K
(U)-w=Y fI(U)-w] =: f'(Ux) - w+ Ga + Gs,
=1
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and set G4 := a1 - Vw + apw, with ay, ag defined by (L2) and (L3]). Thus, equation
(B0 can be reformulated:

4
(5.44) iOw+ Aw+ f'(Uy) - w=—> Gl
=1

Plugging (5.47)) into (5.44]) and using algebraic computations one has the equation
of e;, below.

Lemma 5.5. For every 1 < k < K, ey satisfies the equation

(5.45) iNiOer, + Aex —ex + (1 + )Qdek + Qdek

:—ZHZ+0 y)2[ex| + (y)|Ver) Mody,)

where
4 . .
(5.46) Hy(t,y) = Ap e e Bry=3ml )Gyt Ay 4 ax), 1<1<4,
The error terms {#;} in (5.46]) can be controlled by Lemma [5.6l

Lemma 5.6. Let K belong to the generalized kernels of the linearized operator L
given by 61), i.e., K € {Q,vQ, [y|*Q,VQ,AQ, p}. Then, there exist C,6 > 0 such
that

(5.47) / Ha (1,9 (9)|dy < O(T — )+ Do),
(5.48) / (Ha(t, )] + [Hs(t, ) DIK() dy < Ce™ 75 ]| 2,
(5.49) | / Ha(t, y)K(y)dy| < CT — 1)+ ao] 2,

where v, s the flatness index of the spatial functions {¢;} in Hypothesis (H1).

Proof. Estimates (£48) and (549) were proved in [65, (7,95), (7.96)], hence we
mainly focus on the estimate (5.47). Define the renormalized variable eg by

(5.50) R(t,z) = A} Eepp(t, T2k )eite.
By (5.44),
(5.51) /I% () )|dy < C(T — 1)? /|G1 (t,2) Oy .

By ), we have |Gy| < C(UIF + [ + RI# )|z + Rljw| + c<|U|%*1 e+
R|i~! + |w|a=1)|w|?. Taking into account Lemma 26 and using K(y) < Ce=oMl
we derive

/ Ha (1) () dy
= C/ e ((e‘“" Fleakl T 4 lerul Y en + erppllEn]

(5.52) + (eﬂs\yl + |5Z7k|§*1

Sl ER Jdy + ce T
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Then, by (221), 228), (4R1) and (.6), the R.H.S. can be bounded by, up to a

universal constant,
_ _ 4_ ~
(||€ We, kllpe + lerrller + e es k] 1||L°°||€zk:+~5Rk||L2) l[€xll L2

s P12

+ [ler, k||H1 Yewn + erpllan ekl + 1+ |le
,,1 S

e allie a3 + el 5T + e

< (a*(T— t)m+1+§ F (T — 1)+ (T_t)n(§—1)> D
+(1+ (T =) G )D2 4 Datl 4 e~ 75
< (T = t)**<D.

This yields (5:47) and finishes the proof. O

Applying Lemmas and and using algebraic identities in (G.3]) one has the
following ODE system of the renormalized variable e; along the six directions in
the null space.

Proposition 5.7. Let e, be as in (BAIl) and ex1 := Reey, ex2 := Imey. Then,
foreveryl <k <K,

653  len@ =0T - VR,

(5.54) O (o2 AQ) = 206k, @) + O((T — V),
(5.55) jt<ek1,|y| Q) = —40;2(e;2, AQ) + O((T — £)**V'N),
(5.56) jt<ek2,p>fx (era: l0P@) + O(T ~ V),
(5.57) jt<ek 2, VQ) = O((T — t)**<V'N),

(5.58) ek vQ) = ~22 ez, VQ) + O(T — 1 VR,
Proof. By (G453,

d
e @ ==t [ Qe - e+ (14 D)QHe + SQien) 3 My
=1

(5.59) + OO Mods [ QUuPIe] + WIVEl)dy).
Note that, by the definition of L_ and the identity L_Q = 0 in (6.3]),
2 2
Im/Q(Aek —er+ (14 E)Q%ek + EQ%ﬁ)dy = - Im/QL,ek,gdy

= —Im/L,Qek,gdy
=0.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



578 MICHAEL ROCKNER, YIMING SU, AND DENG ZHANG

Moreover, since D < C(T—t \/7 by Lemma 5.6,
Al /Qszyl < ONTH(T — £)4<D < C(T -t VN.

It also follows from ({86) that for k > 4,

2Modk/Q V(8] + (9)|Vex|) dy

< OX2ModD < Co*(T — )"V N < Ca*(T — t)**V N
Hence, (553) follows from the above estimates. The proof of m-(m) is
similar, see also the proof of [65] Proposition 7.12]. |

As a consequence, we have the control of scalar Scaly, below. The proof is similar
to that of [65, Theorem 7.7] and hence is omitted here.

Theorem 5.8 (Control of Scaly). There exists C' > 0 such that for t close to T
and 1 <k <K,

(5.60) Scaly(t) < C(T — t)*TSN(¢).

5.3. Proof of conditional uniqueness. We are now in position to prove the
conditional uniqueness part in Theorem

Let € be a sufficiently small constant to be specified later and let ¢ close to T
such that (@) holds. By Corollary 5.4}, for any ¢ € [t*, T),

(5.61) ) <O Z Scalk / Z Scalk N(s) \ds,

VA
t<s<T A7 ( -5

which along with Theorem B3 ylelds that for some C > 0,

(5.62) N(t) < Co(T = t)SN(t) + Cae /T 5(5) ds,

where Cs is independent of € and ¢. Then, taking ¢ even closer to 1" such that
Co(T —1)¢ < % we obtain the Gronwall type inequality

v T N(s)
. < .
(5.63) N(t)fZCgs/t T
Moreover, by (50) and (539),
(5.64) N(t) < C5(T — 1)+,

where C5(> 1) is independent of ¢ and t.
We claim that for any t close to T and for any [ > 1,

202036

5.65 N(t) < T —1)5+¢.
(5.65) (t) < (57 R )(T—1)
To this end, plugging (5:64)) into the Gronwall type inequality (563]) we get
T
~ 2
(5.66) N(t) < 2025/ C3(T — s)>Fds < (gQTCZ’E)(T —1)5+¢,
t

which verifies (5.65]) at the preliminary step [ = 1. Moreover, plugging (5.65)) into
(BE63) we derive that (B.63)) is still valid with [ + 1 replacing . Thus, the induction
arguments lead to (B.GHI).
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Therefore, take € small enough such that %LE < 1. Then, it follows from

(GE5) that

(5.67) N(t) < 1im (262082

lT_t6+(::
< Jim (G5 (T -+ =,

which yields N(t) =0 for ¢ close to T, and so w = 0. The proof of Theorem [[.2] is
complete.

6. APPENDIX
This Appendix mainly contains preliminaries of linearized operators around the

ground state, the expansion of the nonlinearity and the proof of Theorem

Coercivity of the linearized operators. Let L = (L;,L_) be the linearized
operator around the ground state, defined by

4 4 4
(6.1) L, := —A+I—(1+E)QE, L o:=—-A+T1-Q4.

The generalized null space of operator L is spanned by {Q, 2Q, |7|?Q, VQ, AQ, p},
where A := %Id +x -V, and p is the unique H' spherically symmetric solution to
the equation

(6.2) Lip= —|£E‘2Q,

which satisfies the exponential decay property (see, e.g., [41,[48]), i.e., for some
C,6 >0,
[p()] + |Vp(x)| < Cekl,
Moreover, it holds that (see, e.g., [69, (B.1), (B.10), (B.15)])
0 LiVQ=0, LAQ=-2Q, Lip=—|Q,
L. Q=0, L_2Q=-2VQ, L_|z|°Q = —4AQ.

Lemma [6.1] contains the key localized coercivity of the linearized operator.

Lemma 6.1 (Localized coercivity [65, Corollary 3.4]). Let ¢ be a positive smooth
radial function on RY, such that ¢(x) = 1 for |z| < 1, ¢(x) = e~ 1*| for |z| > 2,
0<¢<1, and ’%‘ < C for some C > 0. Set pa(x) := (;5(%), A > 0. Then, for

A large enough we have
64 (1P +IVIP0a - 0+ 3)QH2 - QF f3as

> / (VA2 + 1 P)bade — CaSeal(f),

where C1,Cy > 0, f1, fo are the real and imaginary parts of f, respectively, and
Scal(f) denotes the scalar products along the unstable directions in the null space

(6.5)
Seal(f) = (f1,Q)% + (f1,2Q)* + (f1, |z[*Q)* + (2, VQ)* + (f2, AQ)* + (f2, p)*.
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Expansion of the nonlinearity. Let us recall the expansion that for any contin-
uous differentiable function g : C — C and for any v, w € C (see, e.g., [39] (3.10)]),
g(v+w) =g(v) + ¢ (v,w) - w, with

1 1
(6.6) g (v,w) - w ::w/ 0.9(v + sw)ds + w/ 0z9(v + sw)ds,
0 0

where z = =z + iy € C, 0,9 and Ozg are the usual complex derivatives 0,9 =
5(029 —1i0y9), Ozg = 1(8,9 +i0,g), respectively. Moreover, if 8.g and dzg are also
continuously differentiable, we may expand g up to the second order

(6.7) 9(v+w) =g(v) +4'(v) - w+g" (v, w) - w?,
where
g'(v) - w = 0:g(v)w + Ozg(v)w,
1 1
g (v,w) - w? = wz/ t/ 0..9(v + stw)dsdt + 2|w|2/ t/ 0.z9(v + stw)dsdt
o Jo o Jo
(6.8)

11
+w2/ t/ Ozzg(v + stw)dsdt.
o Jo

In particular, for f(z) := |z\%z with d = 1,2, z € C, one has

1+3

(6.9)  flo+w)=f@)+ () w+ () w?+ 0> o[ T w]'),
1=3

where

(6.10)

F/(0) - w =0 f(w)w + 0= () = (1+ D)ol + Sl 20w,

J(0) - w? = 50 [0 + Oue f () + e ()

(6.11) :éu + %)M%*?mﬂ + %(1 + §)|U|%*2U|w|2 + é(% 1ol
The following estimates are also useful:
(6.12)

(1) = f(v2)] < C|va] @ + [va] #)|v1 — val,
(6.13)

1/ (01) - w = f'(v2) - w| < C(loa] 371 + [va| 771 — va ],
(6.14)

£ (w1, w) - w? = f"(va,w) - w?] < Ot | 772 + 0] 772 + [w]72) vy — va|w]?,
(6.15)

| (0, w) - w?] < C(Jo] 371 + [w| 1) |w].

Proof of Theorem 23 We adapt the arguments as in [61,641[65].
(i) Reformulation of the equation of remainder. By (21]) and (6.1),

(6.16) fW)=fU+2)+f(U+2) R+ f"(U+zR) R%
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Plugging this into (Z54) leads to the equation of R:

K
(6.17) iR+ (ARc+(1+= )|Uk|de+—|Uk\T2UkRk
k=1

+z(‘)tUk+AUk+|Uk| Uk ZHZ,

where Hy, Hj contain the interactions between different blow-up profiles U; and U,
J#1
K

(6.18) Hy:=f'(U)-R— Zf Up) - Re, Hy:=f(U)=>_ f(Us

k=1 k=1
the terms Hj, Hy contain the regular flow z, i.e.,
Hy:=f'(U+z2)-R—f(U)-R+ f"(U+2R)- R

Hy:=f(U+2)— f(U) = f(2),

and the lower order perturbations are contained in Hs:

(6.19)

K
(6.20) Hy:=Y (a1 V(Ui + Ri) + ao(Us + Ry)),
1=1
where aq,ap are the coefficients of lower order perturbations given by (L2 and

([@3), respectively.

(ii) FEstimate of Modulation equations. Let us take the modulation equation
)\i"yk + 'y,% to illustrate the main arguments below. As R(T,) = 0, we may take ¢*
close to T such that || R 7.);m1) < 1.

Taking the inner product of (6.17) with AxUj and then taking the real part we
get

— Im(0; R, AUL) + Re(AR, + (1 + )|Uk|de + —|Uk\3‘2UkRk,AkUk>
+ Re(id, Uy + AU}, + |Uk|%Uk, AkUk>

=~ Re(D (AR; + (1 + >|U| R+ \Uﬁ*UfR_j),AkUw
J#k

(S

(6.21)  —Re(>_(i0,U; + AU; + |U;|7U;), AyUy) — Z e(Hy, ALUy).
7k =1
First for the L.H.S. of (611), we have (see the proof of [65], (4.38)], [12] (6.43)])

2 % (LS. of @2I))
1 .
=7 QUi +7E) + M
(6.22) +O((P+||Rllz2 + e 77 )Mod + P2||R|| 2 + | R[22 + e~ T7).

Next we show that the R.H.S. of (G2I]) contributes acceptable orders. This
is mainly due to the exponentially small interactions between different blow-up
profiles and to the flatness of both the regular profile z and lower order coefficients
a1, ag at the singularities.
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To be precise, in view of Lemma and (2.I1)), we have that for some ¢ > 0,
2 4 2 4o o=
(6.23) IO (AR +(1+ DIUs17R; + —|U;|7 *UZR;) + Hy, AcUy)|
7k
< ON e ™| Rz,

(6.24) (O _(i0U; + AU + U5 1U;) + Ho, AT
Jj#k
< ON2e” ™5 (1 + Mod).
For the third term Hs, by (6.13) and Lemma 2.6]
(6.25) |Re(f' (U +2)- R— f'(U)- R, AUx)| < COF2lle Wle, k)| pee D + e~ 757).

Moreover, by (618) and (2350),

(6.26) (F"(U + 2, R) - B2, AUy)| < C(A;2D? + 7 77).

Hence, we conclude from (625) and ([6.26]) that

6.27 Re(Hy, AyUs) = O 2l Wle, || =D + A 2D? + ¢~ 757).
( Kk , k:

We also see that
4/d
(6.28) |Re(Hy, ApUy)| < C’Z/ U|"+ 39|29 |ApUg|dz < A2 |le e, k|l pos.
=1

Regarding the Hs term on the R.H.S. of ([G21)), by Lemma 2:6] the change of
variables and integrating by parts formula,

Re(Hs, AvUy)
= Re(\ "Gk - V(Qk +ex) + ok (Qk + k), AQx) + Oe~T7)
= -\, 'Re(divar, (Qk +ex), AQx) — A\ Re(Qx + ek, a1 i, - V(AQk))
(6.29) + Re(do e (Qr + £1), AQx) + O(e™757),

where @y, and Go are defined as in Lemma 29 Then, applying Lemma 2.9 we
obtain

(6.30) |Re(Hs, ApUy)| < C(AS2PV ! 4+ e 757),

Hence, it follows from estimates (623), [©24)), (6217), ([G28) and (E30) that
(6.31)
R.H.S. of [621) <CA; (ef%ModJr D2+ e Wle, e + P + e*%) .

Now, combining ([6.22]) and ([6.31)) together we conclude that for each 1 < k < K|

_5

(6.32) N2, + 2 < C((P + ||R|| 12 + e T=t)Mod + |My| + P?D
+ D2+ [le™Wle, || g + PUH 4 7T,

Similar arguments apply to the remaining four modulation equations [Agxdy —
2Bk, Mk + Ykl |28k + Brvi| and [A26; — 1 —|Bx|?|, by taking the inner products

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



MULTI-BUBBLE BOURGAIN-WANG SOLUTIONS 583

of equation (6.I7) with i(z — ag)Ug, i|r — ax|?Uy, VU, ok, respectively, and then
taking the real parts. This leads to

(6.33) Mody,(t) < C((P + |R||zz + ¢~ TF)Mod + |My| + P2D
+ D2 + |le=Wle, 1] lpe + P 4 6_%).

Therefore, taking t* even closer to T" such that (14+C)(P(t)+||R(t)[|c(e=,7.7:51) +
67%) < 1 and then summing over k and using (Z.25) we obtain (2.7).

(iii) Improved estimate of MeAk+75. Taking the inner product of equation ©17)
with |z — ay|?Uy, then taking the imaginary part and arguing as in the proof of

([6:3T) we have that, similarly to (6.21]),
2
Re(d:R, |z — a)?Us) + Im(ARy, + (1 + E)|Ulc|%Rk
2 _
+ 3|Uk\%72Ung’ |z — o |PUs)
+ Im(i0, Uy, + AU + |Uk|%Uk, |z — ak‘zUk>
(6.34) = O(D? + |l Wle, k|| + PP+ 4 7 T57),

Note that the bound on the R.H.S. above is equal to (6.31) multiplied by A?, which
essentially relies on the exponential decay of ground state. We also used the fact
that, by @7T), Mod = O(1), and thus e 77 Mod = O(e” 77).

Regarding the L.H.S. of ([€34]), by the orthogonality condition ([2.4)), (Z11) and
Lemma [2.6]

Re(O,R, |z — ay|*Uy) = 2dy - Re(R, (z — ay,)Us) — Re(R, |z — ay|*0,Uy)
(6.35) — —Re(Ry, |z — a20:Ux) + O(e~ 7 || R|2).
Then, using (2.2), I1), 252)) and the algebraic identity
(636)  AQu—Qu+|QuQu =B — TylPQe — imAQr + 2iBe - Vi,
we get

— Re(Ry, |z — a|?0,Uy)
= — Im(ep, [y (AQk + Qx| #Qn)) + O(Modlex | 12)
= —Im(ey, [y1*Qr) — v Relex, [y[*AQy)
+ 28y, - Reley, [y°VQx) + O((Mod + P?)D).
By the integration by parts formula and the almost orthogonality ([2.53)),
— 7k Re(er, [y[*AQk) + 28x Re(ex, [y1*VQy)
= i Re(Aer, [y* Q) — 281 Re(Ver, [y*Qe) + O(e™ ™7 | Rl ).
Thus, we obtain
Re(O, R, |z — a|*Uy)
= —Im(ey, [y1*Qr) + . Re(Aey, [y1>Qr) — 28k - Re(Ver, [y Qx)

(6.37) +O((Mod + P? + ¢~ 757)D).
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Furthermore, using ([2.I1), the identities
1 .
AQ = (AQ +i(Br -y — §%Iy2)Q> (i,

2
and (AQ, |y*Q) = —[lyQ|3-,

Vs = (VQ-+ (5~ Q) Pl

we compute
(6.38) (i, Uy, + AU + |Uk| 4 U, |2 = axPU) = (de + ) [yQ) 32

Therefore, plugging (637) and (638) into (634) and using the change of vari-
ables, the bound |M},| < CD and (21)) we obtain the equation for the renormalized

variable €5 below
2 4 2 4 o
Im(Aey — e + (1+ E)|Qk‘3€k + E‘Q’“‘i 20227, ly2Qx)
+ i Re(Ae, [y Qi) — 26k - Re(Ver, [y2Qx) + ek + 1) Iy QI3
(639)  =O(P*D+ D+ [l W, ]| g + PUH e 757).

Writing the L.H.S. of ([G39) in terms of real and imaginary parts we see that
the first three terms are exactly the first line of [64, (4.27)] and hence are of order
O(P?||R||12), due to [64] (4.28)]. This yields that

(6.40) L.H.S. of B39 = (A\eAx + ) |[yQl|%2 + O(P?D).

Therefore, plugging this into (6:39) and using (Z25]) we obtain the desired estimate

(Z10). O
ACKNOWLEDGMENTS

We would like to thank the referees for the careful reading and useful comments
which helped to improve the paper.

REFERENCES

[1] O. Bang, P. L. Christiansen, F. If, and K. O. Rasmussen, Temperature effects in a nonlinear
model of monolayer Scheibe aggregates, Phys. Rev. E 49 (1994), 4627-4636.

[2] O. Bang, P. L. Christiansen, F. If, K. @. Rasmussen, and Y. B. Gaididei, White noise in the
two-dimensional nonlinear Schréodinger equation, Appl. Anal. 57 (1995), no. 1-2, 3-15, DOI
10.1080,/00036819508840335. MR 1382938

[3] Viorel Barbu, Michael Rockner, and Deng Zhang, Stochastic nonlinear Schrédinger equations
with linear multiplicative noise: rescaling approach, J. Nonlinear Sci. 24 (2014), no. 3, 383—
409, DOI 10.1007/s00332-014-9193-x. MR3215081

[4] Viorel Barbu, Michael Rockner, and Deng Zhang, Stochastic nonlinear Schrodinger equations,
Nonlinear Anal. 136 (2016), 168-194, DOI 10.1016/j.na.2016.02.010. MR3474409

[5] Viorel Barbu, Michael Rockner, and Deng Zhang, The stochastic logarithmic
Schrédinger equation, J. Math. Pures Appl. (9) 107 (2017), no. 2, 123-149, DOI
10.1016/j.matpur.2016.06.001. MR3597371

[6] Viorel Barbu, Michael Rockner, and Deng Zhang, Optimal bilinear control of nonlinear sto-
chastic Schrodinger equations driven by linear multiplicative noise, Ann. Probab. 46 (2018),
no. 4, 1957-1999, DOI 10.1214/17-AOP1217. MR3813983

[7] A. Barchielli and M. Gregoratti, Quantum trajectories and measurements in continuous
time, Lecture Notes in Physics, vol. 782, Springer, Heidelberg, 2009. The diffusive case, DOI
10.1007/978-3-642-01298-3. MR2841028

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://mathscinet.ams.org/mathscinet-getitem?mr=1382938
https://mathscinet.ams.org/mathscinet-getitem?mr=3215081
https://mathscinet.ams.org/mathscinet-getitem?mr=3474409
https://mathscinet.ams.org/mathscinet-getitem?mr=3597371
https://mathscinet.ams.org/mathscinet-getitem?mr=3813983
https://mathscinet.ams.org/mathscinet-getitem?mr=2841028

MULTI-BUBBLE BOURGAIN-WANG SOLUTIONS 585

[8] Marius Beceanu, A critical center-stable manifold for Schréodinger’s equation in three di-
mensions, Comm. Pure Appl. Math. 65 (2012), no. 4, 431-507, DOI 10.1002/cpa.21387.
MR2877342

[9] J. Bourgain, Problems in Hamiltonian PDE’s, Geom. Funct. Anal. Special Volume (2000),
32-56, DOI 10.1007/978-3-0346-0422-2_2. GAFA 2000 (Tel Aviv, 1999). MR1826248

[10] Jean Bourgain and W. Wang, Construction of blowup solutions for the nonlinear Schrodinger
equation with critical nonlinearity, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 25 (1997), no. 1-
2, 197-215 (1998). Dedicated to Ennio De Giorgi. MR1655515

[11] Z. Brzezniak and A. Millet, On the stochastic Strichartz estimates and the stochastic non-
linear Schrodinger equation on a compact Riemannian manifold, Potential Anal. 41 (2014),
no. 2, 269-315, DOI 10.1007/s11118-013-9369-2. MR3232027

[12] Daomin Cao, Yiming Su, and Deng Zhang, On uniqueness of multi-bubble blow-up solutions
and multi-solitons to L?-critical nonlinear Schrédinger equations, Arch. Ration. Mech. Anal.
247 (2023), no. 1, Paper No. 4, 81, DOI 10.1007/s00205-022-01832-x. MR4528944

[13] Thierry Cazenave, Semilinear Schrédinger equations, Courant Lecture Notes in Mathemat-
ics, vol. 10, New York University, Courant Institute of Mathematical Sciences, New York;
American Mathematical Society, Providence, RI, 2003, DOI 10.1090/cln/010. MR2002047

[14] T. Cazenave, An overview of the nonlinear Schrédinger equation, Lecture Notes, 2020,
https://www.1jll.math.upmc.fr/cazenave/.

[15] Vianney Combet, Multi-soliton solutions for the supercritical gKdV equations, Comm. Par-
tial Differential Equations 36 (2011), no. 3, 380-419, DOI 10.1080/03605302.2010.503770.
MR2763331

[16] Raphaél Cote, Construction of solutions to the subcritical gKdV equations with
a gwen asymptotical behavior, J. Funct. Anal. 241 (2006), no. 1, 143-211, DOI
10.1016/;.jfa.2006.04.007. MR2264249

[17] Raphaél Céte, Construction of solutions to the L2-critical KdV equation with a given as-
ymptotic behaviour, Duke Math. J. 138 (2007), no. 3, 487-531, DOI 10.1215/S0012-7094-07-
13835-3. MR2322685

[18] Raphaél Cote and Xavier Friederich, On smoothness and uniqueness of multi-solitons of the
non-linear Schrédinger equations, Comm. Partial Differential Equations 46 (2021), no. 12,
2325-2385, DOI 10.1080/03605302.2021.1941107. MR4321585

[19] R. Cote, C. E. Kenig, A. Lawrie, and W. Schlag, Profiles for the radial focusing 4d energy-
critical wave equation, Comm. Math. Phys. 357 (2018), no. 3, 943-1008, DOI 10.1007/s00220-
017-3043-2. MR3769743

[20] Raphaél Cote and Stefan Le Coz, High-speed excited multi-solitons in nonlinear Schrodinger
equations (English, with English and French summaries), J. Math. Pures Appl. (9) 96 (2011),
no. 2, 135-166, DOI 10.1016/j.matpur.2011.03.004. MR2818710

[21] Raphagl Céte, Yvan Martel, and Frank Merle, Construction of multi-soliton solutions for the
L?-supercritical gKdV and NLS equations, Rev. Mat. Iberoam. 27 (2011), no. 1, 273-302,
DOI 10.4171/RMI/636. MR2815738

[22] A. de Bouard and A. Debussche, On the effect of a noise on the solutions of the focusing
supercritical nonlinear Schréodinger equation, Probab. Theory Related Fields 123 (2002),
no. 1, 76-96, DOI 10.1007/s004400100183. MR 1906438

[23] A. de Bouard and A. Debussche, The stochastic nonlinear Schrédinger equation in HY,
Stochastic Anal. Appl. 21 (2003), no. 1, 97-126, DOI 10.1081/SAP-120017534. MR 1954077

[24] Anne de Bouard and Arnaud Debussche, Blow-up for the stochastic nonlinear Schrédinger
equation with multiplicative noise, Ann. Probab. 33 (2005), no. 3, 1078-1110, DOI
10.1214/009117904000000964. MR2135313

[25] Anne de Bouard, Arnaud Debussche, and Laurent Di Menza, Theoretical and numerical
aspects of stochastic nonlinear Schrédinger equations, Journées “Equations aux Dérivées
Partielles” (Plestin-les-Greves, 2001), Univ. Nantes, Nantes, 2001, pp. Exp. No. III, 13.
MR1843404

[26] Arnaud Debussche and Laurent Di Menza, Numerical simulation of focusing stochastic non-
linear Schrédinger equations, Phys. D 162 (2002), no. 3-4, 131-154, DOI 10.1016/S0167-
2789(01)00379-7. MR1886808

[27] A. Debussche and L. Di Menza, Numerical resolution of stochastic focusing NLS equa-
tions, Appl. Math. Lett. 15 (2002), no. 6, 661-669, DOI 10.1016/S0893-9659(02)00025-3.
MR1913267

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://mathscinet.ams.org/mathscinet-getitem?mr=2877342
https://mathscinet.ams.org/mathscinet-getitem?mr=1826248
https://mathscinet.ams.org/mathscinet-getitem?mr=1655515
https://mathscinet.ams.org/mathscinet-getitem?mr=3232027
https://mathscinet.ams.org/mathscinet-getitem?mr=4528944
https://mathscinet.ams.org/mathscinet-getitem?mr=2002047
https://www.ljll.math.upmc.fr/cazenave/
https://mathscinet.ams.org/mathscinet-getitem?mr=2763331
https://mathscinet.ams.org/mathscinet-getitem?mr=2264249
https://mathscinet.ams.org/mathscinet-getitem?mr=2322685
https://mathscinet.ams.org/mathscinet-getitem?mr=4321585
https://mathscinet.ams.org/mathscinet-getitem?mr=3769743
https://mathscinet.ams.org/mathscinet-getitem?mr=2818710
https://mathscinet.ams.org/mathscinet-getitem?mr=2815738
https://mathscinet.ams.org/mathscinet-getitem?mr=1906438
https://mathscinet.ams.org/mathscinet-getitem?mr=1954077
https://mathscinet.ams.org/mathscinet-getitem?mr=2135313
https://mathscinet.ams.org/mathscinet-getitem?mr=1843404
https://mathscinet.ams.org/mathscinet-getitem?mr=1886808
https://mathscinet.ams.org/mathscinet-getitem?mr=1913267

586 MICHAEL ROCKNER, YIMING SU, AND DENG ZHANG

[28] Benjamin Dodson, Global well-posedness and scattering for the mass critical nonlinear
Schrodinger equation with mass below the mass of the ground state, Adv. Math. 285 (2015),
1589-1618, DOI 10.1016/j.aim.2015.04.030. MR3406535

[29] Thomas Duyckaerts, Hao Jia, Carlos Kenig, and Frank Merle, Soliton resolution along a
sequence of times for the focusing energy critical wave equation, Geom. Funct. Anal. 27
(2017), no. 4, 798-862, DOI 10.1007/s00039-017-0418-7. MR3678502

[30] Thomas Duyckaerts, Carlos Kenig, and Frank Merle, Classification of radial solutions of
the focusing, energy-critical wave equation, Camb. J. Math. 1 (2013), no. 1, 75-144, DOI
10.4310/CJM.2013.v1.nl.a3. MR3272053

[31] Thomas Duyckaerts, Carlos Kenig, and Frank Merle, Soliton resolution for the radial crit-
ical wave equation in all odd space dimensions, Acta Math. 230 (2023), no. 1, 1-92, DOI
10.4310/acta.2023.v230.nl.al. MR4567713

[32] S. Dyachenko, A. C. Newell, A. Pushkarev, and V. E. Zakharov, Optical turbulence: weak
turbulence, condensates and collapsing filaments in the nonlinear Schrédinger equation, Phys.
D 57 (1992), no. 1-2, 96-160, DOI 10.1016,/0167-2789(92)90090-A. MR1169619

[33] Chenjie Fan, log—log blow up solutions blow up at exactly m points (English, with English and
French summaries), Ann. Inst. H. Poincaré C Anal. Non Linéaire 34 (2017), no. 6, 1429-1482,
DOI 10.1016/j.anihpc.2016.11.002. MR3712007

[34] Chenjie Fan, Yiming Su, and Deng Zhang, A note on log-log blow up solutions for stochastic
nonlinear Schrédinger equations, Stoch. Partial Differ. Equ. Anal. Comput. 10 (2022), no. 4,
1500-1514, DOI 10.1007/s40072-021-00213-x. MR4503172

[35] Peter K. Friz and Martin Hairer, A course on rough paths, Universitext, Springer, Cham, 2014.
With an introduction to regularity structures, DOI 10.1007/978-3-319-08332-2. MR3289027

[36] M. Gubinelli, Controlling rough paths, J. Funct. Anal. 216 (2004), no. 1, 86-140, DOI
10.1016/j.jfa.2004.01.002. MR2091358

[37] Stephen J. Gustafson and Israel Michael Sigal, Mathematical concepts of quantum me-
chanics, 2nd ed., Universitext, Springer, Heidelberg, 2011, DOI 10.1007/978-3-642-21866-8.
MR3012853

[38] Sebastian Herr, Michael Réckner, and Deng Zhang, Scattering for stochastic nonlinear
Schrédinger equations, Comm. Math. Phys. 368 (2019), no. 2, 843-884, DOI 10.1007/s00220-
019-03429-0. MR3949726

[39] Rowan Killip and Monica Visan, Nonlinear Schrédinger equations at critical regularity, Evo-
lution equations, Clay Math. Proc., vol. 17, Amer. Math. Soc., Providence, RI, 2013, pp. 325—
437. MR3098643

[40] Kihyun Kim and Soonsik Kwon, On pseudoconformal blow-up solutions to the self-dual
Chern-Simons-Schrédinger equation: existence, uniqueness, and instability, Mem. Amer.
Math. Soc. 284 (2023), no. 1409, vi+128, DOI 10.1090/memo/1409. MR4574850

[41] Joachim Krieger, Yvan Martel, and Pierre Raphaél, Two-soliton solutions to the three-
dimensional gravitational Hartree equation, Comm. Pure Appl. Math. 62 (2009), no. 11,
1501-1550, DOI 10.1002/cpa.20292. MR2560043

[42] J. Krieger and W. Schlag, Stable manifolds for all monic supercritical focusing nonlinear
Schrédinger equations in one dimension, J. Amer. Math. Soc. 19 (2006), no. 4, 815-920,
DOI 10.1090/S0894-0347-06-00524-8. MR 2219305

[43] J. Krieger and W. Schlag, Non-generic blow-up solutions for the critical focusing NLS in 1-D,
J. Eur. Math. Soc. (JEMS) 11 (2009), no. 1, 1-125, DOI 10.4171/JEMS/143. MR2471133

[44] Stefan Le Coz, Dong Li, and Tai-Peng Tsai, Fast-moving finite and infinite trains of solitons
for nonlinear Schrédinger equations, Proc. Roy. Soc. Edinburgh Sect. A 145 (2015), no. 6,
1251-1282, DOI 10.1017/S030821051500030X. MR 3427608

[45] Stefan Le Coz and Tai-Peng Tsai, Infinite soliton and kink-soliton trains for nonlin-
ear Schrodinger equations, Nonlinearity 27 (2014), no. 11, 2689-2709, DOI 10.1088,/0951-
7715/27/11/2689. MR3274580

[46] Yvan Martel, Asymptotic N-soliton-like solutions of the subcritical and critical generalized
Korteweg-de Vries equations, Amer. J. Math. 127 (2005), no. 5, 1103-1140. MR2170139

[47] Yvan Martel and Frank Merle, Multi solitary waves for nonlinear Schriodinger equations
(English, with English and French summaries), Ann. Inst. H. Poincaré C Anal. Non Linéaire
23 (2006), no. 6, 849-864, DOI 10.1016/j.anihpc.2006.01.001. MR2271697

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://mathscinet.ams.org/mathscinet-getitem?mr=3406535
https://mathscinet.ams.org/mathscinet-getitem?mr=3678502
https://mathscinet.ams.org/mathscinet-getitem?mr=3272053
https://mathscinet.ams.org/mathscinet-getitem?mr=4567713
https://mathscinet.ams.org/mathscinet-getitem?mr=1169619
https://mathscinet.ams.org/mathscinet-getitem?mr=3712007
https://mathscinet.ams.org/mathscinet-getitem?mr=4503172
https://mathscinet.ams.org/mathscinet-getitem?mr=3289027
https://mathscinet.ams.org/mathscinet-getitem?mr=2091358
https://mathscinet.ams.org/mathscinet-getitem?mr=3012853
https://mathscinet.ams.org/mathscinet-getitem?mr=3949726
https://mathscinet.ams.org/mathscinet-getitem?mr=3098643
https://mathscinet.ams.org/mathscinet-getitem?mr=4574850
https://mathscinet.ams.org/mathscinet-getitem?mr=2560043
https://mathscinet.ams.org/mathscinet-getitem?mr=2219305
https://mathscinet.ams.org/mathscinet-getitem?mr=2471133
https://mathscinet.ams.org/mathscinet-getitem?mr=3427608
https://mathscinet.ams.org/mathscinet-getitem?mr=3274580
https://mathscinet.ams.org/mathscinet-getitem?mr=2170139
https://mathscinet.ams.org/mathscinet-getitem?mr=2271697

MULTI-BUBBLE BOURGAIN-WANG SOLUTIONS 587

[48] Yvan Martel and Pierre Raphaél, Strongly interacting blow up bubbles for the mass critical
nonlinear Schrédinger equation (English, with English and French summaries), Ann. Sci. Ec.
Norm. Supér. (4) 51 (2018), no. 3, 701-737, DOI 10.24033/asens.2364. MR3831035

[49] Jeremy Marzuola, Jason Metcalfe, and Daniel Tataru, Strichartz estimates and local smooth-
ing estimates for asymptotically flat Schrédinger equations, J. Funct. Anal. 255 (2008), no. 6,
1497-1553, DOI 10.1016/j.jfa.2008.05.022. MR2565717

[50] Frank Merle, Construction of solutions with ezactly k blow-up points for the Schrodinger
equation with critical nonlinearity, Comm. Math. Phys. 129 (1990), no. 2, 223-240.
MR1048692

[61] F. Merle, Determination of blow-up solutions with minimal mass for nonlinear Schrédinger
equations with critical power, Duke Math. J. 69 (1993), no. 2, 427-454, DOI 10.1215/S0012-
7094-93-06919-0. MR1203233

[52] F. Merle and P. Raphael, Sharp upper bound on the blow-up rate for the critical nonlinear
Schrédinger equation, Geom. Funct. Anal. 13 (2003), no. 3, 591-642, DOI 10.1007/s00039-
003-0424-9. MR1995801

[53] Frank Merle and Pierre Raphael, On universality of blow-up profile for L? critical nonlinear
Schrédinger equation, Invent. Math. 156 (2004), no. 3, 565-672, DOI 10.1007/s00222-003-
0346-z. MR2061329

[54] Frank Merle and Pierre Raphael, The blow-up dynamic and upper bound on the blow-up rate
for critical nonlinear Schrédinger equation, Ann. of Math. (2) 161 (2005), no. 1, 157-222,
DOI 10.4007/annals.2005.161.157. MR2150386

[65] Frank Merle and Pierre Raphael, Profiles and quantization of the blow up mass for criti-
cal nonlinear Schrédinger equation, Comm. Math. Phys. 253 (2005), no. 3, 675-704, DOI
10.1007/s00220-004-1198-0. MR2116733

[56] Frank Merle and Pierre Raphael, On a sharp lower bound on the blow-up rate for the L?
critical nonlinear Schrodinger equation, J. Amer. Math. Soc. 19 (2006), no. 1, 37-90, DOI
10.1090/S0894-0347-05-00499-6. MR2169042

[67] Frank Merle, Pierre Raphaél, and Jeremie Szeftel, The instability of Bourgain-Wang so-
lutions for the L? critical NLS, Amer. J. Math. 135 (2013), no. 4, 967-1017, DOI
10.1353/ajm.2013.0033. MR3086066

[58] Annie Millet, Alex D. Rodriguez, Svetlana Roudenko, and Kai Yang, Behavior of solutions
to the 1D focusing stochastic nonlinear Schrodinger equation with spatially correlated noise,
Stoch. Partial Differ. Equ. Anal. Comput. 9 (2021), no. 4, 1031-1080, DOI 10.1007/s40072-
021-00191-0. MR4333509

[59] Annie Millet, Svetlana Roudenko, and Kai Yang, Behaviour of solutions to the 1D focusing
stochastic L2-critical and supercritical nonlinear Schrédinger equation with space-time white
noise, IMA J. Appl. Math. 86 (2021), no. 6, 1349-1396, DOI 10.1093/imamat/hxab040.
MR4338212

[60] Galina Perelman, On the formation of singularities in solutions of the critical non-
linear Schrédinger equation, Ann. Henri Poincaré 2 (2001), no. 4, 605-673, DOI
10.1007/PL00001048. MR1852922

[61] Pierre Raphaél and Jeremie Szeftel, Existence and uniqueness of minimal blow-up solutions
to an inhomogeneous mass critical NLS, J. Amer. Math. Soc. 24 (2011), no. 2, 471-546, DOI
10.1090/S0894-0347-2010-00688-1. MR 2748399

[62] K. O. Rasmussen, Y. B. Gaididei, O. Bang, P. L. Chrisiansen, The influence of noise on
critical collapse in the nonlinear Schriodinger equation, Phys. Letters A 204 (1995), 121—
127.

[63] W. Schlag, Stable manifolds for an orbitally unstable nonlinear Schrodinger equation, Ann.
of Math. (2) 169 (2009), no. 1, 139227, DOI 10.4007/annals.2009.169.139. MR2480603

[64] Yiming Su and Deng Zhang, Construction of minimal mass blow-up solutions to rough non-
linear Schrodinger equations, J. Funct. Anal. 284 (2023), no. 5, Paper No. 109796, 61, DOI
10.1016/j.jfa.2022.109796. MR4525612

[65] Y. Su and D. Zhang, On the multi-bubble blow-up solutions to rough nonlinear Schréodinger
equations, larXiv:2012.14037v1, 2020.

[66] Catherine Sulem and Pierre-Louis Sulem, The nonlinear Schrédinger equation, Applied Math-
ematical Sciences, vol. 139, Springer-Verlag, New York, 1999. Self-focusing and wave collapse.
MR1696311

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://mathscinet.ams.org/mathscinet-getitem?mr=3831035
https://mathscinet.ams.org/mathscinet-getitem?mr=2565717
https://mathscinet.ams.org/mathscinet-getitem?mr=1048692
https://mathscinet.ams.org/mathscinet-getitem?mr=1203233
https://mathscinet.ams.org/mathscinet-getitem?mr=1995801
https://mathscinet.ams.org/mathscinet-getitem?mr=2061329
https://mathscinet.ams.org/mathscinet-getitem?mr=2150386
https://mathscinet.ams.org/mathscinet-getitem?mr=2116733
https://mathscinet.ams.org/mathscinet-getitem?mr=2169042
https://mathscinet.ams.org/mathscinet-getitem?mr=3086066
https://mathscinet.ams.org/mathscinet-getitem?mr=4333509
https://mathscinet.ams.org/mathscinet-getitem?mr=4338212
https://mathscinet.ams.org/mathscinet-getitem?mr=1852922
https://mathscinet.ams.org/mathscinet-getitem?mr=2748399
https://mathscinet.ams.org/mathscinet-getitem?mr=2480603
https://mathscinet.ams.org/mathscinet-getitem?mr=4525612
https://arxiv.org/abs/2012.14037v1
https://mathscinet.ams.org/mathscinet-getitem?mr=1696311

588 MICHAEL ROCKNER, YIMING SU, AND DENG ZHANG

[67] Terence Tao, Nonlinear dispersive equations, CBMS Regional Conference Series in Mathemat-
ics, vol. 106, Published for the Conference Board of the Mathematical Sciences, Washington,
DC; by the American Mathematical Society, Providence, RI, 2006. Local and global analysis,
DOI 10.1090/cbms/106. MR2233925

[68] Michael I. Weinstein, Nonlinear Schrédinger equations and sharp interpolation estimates,
Comm. Math. Phys. 87 (1982/83), no. 4, 567-576. MR691044

[69] Michael I. Weinstein, Modulational stability of ground states of nonlinear Schrdodinger equa-
tions, SIAM J. Math. Anal. 16 (1985), no. 3, 472-491, DOI 10.1137/0516034. MR783974

[70] Deng Zhang, Strichartz and local smoothing estimates for stochastic dispersive equations
with linear multiplicative noise, SIAM J. Math. Anal. 54 (2022), no. 6, 5981-6017, DOI
10.1137/21M1426304. MR4508067

[71] Deng Zhang, Optimal bilinear control of stochastic nonlinear Schrédinger equations: mass-
(sub)critical case, Probab. Theory Related Fields 178 (2020), no. 1-2, 69-120, DOI
10.1007/s00440-020-00971-0. MR4146535

FAKULTAT FUR MATHEMATIK, UNIVERSITAT BIELEFELD, D-33501 BIELEFELD, GERMANY; AND
ACADEMY OF MATHEMATICS AND SYSTEMS SCIENCE, CAS, BEUING, PEOPLE’S REPUBLIC OF CHINA
Email address: roeckner@math.uni-bielefeld.de

DEPARTMENT OF MATHEMATICS, ZHEJIANG UNIVERSITY OF TECHNOLOGY, 310014 ZHEJIANG,
PEOPLE’S REPUBLIC OF CHINA
Email address: yimingsu@zjut.edu.cn

SCHOOL OF MATHEMATICAL SCIENCES, SHANGHAI J1A0 TONG UNIVERSITY, 200240 SHANGHAI,
PEOPLE’S REPUBLIC OF CHINA
Email address: dzhang@sjtu.edu.cn

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://mathscinet.ams.org/mathscinet-getitem?mr=2233925
https://mathscinet.ams.org/mathscinet-getitem?mr=691044
https://mathscinet.ams.org/mathscinet-getitem?mr=783974
https://mathscinet.ams.org/mathscinet-getitem?mr=4508067
https://mathscinet.ams.org/mathscinet-getitem?mr=4146535

	1. Introduction and main results
	1.1. Introduction
	1.2. Formulation of main results
	Application 1: The NLS case
	Application 2: The SNLS case
	Sketch of proof

	2. Geometrical decomposition
	2.1. Geometrical decomposition
	2.2. Modulation equations
	2.3. Estimates of profiles
	The blow-up profile 𝑈
	The regular profile 𝑧
	The remainder profile 𝑅

	3. Localized mass and (generalized) energy
	3.1. Control of localized mass
	3.2. Refined estimate of 𝛽
	3.3. Monotonicity of generalized energy

	4. Construction of multi-bubble Bourgain-Wang solutions
	4.1. Bootstrap estimates
	4.2. Proof of existence
	4.3. Further properties

	5. Conditional uniqueness of multi-bubble Bourgain-Wang solutions
	5.1. Control of the difference
	5.2. Control of the null space
	5.3. Proof of conditional uniqueness

	6. Appendix
	Coercivity of the linearized operators
	Expansion of the nonlinearity

	Acknowledgments
	References

