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Abstract

We give a simple proof that for classical Dirichlet forms on infinite di-
mensional linear state spaces the intrinsic closure of a set of full measure
has full capacity. Furthermore, we show that the (' ;,-capacity of a set,
enlarged by adding the linear span of a basis in the generalized Cameron-
Martin space remains zero if it was zero for slightly bigger capacities a
priori.

1. INTRODUCTION, FRAMEWORK AND A RESULT ON SETS WITH FULL CAPACITY

In infinite dimensional analysis the question whether a given set has zero or full capacity
(in the sense that its compliment has zero capacity) is much less studied than in finite
dimensions. This question is of importance, since roughly speaking capacity zero sets are
not hit by the underlying process whereas a set of full capacity carries the process for all
times. The first aim of this paper is to give a simple analytic proof for the fact that the
intrinsic closure of a set of full measure has full capacity (cf. Theorem 1.4 below). This
fact is essentially known to experts. We refer e.g. to [7] where this result was proved for
a class of Dirichlet forms with non-flat underlying state space. But there is no reference
for this result for general classical Dirichlet forms of gradient type on linear state spaces.
In this case there is quite an easy proof which we present below. The second aim of this
paper is to prove a result one would expect, but appears to be new. Namely, we prove
that the C ;-capacity of a set, enlarged by adding all finite linear combinations of a basis
in the generalized Cameron-Martin space, remains zero if it was zero for (slightly bigger)
C,p-capacities, » > 1, p > ¢, a priori (cf. Theorem 3.3 below). Let us first describe our
framework, in which we strictly follow [2].

Let E be a separable Banach space over R. Let E’ denote its dual and B(E) its Borel

o-algebra. Let (H,(,)) be a Hilbert space such that H C E continuously and densely.
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Identifying H with its dual H’ by Riesz’s isomorphism, we have
E'CHCE (1.1)

where both embeddings are continuous and dense. In particular, it follows for the dual-
ization g (,)p: £’ x E — R that

p{l,h)p=(l,h), foralll e E' h € H. (1.2)
Furthermore
H={zecFE| sup{ p(l,2z), |l € E' with ||l||g < 1} < o0 }. (1.3)

The norm in F and H we denote by || || and || ||z respectively.
Let

FOr = {g(ly,-,Iy) | NeN,ge C*(RN) 1), Iy € E'}, (1.4)

where C°(RY) denotes the set of all infinitely differentiable bounded functions with all
derivatives bounded. For u € FC°(RY) and 2 € E we define Vu(z) € H by

(Vu(z),h)y = %(z) = %u(z + th)]i=o- (1.5)

Let p be a probability measure on (E,B(FE)) and denote the corresponding real LP-
spaces by LP(E, u), p € [1,00], and define

Eu(u,v) ::/E(Vu(z),Vv(z))H,u(dz); u,v € FC°. (1.6)

For a set D of B(E)-measurable functions on £ we denote the corresponding p-classes by
D*#. Throughout this paper we assume that the following hypothesis is fulfilled

(H1) If w € FC° such that u = 0 p-a.e., then Vu = 0 p-a.e. and the
(thus on L?(E, u) well-defined) positive definite symmetric bilinear form

(&u, ﬁgzu) is closable on L*(E, p).

Under condition (H1) the Hilbert space H is sometimes called generalized Cameron-
Martin space of pu. We refer e.g. to [5] for the definition of closability and denote the
closure of (EM,FC;;ON) on L*(E, p) by (§,, Hy*(E, ). Then (£,, Hy*(F,p)) is a sym-
metric Dirichlet form (see e.g. [5]).

Remark 1.1 (i) For sufficient conditions for (H1) we refer to [2]. We note that those
conditions are also necessary, if one requires all partial derivatives to be closable separately
(see [2] for details).

(ii) Closability of the form (&,, F C’;)’ON) on L*(E, ) is equivalent to the closability of
the operator

V: FCpF € L(E.p) — L*(E — H,p).

We denote its closure (whose domain is, of course, Hy*(E, 1)) again by V.
If this operator is closable, then also for p > 2

V: FCy C LYE,p) — L'(E — H,p).
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is closable. Indeed, if u,, — 0 in LP(FE, u) as n — oo and (Vuy,)nen is a Cauchy sequence
in L?(E — H, ), then the same holds in L?(E,u) and L*(E — H, p) respectively. By
assumption it follows that Vu, — 0 in L*(E — H, u) as n — oo, hence in y-measure, so
by Fatou’s Lemma

/ [Vun|dp < lirnrriioréf/ |Vt — Vi, ||y dy.

But the right hand side can be made arbitrarily small.
(iii) Assuming that for p > 1

V: ﬁ?u C LP(E,u) — LP(E — H, ) is closable, (1.7)

we can prove all what follows for p > 1 instead of p = 2 with entirely similar proofs. For
simplicity we restrict, however, to the case p = 2. The definition of capacities, however,
we give for all p > 1 below.

(iv) We refer to [2] and [1] for examples for u satisfying (H1). These examples include
the white noise measure on F, i.e. the centered Gaussian measure on (F,B(E)) with
Cameron-Martin space H. But many other Gaussian measures and moreover Gibbs mea-
sures from statistical mechanics are included.

If for p € [1,00) condition (1.7) holds, we denote the closure by (V, Hy”(E, p)). For
notational convenience we then set as usual for p > 1

1
ey = ([ U0t + v e e (15)
Now we recall the definition of capacity and intrinsic metric.
Definition 1.1. (i) For U C E, U open, and p € [1,00), we set
Cip(U) == inf{[[u]]} , | u e HyP(E, p),u>1 p-a.e. on U}
and for arbitrary A C E
Cip(A) :=inf{C, ,(U) | ACU}.

C1p(A) is called capacity of A.

(i) A function f: Aw— R, A C E, is called Cy p-quasicontinuous if there exist closed
sets A, C A, n € N, such that f [a, is continuous for alln € N and lim,,_,o, C1 ,(E\A,) =
0.

Definition 1.2. For x,y € E set
pla,y) = sup{f(z) = f(y) | f € FC;° with |V f]la < 1}.
p is called intrinsic metric of (€, Hy*(F, ).
The following is well-known. The proof is easy and included for the reader’s convenience.
Lemma 1.3. Let z,y € E. Then

p(,y) =z = ylla,
where we set ||z||g =400 if z € E\ H.



Proof. Let f € FCp° with |V f||z < 1 and assume z —y € H. Then
1

f@) = 1) = [ eADS il = )~ )i
0

1
= [ (Vs tlo = ) -y
0
< lz—yla
Here D f denotes the Fréchet derivative of f. So,
p(z,y) < ||z —yllg for all z,y € E.

Conversely, let x,, € Cp°(R) satisfying |x,| < n+1, x| < 1|, xn(s) = sforall s € [—n,n].
The for [ € E’ such that ||l||z < 1 we have ||Vx,({)||gz < 1foralln € N, hence for z,y € E

pll, v —y)p < SUp Xn( 2, 2) ) = x( 2L, Y)g))
< plw,y).

So, by (1.3)
| =yl < plz,y).

For A C F as usual we set

pa(z) :=inf{p(z,y) |y € A}, v € E.

Now we can formulate the main result of this section which we shall prove in the next
section.

Theorem 1.4. Assume hypothesis (H1) holds. Let A € B(E) such that u(A) = 1. Then
Cia(pa > 0) =0, i.e., the p-closure of A has full Cy 5-capacity.

2. PROOF OF THEOREM 1.4

Throughout this section hypothesis (H1) is assumed to hold. Before we can prove
Theorem 1.4, we need the following lemma.

Lemma 2.1. Let K C E be || - ||g-compact and ¢ € (0,00). Then pg is B(E)-measurable
and
pr Ac€ Hy*(E, ) and ||V(pg Ac)|luw < 1.

Furthermore, px A c is C} 2-quasicontinuous.

Proof. Let {e; | i € N} C E’ be an orthonormal basis of H separating the points of FE,
and for n € N define P, : E — E,, :=span{ey,--- ,e,} by

n
P,z = Z wlenz)pei, z € E.
i—1

Fix y € E. By a simple approximation argument on Ey we see that
un(x) = ||Pn$ - Pny”H Ne, € E>
is a function in Hy*(E, p) with ||Vu, ||z < 1. Clearly

up(z) T vy(x) := ||z —y||lg Acfor all z € E. (2.1)
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Hence by [5, Chap. I, Lemma 2.12] for y € E, v, € Hy*(E, ) with |V, ||z < 1 and
u, — v, weakly in Hé ’2(E , 1), hence the Cesaro mean of a subsequence converges strongly
in HS’Q(E, w). A standard argument of Egorov type for capacities (cf. [5, Chap.III, Sect.
3]) implies that selecting a subsequence if necessary, this Cesaro-mean converges C o-
quasiuniformly, i.e., uniformly on closed sets whose compliments have arbitrarily small
C' 2-capacity. Hence by (2.1) v, is C 2 quasicontinuous.
Claim. Let dim E < oco. Then the assertions of the lemma hold even without assuming
K to be compact.

Since dim F < oo, we have H = F and || ||z and || ||z are equivalent norms. Let
{yn | n € N} be a countable || - ||g-dense subset of K and defining

vy :=1inf{v,,, v, }, NeN,

we have
PN\ C= i%va on I.
Furthermore, (cf. e.g. [5, Chap. IV, Sect 4]) vy € H}(E, p) with
Vsl < sup{[[Voy, [la, - [Voylla},

hence
|IVon|lg <1 for all N € N.

Therefore, the claim follows by the same arguments as above.
Now we go back to the general case. First we show that for all x € F
pr.k(Poz) T pr(x) asn — oo. (2.2)
(So, in particular, pg is B(E)-measurable.)
Let x € E. Obviously, pp, k(P,z) is increasing with n and

sup pp, i (Por) < pr()

(cf. (2.1)). To prove the dual inequality we may assume that sup,, pp, x(P,x) < 0o. Let
a € (0,00) such that

sup pp, x (Pz) < a.
Then there exist k,, € K such that
| Pox — Poknlly < a forall n € N. (2.3)

Since balls in H are weakly compact and K is compact in E, we can find a subsequence
such that &, % ke K wart. || ||z and Pz — Py Ky, 7%, h € H weakly in H. Hence
for all i € N by (1.2)

J—o0

E/<eia Pnjx - Pnjknj>E

= lim

Jj—00
= ple, v —k)p.
Since {e; | ¢ € N} separates the points of E, it follows that © — k = h and by (2.3) that
|z — k|| < liminf |Py,x — P, Ky, ||z < a. (2.4)
j—o0

El<ei7I - knj>E

In particular, px(z) < oo.



Now suppose that for some ¢ € (0, pg(x))
sup pp,k (Prz) < pr(z) — €.

Then applying the above with a := px(x) — ¢, we get a contradiction from (2.4). So, (2.2)
is proved. Now the assertions follow from the claim and the same arguments used for its
proof. O

Proof of Theorem 1.4. By inner regularity there exist compact sets K,, C A, n € N,
such that p(K,) T pu(A) = 1. Let

Up = pr, N1, neN.

Then
u:=infu, = lim u, > pa A1 on E. (2.5)

n—oo

Furthermore, u = 0 on Un>1 K, hence u = 0 p-a.e.

By Lemma 2.1 and the same arguments as in its proof we obtain that u is C 2-quasi-
continuous, hence by [5, Chap. III, Proposition 3.9] C»({u > 0}) = 0. But by (2.5),
{pa >0} C {u > 0} and the assertion is proved. O

3. A RESULT ON SETS WITH ZERO CAPACITY

Let {hq, hs, -} be an ONB of H and let E, denote the linear span of {hy, - h,}
and set K := U, F,. A sufficient condition on A for u(A + K) = 0 is given in [4]. Now
we look for a condition which implies C},1(A + K) = 0. But we have to work under an
additional quasi-invariance hypothesis.

For k € H define
(z)=2—k, z€E. (3.1)

(H2) For all k € H, p is k-quasi-invariant, i.e., po7,' = p for all s € R, and
we assume the Radon-Nikodym derivatives

d -1
aly = dlpory) ,seR,
dp
to have the following properties:
(H2a) af), € N1 LI(E;p), for all s € R, and for all ¢ € [1,00) the
function s — ||a’, ||, is locally bounded on R.
(H2b) For all compact C' C R

1
/Cmds < oo for p-ae. z € E.

Here ds denotes Lebesgue measure on R.

Choosing appropriate versions by [1, Prop. 2.4] we may always assume that a,(z) is
jointly measurable in s and z and that (H2b) holds for all z € E (rather than only p-a.e.
z € E).

For examples of measures p satisfying condition (H2) we refer to [6, Section 3]. As
shown in [2] hypothesis (H2) implies (H1).
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We need Sobolev spaces with differentiability index higher than 1. Analogue to the
gradient operator V, we define the iterated gradient V2 on FC{° by
2

(V2u(2),ln © Ba) o =

u(z +thy + saha)|i=o- (3.2)
Assume that

(H3) V*: .7:\0?# C LP(E,p) — LP(E — H ® H, ) is closable for p > 1. (3.3)
We define

1/p
HEP = {ueLlequ,p:Z (/ (\\Vur\z®ﬂ+kuzﬂulp)du) <oo} (3.4)

and the fractional Sobolev spaces H)” (1 < p < oo, 1 < r < 2) are defined by real
interpolation as follows.

Definition 3.1. For1 <p < oo, 1 <r < 2 we define
HY = (Y, H37) 1, (3.5)
where (-,-) denotes the real interpolation space, see e.g. [3, 9].

The norm in H;” is given by the discrete K-method:

1/p
||f||r,p=(2|2”“ VKR IF) T < oo, (3.6)

where

K(e, f) = mf{|[ fillip + el follop fr + fo = f. f1 € Hy", fo € H"} (3.7)

It follows by a standard interpolation argument that H;? is uniformly convex (see e.g.
[4]) and we know from the denseness of FC° in Hy" and [3, Th. 3.4.2] that FC°
is dense in Hy”. A combination of these two facts implies that every u € Hy” has a
C, p-quasicontinuous redefinition which we denote by .

For 1 < p < 00,1 < r < 2we define, for a [0, oo]-valued lower semi-continuous functions
honE

Crp(h) := inf{]Jul7
and for an arbitrary [—oo, co]-valued function f on F
Crp(f) :=1nt{C,,(h); h is Ls.c.and h(x) > |f(z)| Va}.
This definition is an extension of the previous one for sets in the sense that for any B C F,
Crp(B) = Crp(1B).

The following result is parallel to Shigekawa [8] which is stated for Bessel capacities.
We omit the proof which is the same as in [8]. Note that (3.8) is implicit in [8].

Theorem 3.2. Fiz g € (1,00), r € (1,2], 8 € (0,1] and 0 < v < B/q. Then there exists
a constant C = C(q,r,3,7) such that Iff 20, 7" x E— R, (t,2) — &(2) is measurable

and if
”ft - szg
A() = sup ——"1 < 00,
( ) s#t,s,te[0,T|™ |t - S|n+ﬂ
7

. T7p
voy uw€ Hy' u>hiae.},



then {&} has a version {&} such that & is C, ,-quasi-continuous for every t € [0,T]" and

|€t - és’
C’“’q<ii§ o 5|7> < CA(6). (3.8)

Now we state the main result of this section.

Theorem 3.3. Suppose (H2) and (H3) hold and let A C E, p > 1. If for any n there
exists a pair (1, pn) € (1,2] X (1, p) with r, > np,* + 1 such that

Cr,pn(A) =0, Vn,
then Chp(A+ K) = 0.

Since capacities are continuous from below Theorem 3.3 immediately follows from
Proposition 3.5 below. First we need a lemma.
Fix n € N and define for ¢t € [-M,M]" and f : E — R a function f(t) := f(- +

Z?:l tzhz)

Lemma 3.4. Fizn € N and let p > q > 1 and r € (1,2]. Then there exists a constant
C:=C(p,q,r,T) such that for all f € H,"

1F @) = f()llg < Cllfllnplt = s (3.9)
for all s, t € [0,T)".

Proof. By the same argument as in [6], we can prove that for any 7' > 0, p > 1, ¢ € (0,p)
there exists a constant C; = Cy(p, ¢, T) such that for all f € Hg’p and (s,t) € [T, T]" x
[_Ta T]n

IFC+Dtih) = f +Z=’>’z Mg < Cilt = sl fll2p- (3.10)
i=1
Now let f € Hj”\ {0}. By (3.6), there exists a sequence (f,)neny C Hy” such that

e p
S22 (2 fulla + Uf = fallin) < 2SI (3.11)
n=1

Choose the unique n € N such that
27" < |t —s| < 27T
Then by (3.10), (3.11) for some constant Cy = Cs(p, q,T)

1F (&) = F(s)llg < [Lf(E) — fult )||1q+ 1fn(t) = fu($)llrg + I fnls) = f(5)ll1q
< A fllrp2” "I+ (| fallop2 M TC
< AC| 2 I+ TC)
4CH,(1+TC T_
< Ty g, (3.12)
T
and the assertion is proved. O



Proposition 3.5. Let T >0, n € N, p > 1 and r € (1,2] such that r > np~' + 1. Let
q € (1,p) such that r > ng~' + 1. Then there exists a constant C = C(n,p,q,r,T) > 0
such that for any A C W we have

Crg(A+ M(T;hy, -+, hy)) < C-CFp(A) (3.13)

where

M(TJ hl? e >hn) = {Z Sihi7 |82’ < T}
i=1

Proof. Set sh:=3"" | s;h;. By changing signs we only need to prove
Crg( | (A+sh) <C-Ch(A). (3.14)
s€[0,T)™

Let I denote the set of all rational points in [0,7]". If O C W is an open set then so is
Use[o,T]n(O + sh) and we have

U (O+sh)={]J(O+sh)
s€0,T)™ sel
Let ep denote the (r, p)-equilibrium potential of O. Since ep > 10, we have

Cro( |J (O+1th) = Cl,q(stlel?lo('ﬂh))

te[0,T]™

< Cig(supeo(- +th))
tel

We set f(t) := eo(- +th). Applying Lemma 3.4 gives
1£(t) = £(s)llg < Clleollrplt = s["". (3.15)

For v € [0,7 —1—ng™'), by Theorem 3.2 there exists a C} ,~quasicontinuous modification
) t

{& (1), t € [0, T)"} of {eo(- + th),t € [0,T]"} such that

| s (BN < oo,

s,t€[0,T] s#£t ’t - 8’7

for some constant C' = C(n,p,q,r,T) which may be different from that in (3.15). In
particular, taking v = 0 we obtain

Crafsup & — &) < O~ ol
Hence
Crg(supeo(- +th)) = Ci4(sup &)
tel tel
< O sup & — &ol + [6ol)
te€[0,7
< (C+1)-leoll?,

— (C+1)-CL(0).
9



Thus (3.13) is proved for open sets. For general A, we have for O D A, O open

Crg( |J (A+sh) < Cig( | (0+sh))

s€l0, T s€l0,T]"

< (C+1)-Ck(0). (3.16)

Consequently,

Cro |J (A+sh) < (C+1)-inf{C2,(0),0 > A}
s€[0,T]™
= (C+1)-Clp(A), (3.17)
as desired. 0
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